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For many yearn articles have l>een appear¬ 
ing in professional periodicals calling for the 
reformation of the subject matter and methods 
of presentation of plane geometry to make it 
more meaningful to students and more func¬ 
tional in general and scientific thinking. 

We offer this text, which is the outcome of 
long experience and experimentation, as an 
answer to this need. The course upon which 
it is based has l)een developed over a con¬ 
siderable number of years. During this time 
many different methcxls of presentation and 
much new subject matter have been evalu¬ 
ated. Those that showed promise were 
further refined and incoiporated in the text. 
In Dynamic Plane Geometry, therefore, will be 
found the best of the conventional course 
together with well-tested elements of the new 
ge(imetry about which so much has been 
written and so little done. Among its features 
are: 

Stress on Methods. The emphasis on the 
methods used to develop geometrical con¬ 


cepts is at once evident in the organization of 
the text. Each chapter contains subject 
matter appropriate to the development of a 
given aspect or type of thinking about space 
relations. The chapter headings indicate the 
kind of thinking employed as well as the 
spatial content. Where the traditional 
arrangement is somewhat altered by this 
organization, it is believed that the new 
sequence is itself an improvement. 

Generalized Concepts. Teachers have 
long recognized that only generalized concepts 
are capable of transfer. In this course, study 
is not confined to individual definitions and 
tlieorems but is extended to the definition, the 
theorem, the assumption, and so on. In other 
words, the nature of such concepts and their 
role in sound thinking have been underscored 
throughout. 

Dynamic Approach. We have tried to 
hroaden the methods of demonstrative geome¬ 
try through the Gestalt approach. We have 
supplemented the deductive and static pattern 
of traditional geometry with inductive and 
dynamic exploration. By a dynamic geome¬ 


try we simply mean a study of tlu* j^arts of 
space and tlicir relations to (jne anotbei’ while 
they are in motion and changing. Jk^ginning 
early with the rotation of a ray to form an 
angle, geometry in motion is increasingly 
stressed until tlu^ peak is r(‘aclu‘<l in the study 
of the circle. Later the dvnamic method is 
applied algebraically to variation and furtc- 
tionality. The inductive method and its 
relation to deductive thinking is given wide 
recognition in the study of congruent triangles 
and in many other appropriate places. 

Big Issues. We have attempted to put first 
things first and make them big issues. Cer¬ 
tainly, the nature of postulational thinking is 
dominant in demonstrative geometry. It is 
treated in Part One. Part d'wo is concerned 
witli a numl)er of types of geiuual thinking. 
Adecjuate attention is given the converse, 
indirect proof, lU'ce.s.saiy and sufficient con¬ 
ditions, and the relationships among these 
concepts. 

Transfer Materials. Xot only i.s the trans¬ 
fer of the mode of thinking taught in the fonn 
of applications but related topics are also used 
as vehicles for developing certain concepts in 
geometry. Algebra is one field with which 
the methods of geometiy have beem'lied up. 
In this way skill in algebra is maintained not 
by isolated review but by a correlation of the 
notions of algebra with those of geometry so 
that they integrate, with each other. Our 
ne.xt ^rrelation is with science and shop 
problei<jj5: An adequate cany-over into solid 
geometry is provided. A large number of 
aviation problems, inserted where they utilize 
the geometric principles l>eing studied, are 
intended to exploit the students’ nariiral 
interest in this field. Finally, we hav'^e cor¬ 
related in many places with social problems 

and citizenship, and with general sound 
thinking. 

^ds to Teaching. Throughout the period 
during which this text was developed constant 
attention was given to the teachability of the 

. ^ n^ny practical aids were 

incorporated to assist both teacher and 
student. For example: 



1. In nlmost all lh(' propositions tiu* ji;ivcn 

marked on Ili(» (lia}i;rarn, an<l tlie 
p;ii l s of t lie (lia^ram t lial entcM* I lie ronelnsion 
are deiiolc'd (as in al^elaa) by tin* last l(‘ll(*rs 
of tIu' alphabet , 'bliis (‘iiabh^s tlu^ U'arner to 
'Make in” the wliole situation at a glance. 

2. The proofs of the important theorems 
are led i*p to gradually through the inductive 
approach. The kind of proof that has some 
transfer value or some use in the further stud}^ 
of mathematics is given preferen(*e. Long 
and mechanical proofs are avoided. The 
temptation to memorize theorems and their 
proofs is minimized by the stress on insight. 

3. In addition to the regular material, 
which affoixls a complete and simplified mini¬ 
mum course, superior and honor levels (de¬ 
noted by S and H) have been included for 
enrichment and to enable the teacher to 
choose that material suitable to the capa¬ 
bilities of his students and the time availal)le. 

4. The emphasis throughout is to enable 
the student to learn by seeing and doing. To 
that end introductory and explanatory para¬ 
graphs are short and illustrative examples 
(with figures) are used wherever possible to 
show just what is to tie done. 

5. More than 1200 exercises afford a wide 
variety of problems from which the teaclier 
may choose, and almost 1000 figures enhance 
the emphasis on the graphic presentation of 
subject matter. 

(). Dependence charts and tables are out¬ 
standing helps to understanding. These 
charts and tables summarize many of the 
more important theorems, show in graphic 
form how they depend on certain basic 
assumptions and each other, and classify 
them according to their conclusions. 

7. The end-of-chapter material has been 
developed with much thought. A summa!y 
of important concepts serves to fix these con¬ 
cepts in the students’ minds. Review exer¬ 
cises and tests help them to assess their under¬ 
standing of the subject matter and enable the 
teacher to determine the progress of each 
student. At the end of the book there is a 
summary of fundamental theorems, classified 
according to types of figures. 


8. (Hiapt(M's arc subdividcrl into a numhor 
of lo.s.son.s, cacli one of wliicli cov(ms a single 
pha.s(' of the eliapter lopie and conslitiiics an 
(‘asy sl(‘|)|)ii»gs!o!H‘ lu tli(' next. Insofar as 
is possible eaeli le.s.son is a s(4f-confained unit 
and includes both text material and a series 
of carefully graded exercises. These lessons 
are not to he confu.sed with assignments, as 
in many eases a single lesson will reejuire more 
than one day to complete. There* are eiglity- 
two such lessons in the text. The division 


between them is indicated l>y a space and a 
small rule. For the convenience of the 
teacher an outline will he found on page 284 
showing the section number with which each 
new lesson begins. 

This text contains most of the general 
recommendations that have been made for 
geometry in recent years. It is the autfior's 
hope that it will make the study of geometi-y 
more understandai)le and meaningful to the 
student, and will foster the art of clear think¬ 
ing so vital for efTective living. 

The aiithor wishes to express his apprecia¬ 
tion to many teachers, students, and friends 
for their generous help during the peri(xl of 
this text’s development. He is particularly 
grateful to Michael \l. McClroal, Assistant 
Superintendent of Schools, Newark, New 
Jersey, for his active support and encourage¬ 
ment; to Stanton A. Ralston, Principal of 
Central High School, and Alan Johnson, 
fonnerly Assistant Superintendent of Schools, 
for originally authorizing the experimental 
groundwork for the course; to Dr. Ix‘on 
Mones, Principal of Cleveland Junior High 
School, Arthur M. Seybold, Director of the 
College High School of the State Teachers 
College, and Dr. Heher H. Ryan, Assistant 
Commissioner of Education in New Jersey, 
for their evaluation and criticism of the 
socialized aspects of the hook; to Arnold 
Strassberg and Harold A. Goiiss for their 
valuable suggestions and criticisms while try¬ 
ing out the material in their classrooms: and 
to Ernest R. Ranucci and N. Howard Ayers, 
chairmen of mathematics departments in 
Newark, for their many important contri¬ 
butions. 
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SYMBOLS AND ABBREVIATIONS USED IN THIS BOOK 


Symbols 


Z , A 

angle, angles 

t 

minute or prime or fool 


arc 

n 

second or inch 

0 , ® 

circle, circles 

11 

parallel, is parallel to 


congruent, is congruent to 

lls 

parallels 

O 

degree 

jr 

not parallel 

— 

equals, is (are) equal to 

o, m 

parallelogram, parallelograms 


unequal, is (are) not equal to 

D, m 

rectangle, rectangles 

> 

is (are) greater than 


perpendicular(s), is perpendicular to 

< 

is (are) less than 


similar, is (are) similar to 


is measured by 

A, A 

triangle, triangles 



Abbreviations 


arlj. 

adjacent 

prop. 

proposition 

alt. 

altitude 

pt. 

point 

alt. int 

. alternate interior 

quad. 

quadrilateral 

ax. 

axiom 

rect. 

rectangle 

comp 

complementary 

req. 

required 

cotis. 

construct or construction 

rt. 

right 

corr. 

corresponding 

sq. 

square 

dtf. 

definition 

st. 

straight 

diag. 

diagonal 

subs. 

substitution 

diam. 

diameter 

subt. 

subtraction 

ext. 

exterior 

sup. 

supplementary 

int. 

interior 

tan. 

tangent 

isos. 

isosceles 

trans. 

transversal 

opp. 

opposite 

trap. 

trapezoid 

post. 

postulate 

vert. 

vertical 
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Introduction 


GEOMETRY, A STUDY OF SPACE 


Parts of Space 

1. <>l^^^lallv ry iiicatil a '•fuilv 

of i*arlti iiica'UnaiH'iit. "I'la* word ijt itntr- 
trtj ruiiM*'- fruiii two (iicrk worti'- ria*an- 
itil' ‘ ^'ar! Ii iiH*a-un'/' p(*o|>liv- 

iMaalcd to in**a>iin‘ or to ^iirvi'V land, and 
if i" tlii*r**for»‘ iiraliM'taiidal>l<‘ tliaf {'I'oiuc- 
trv wa" d*w< lo[MMl ifi 4*arly liiiu*'*. 

'I’liroiii'li tlic \a*ai> Kcoiia try lias conu* 

to ii»(‘aii a >tiidy of -pare and of flio-e 
fij<nnv> that move about in sjiare. Think 
ahotit the flat surfaee on the wall or on 
llu‘ hlarkl>oard. d'ry to vi-ualize thi> 
flat siirfaee as havinj^ no thiekness and no 
boundary lines or limits and you have a 
pMxl idea of a [mrt of space called a 
plant'. Most of the tij^ures we shall study 

to 

in this 4*ours4* in plane j^c'omelrv (*an l>e 
tilted into a plane and are therefore 
called plant- Jiyurrs, You are already 
familiar with the sha|M*s of many of thest^ 
fiKures, such as the triangle, the circle, 
the s<|uare, and the rectangle. 

Now imagine a plane formed by a shet^t 
of [>at>er. Fold the pa(XT once. The 



efea^e is a Biraighi line. The folded 
paper represseDia two planes that cut each 
other in a straight line. In mathe¬ 
matics a straight line has neither width 


nor tliickn(*>s. It has onlv length and 
much of it. In tael, a straii^ht lim* has 
no Ix'ginning and no end. 

N«>u think of two >traijj;lit lines cutting 
f>r tntf rsffltfuj each other, d'he |)art of 
-[Jaee tliat i- on l)Oth -traight lintvs is 
callcfl a poi/iL In matlKunatics a [)oint 
ha- no >ize wliat.-oever, onl\' jiosition. 

Naming Points and Lines 


A. « 


111 
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tomary to label a pf#int fjy a capital 
l(‘tter just as it i- eii.-tomary trj capital- 

th(* two 



ize gerjgrapbiral names. 
pf)ints shown he|f)w an* called jjijint .1 and 
point B. A straight line i> label(‘d l>y a 


small letter plaecfl on or m*ar tlu* line, or 
by two capital letters to shriw two points 
on the line. Ai*eordingly, tin* line shown 
l>elow is ealh*il rn or .1/^. 


A _m_ B 

Parts of a Straight Line 

3. The part of a straight line that Ls on 

one side of a point is called a half-line or a 

ray. A ray has a f>eginaing but no end. 

This reminds us of a ray of light which 

starts from a point and goes on 
indefinitely. 

w 

The part of a straight line l>et\veen two 
points is called a line negment. A line 
segment has a Ijeginning and an end. 
\\ hen no confusion can result, the e.vpres- 
sion straight line segment AH is often 
shortened to straight line AH, line seg¬ 
ment AB, line AB, or .simply AB. 



EXERCISES 


1. In the figure name the points and the line 


si'^monts. 


3. Complete the equations fof the figure 

for Ex. 2: 

a + b ~ - 



Ell - 


> _= c 


4. Write an eapiation stating that a certain 
line segimait in the figure for lv\. I eciuals 
lh(‘ sum of two otluM* line segments. 


SUPERIOR WORK 


2. In the figure name all the line segments. 


E 



F H 


51. If three straight lines cross one another, 
how many line segments may he formed? Is 
it always that many? Draw figuia^s to 
illustrate vour answers. 

52. If two points aie taken on a line, how 
many line segments and rays are formed? 
(Do not forget' the overlapping rays.) 

53. Is it possible to draw a fine line or a 
true point? What is meant l)y saying that 
lines and points are only ideas of tlie mind? 


GEOMETRY. A STUDY OF MOTION 


Motion and Space 

4. To moye an object means to change 
its position in space. Since geometry is a 
study of space and figures in space, we 
shall often think of motion when we are 
working with the parts of space. 

The idea of a point moving so tliat it 
generates or forms a line segment is an 
example of geometry in the study of 
motion. The completed line segment is 
an example of geometry in which the 
figures are at rest or stationary. Drawing 
a line segment is a study of motion. The 
completed line segment is a stationary 

figure. 

In using geometry to study motion, we 
think of the parts of space as moving, 
changing, or being formed. In applying 
geometry to figures at rest, we think of 
the parts of spa^e as stationary, fixed, or 
completed- 


What an Angle Is and How It Is 
Labeled 

5. If a ray turns about its initial point 
from one position to another like a hand 
of a clock, it forms a figure called an 
angle. We may think of the angle shown 
as haying been formed by the rotation of 
a ray about the point 0 from the position 
OA to the position OB. In studying 



figures at re.st, we think of the angle as 
having been formed by the two rays t>.I 
and OB from the common point 0. 

The rays OA and OB are called the 
sides of the angle and the point 0 is called 
the vertex (plural: vertices) of the angle. 

The symbol for angle is / ; for angles, 


2 


(Xole: A comploto list of syinhols 
appears on p. xii.) The angle al)o\'e 
may be eallerl one of the following: 
lAOB, ZHOA, Z(), or Z//o If tliree 
letters ai'e used, the vertex letter must 

always be in the middle. 

% 

Do you see tliree angles in the following 
figure? They are ZCOB oi- Z//, ZBOA 
or Zm, and ZCOA. To save time, 
we can use ZO to mean the entire angle 
CO A, This ean he done onlv when there 
is no possibility of confusion. Thus, 
we should not label either iCOB or 
ZBOA simply zO. 



Measuring and Drawing Angles 

6. Tlie size of an angle depends only 
on the amount of rotation of the ray that 
forms the angle, and not on the length of 

that ray. Remember that a rav has no 

% 

length. Thus, the angle formed bv 
the hands of a wrist watch at 3 o’clock is 
as large as the angle formed by the hands 
of the famous tower clock of the English 
Houses of Parliament at the same time. 



The most common unit of measure of 
an angle is the degree, A complete revo¬ 
lution is a rotation of 360 degrees. For 
example, the long hand of a clock turns 
through a rotation of 360 degrees when it 
turns from 12 all the way around to 12 


again. When it lui'iis from 12 In 3, it 
turns throvigli one quartor of n completr 
revolution, or 00 dogroo . ( )(m' df'giei' i- 

of a (‘omplct(‘ r('\'olulioii. 

Tlie instrument used to measure angles 
is a protractor, d'o measure an angle, 
such as ZAOB, place the centcM' of the 
protractor on the vertex of the angle and 
the straight edge along one side of the 
angle. The zero mark on the scale will 
fall on one side of the angle. The size of 
the angle is shown on the scale wheie the 
other side of the angle crosses the pro¬ 
tractor. If the sides of the angle ai'e not 
long enough to extend beyond the scale, 
extend them before making the measure¬ 
ment. If, however, you are measuring 
an angle in youi- textbook, use a ruler or 
the edge of a piece of paper to show the 
extension. Do not write or draw in the 
l)ook. 

There are usually two scales on a pro¬ 
tractor, one reading from left to right, the 
other from right to left. Read the scale 
whose zero point is on the side of the 


B 



The protractor is used not only for 
measuiing angles, but also for drawing 
angles. To draw an angle, take the fol¬ 
lowing steps: Draw a straight line and 
choose a point on it to use as the verte.x. 
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l^laoo the coiUer of the protractor on this 
vertex ami tlie strai^lit e(io:e of tlie pro- 
traetop alon^ the line. With a pencil put 
a (h-tt where the nuinlier of degrees needed 
for your angle is shown on the scale of the 
protractor. Kemeniher to use the scale 
that has its zero on the inillttl side of vour 
angle. Hemove the protractor and draw 
a line from the vertex through the point 
showing tlie measurement. The angle 
formed is the desired angle. 

EXERCISES 

1 . Complete the eriuations for the figure 

below; 



(a) Zx + /?/=? 
nbjZR-Zx = ? 
Cr)ZSRT+Z?=ZMRS 


2. C't)mplete the ecpiations for the figure 
below: 



(a) Zn + Zp=Z? 

(b) ZO-Zm=Z? 
{c)Zn +Z/ = ZAOC 
((/) ZO- Z? = ZCOD 
(e) ZO- Z?^=/f' f Z? 


3. Through how many degrees does the long 
hand of a clock rotate in 10 minutes? in 
30 minutes? in 1| minutes? 

4 . Using a protractor, draw angles of 40°, 
72°, and 130°. 


5. By estimating draw angles of the follow¬ 
ing approximate sizes: 90°, 45°, 30°, 60°, 
20°, 120°, and 135°. Then measure 
these angles with ^''our protractor and 
write the actual measurement inside each 
angle. 

6. Draw a triangle, making two sides 3 
inches each. With a protractor measure 
the angles opposite these sides. What do 
you discover? 


SUPERIOR WORK 

51. With a protractor construct a diagram 
like the one for Ex. 2 on this page, making 
Z m = 80°, Z n = 60°, and Z p = 40°. How 
large is Z AODl 

52. Write an equation stating that a cer¬ 
tain angle in the figure below equals the sum 
of two other angles. 


D 



S3, With a protract, ir construct a diagram 
like the figure below, making Zrn = 70° and 





GEOMETRY, A STUDY OF REASONING 


Demonstrative Geometry 

7. Certain facts about space can be 
discovered by observation. If we draw a 



triangle in which two sides are each 3 
inches long, we can easily discover that 
the angles opposite the equal sides are 
equal. We can do this by measuring the 
angles with a protractor or by cutting 
out the angles and matching them with 
each other. By repeating this experi¬ 
ment a number of times, we are led to the 
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conclusion that no matter liow lono- the 
two measured sides are and no matter 
wliat angle they form between them, as 
h)ng as tlie's(‘ two sid(‘s iwv (aiual to i\n‘\\ 
other, then the opposite angles are e([ual. 

If someone asked us how we know this 


fact, we would answer that we have "tried 
it out/’ We have experimental proof. 
In this course we stiall have to give other 
kinds of reasons for our statements. We 
shall say that certain angles are eciual, 
not hecavise we measured them with a 
protractor, but because it follows bv 
reasoning from some other fact. In 
mathematics we are interested in finding 
out what conclusions follow from certain 
facts. If these conclusions can be .sup¬ 
ported by reason.?, we call them necessarij 

conclnsious. 


Mathematics is the science of necessary 
conclusions. 

Many relationships in space cannot be 
easily discovered by observation alone. 
To discover and to prove relationships 
that cannot be discovered l)v the eve 
alone, as well as relationships that can 
only be suspected by the eye, matlie- 
matics calls in the power of the mind. 
This is the power to think and to reason. 
A geometry that uses this power is called 
demonstrative geometry, because the con¬ 
clusions are demonstrated or proved. 

Demonstrative geometry is the geometry 
in which the necessary conclusions are 
proved by reasoning. 


The Proposition 

8. In everyday reasoning we make 
man}’ statements that are conditional, or 
that lead to other statements or conclu¬ 
sions. For example: //a person is born 
in the United States, then he has a right to 
American citizenship. 


In geomfdr}- ;ui "if then" slalemenf of 
this t\’pe is (’ailed a lyrajmsition. An 
example of a geometric pmpo^itinn is the 
following: If two sidf>s ol a trian<j;l(' are 
epual, then tlu’ angle’s opposite tlic’ (‘([iial 
sides are e(|iial. Tlu’ conditional part of 
the proposition, the statenu-nt of what is 
assumed to be true, is called the hypotht- 
sis. The part of the pi’oposition that 
follows from the hypothesis is called the 
conrlnsion. The hypothesis in the propo¬ 
sition just given is that tivo sldv.s of a 

4 

triangle arc equal. The eonclusioii is that 
the angles opposite (he equal sides arc 

equal. 

In a conditional .statement the condi¬ 
tion is called the hypothesis: what follows 
from the condition is called the couclusiou. 

If the conclusion follows from the 


hypothesis through the force of reasoning, 
the conclusion and the whole proposition 
aie said to lie valid. A (‘onclusion can Ire 
\'alid without being true if the hypothesis 
oil which it is based is false. A true 
conclusion must have a hypothesis that 
is true. For our purposes we are prima¬ 
rily concerned with validity or correct¬ 
ness of the reasoning rather than the 
truth of the proposition. 

Consider this proposition in algebra: 
If we accept 3x — 10 = 35 as our liy- 
pothe.sis, we are led through the force of 
reasoning to the conclusion that .r = 15. 

Demonstrative geometr\' recpiii’es us to 
use our reasoning power. It may also 
help us to think more clearly in non- 
mathematical situations if we use this 
same reasoning power in everyday situa¬ 
tions whenever possible. 


EXERCISES 

1. If ox - 7 = 3x -b 1, what is the neces¬ 
sary conclusion about the value of x? 

2. If X = 5 then x^ = 25. Is the eonclu- 
Sion valid? 
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ll j-' = 2.), tlion ./■ = Ts iho proj^osi- 
non valid? 



If a person is r^dlieaded. tlion ho is ill- 
teini)orod. Is (ho ptnixisihoii valid? 


Two straight liin^s intersect 
vt)n disco\'er a necessary 
ahout the angles x ainl //? 


at 0. Can 
I'oiichision 



Think of the angles x and y as being 

formed at the same time hv the rotation 

« 

of a line aixnit the vertex 0. Does this 
suggest a reason for your conelusi<in? 


SUPERIOR WORK 

51. Write two mathematical and two non- 

mathematical propositions that are valid. 

52. If a certain hypothesis leads to a cer¬ 
tain conclusion, does the conclusion alwavs 
lead to the hypoth(*sis? Writf^ two proposi¬ 
tions that illustrate vour answei*. 

53. Draw a figure as nearly as you can like 
the one sliown; by measuring the angles m, 
//. and p with a protractor, find tlieir sum. 



Draw several other figures like it. hut change 
the sizes of the thiee angles. Measure the 
angles. What do you di.scover ahout tlie 
sum of the angles in each figure? 

54. Is the following proposition valid? If 
xij 7^ 0, then x 0. (The symbol means 
“not equal to.") 

55. In each group, what two ideas are most 
closely related? 

(a) (leometry, hypothesis, proposition, 
proof, and coiudusion. 

(b) Experimenting, guessing, valid prop¬ 
osition, hypothesis, and necessary conclusion. 


SUMMARY 

9. The geometry that we are studying lias 

to do with space, and motion in space. In 

studying motion, wi* a.re tliinking :d>oiil 

hgiin's that gi'ow l:irg('r or smaller or mov(‘ 

ahout in spa(*e. d'o understand figures in 

space belter, wo should think of tlxan as tluw 

change as well as when tlu'v ar(‘ stationary. 

* « 

Some simple parts of space are points, 
straight lines, and planes, him* segments 
and rays are parts of straight lines. An 
angle is a figure made by two rays from the 
same point. 

A point is lalioled with a (aipital letl(*r. A 
straight line, a line segm(>nt. and a ray are 
lalieled either with two capital letters or 
with one small letter. An angle is laf)(‘lc<l 
with three capital letters, one capital letter, 
or one small letter. 

In demonstrative geometry propositions 
are prove<i l\v reasoning. A proposition 
states that if a certain statement, called the* 
hijpolht’sii:^, is accepted, then a certain ran- 
elusion must also lie accepte<L In a \'alid 
proposition tht* conclusion is nc'cessary hecaus<‘ 
it follows by the law of reasrin. 

RECOGNIZING NEW TERMS 

Can you ffescrihe each word or term hrUnr.^ 
If uof, (fo hack (o the srefion indienfed, 

geometry § 1 
plane § I 
space § I 
point (pt.) § 1 

straight line (st. line) § 1 
line segment § 3 
ray § 3 
angle (Z ) § 5 

sides 
vertex 

protra(‘lor §0 
demonstrative geometry § 7 
proposition § S 
hypothesis 
conclusion 

valid conclusion § S 
valid proposition § 8 

Xole: A complete list of al)lu‘eviations 
appears on p. xii. Learn each abbreviation 
as you proceed through the text. 
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REVIEW EXERCISES 


SUPERIOR WORK 


1. In the fiti'ire estimate the number of 
(le(3;reesin Z /u, Z n, and Z p. 



2. I sinj' a protractor, draw a triangle with 
two anj^les ot 40° each. Measure ttie 
sides opposite the equal angles. What 
do you discover about the length of those 
sides? 

3. With the aid of the protractor, draw a 
ch^ed four-sided figure in which tliree 
angles are each 90°. Kstimate the size 
of the fourth angle. Check your esti¬ 
mate l>y measuring with tfie protractor. 
What do you discover'^ 

4. (a) I'sing the figure lielow as a guide, 

ilraw a line AB. Then, tising your 
protractor, draw two lines MX and 
FQ so that Z m and Z n are each 0.1°. 
(6) In the same figure, draw two other 
lines such as t and u. What is the 
measurement of Zx, Zy, Zx\ and 



5. (o) At 9:30, the hands of a clock make 
an angle of —?— 

(6) A rotation of a ray from a vertical to 
a horiaontal position covers an angle 
of 

(e) As the small hand of a clock rotates 
10 degrees, the large hand rotates 
—?— degrees. 


6. (o) In a proposition it makes no differ¬ 
ence which part we call the hypoth¬ 
esis and which the conclusion. True 



or false? 

If a dock strikes the hour 
hands form an an^^e of 90", it 
o'clock. Is this proposition ^ 


SI. Using the figure below as a guide, draw' 
a figure making AD ^ [pB ^ 1 inches and 
At: = Er = 1 inch. 



Now measure, and write on the figure you 
have drawn, the size of Zp and Zr/, and the 
length of line .segments m and n. 

S2. In the figure. ZO = 90° and Z.r 
= 4 • Z Find the number of degrees in 
Zx and Zy. (The raised dot between the 
**4” and “Z/y” indicates multiplication.) 



S3, In the figure, AB m a straight line and 

Zx — Zy = 30°. Find the number of de¬ 
grees in Zx and Z y. 



S4. In the figure, AB is a straight line, 
= 2 ■ Zy, and Zy = 2 • Zz. Find the 
number of degrees in Zx, Zy, and Zz. 



S5. Examine each proposition below. 

Then decide whether each one is valid or not 
valid. 

(o) If I + 2z = Zx, then x = 10. 
ib) If (x - 2)(x - 3) = 0, then x = 2. 
(c) If X = 3, then (x - 2)(x - 3) = 0. 
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TEST 


1. Mslimafe the size (»f each anf!;le in the 
figure, then complete the following erina- 
tion: ZA + Z B + Z(^ = ^ 


B 



2. (\)mi)lele the following etpiation hy esti¬ 
mating the size of t.lie angles in the figure 
Ix^low: Z m Z fi = - -? 



3. Using a protractor, draw a diagram like 
the one shown in the figure below making 
Zm = 3(U and Zn — ir>()°. 



4. In the accompanying figm e, complete the 
O(iuation Z.r -|- Z// == / - - / 



5. Name all the line segments in the figure 
below. 


B 



6. Write an equation for the above figure 


stal ing tliat the suni of t wo liiu‘ scuments 
ecjuals a third line segment. 

7. W rite an equation stating tliat the >um nf 
two angles in the figure f(»r Ia. o e<|U:ils 
a lliird angle. 

8. Name the largest angle in the prending 
fignre that is less than ISO'’. 

9. Through what angh* do<‘s t he minuii* hand 
of a clock turn in 3f) minute^’ 

10. Name all the angh^s in tlu' figure helcov. 



11. In the figur<‘ hel(»\\. complete tin* eqna- 

tiim: Z Mil) -f- Z l)li(^ = z / . 



Complrfr thr /(fllowinff sfntimrnfs />// suppltj^ 

ing our won! for tarh hlauk, 

12. In the figure above, there are rays 

from the point li. 

13. A point has only —/ hut no 

14. A statement II leads to a statement U. 

Statement II is calle<l the / : state¬ 

ment U is called the 

15. If\/x = 7, then the necessar>'eonelusion 
is that T = —/ —. 

16- If J"" = Ith the neeessar\' (ainclvjsion is 
that X = —/— or — f —. 

17. The score at the half of a f<M)thall game 
was F’rinceton fi. Yale 0. The final score 
of 7-15 implies that —/— won the game 

18. If the game in K\. 17 were a basehal! 
game, the conclusion would not Ite —/—. 

19. The geometry' in which propositions are 
proved by reasoning is called! —^— 
geometr>’. 

20. rotation of the compass needle from 
north to east is an angle of —/— 




The Assumption 

Axioms and Definitions 


THE AXIOM 


Proved and Unproved Propositions 

10. In our geometry we shall prove 
propositions by reasoning. We shall 
argue that certain statements are true 
because other statements that came be¬ 
fore them are true. 

You may now ask, “How shall we 
prove the first proposition?” We cannot 
argue from an earlier proposition because 
there is none. The answer is, therefore, 
that we must accept the first pioposition 
without proof. In practice we accept 
a number of propositions without proof. 

If we accept a statement without proof, 
we are merely assuming it in order to 
get our thinking started. We call such 
an assumed statement an axiom or a 
postidaie. In everyday thinking there is 
no clear distinction between an axiom and 
a postulate. In mathematics, postulates 
usually have to do with space, whereas 
axioms are more general. Sometimes we 
merely call such statements assumptions. 
If we mean to accept a statement only 
after proving it, we call it a theorem. 

.4 proposition that is accepted only 
after it has been proved is called a 
theorem. 

A proposition that is accepted without 
proof is an axiom or postulate. 

The idea of having to assume certain 
things in order to prove others may seem 
strange to you. All it really means is 


that i)efoi'e you can jn-oxe aii>’thing (or 

even discuss it intelligently) >'ou must 

agree to accept certain conditions. \'ou 

must ti'v to understand this si) that \<)u 

% 

may learn how to build a logical ar^iumait. 

All example of a proposition accepted 
without proof is the following': If two 
points are ^iven, one and onlv one straight 
line can be drawn through tiumi. ddiis 
postulate may be expresstul in anot her 
way as follows: riiroujiih two ^i\'en 
points, one straight line and onlv one 
can be ilrawn. This postulate will be re¬ 
ferred to as the two-point postulate. 

11. Two-Point Postulate. Two points 
determine a straight line. 

Determining a Geometric Figure 

12. A geometi-ic figure is said to l)e de¬ 
termined when one and only one figure 
can I'esult from a set of conditions. 

riiree points do not determine a straight 
line l)ecause a straight line cannot always 
be drawn through three points. One 
point does not determine a straight line, 
because more than one straight line can 
be drawn through that point. 


EXERCISES 

1. Does the equation 7.r - 5 = 23 deter¬ 
mine the value of .r? Whv? 

% 

2. Does the equation 5 -f .r = x -)- 7 deter¬ 
mine the value of x? Why? 
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'i. I)(»'s tlio oc|UHtinn 7/ + 3 j * I Or drtrr- 
rninc llu* valvio of r? Why? 

f, (a) Yon wv(\ 12 made up of (piartrrM ami 
half-dollars. Is thr niimlaT of coins 
dcIcrminfHl? Whv? 

(h) Von need $2 ma<le np of the same 
nnmher of fpiarters ns half-dollars 
Is the Mnml»er nf coins determincfP 

Whv? 

(r) Yon need $1 made np of (inarters and 
luilf-dollars. Is the mimlsT of coins 
determined? Whv? 

5. (fj) If yon are aiven the vahn*s tif two 
nnmhers jr and v, can yon always find 
the Slim (x + //)? 

{h) ('an someune find a snm difTereiit 

from vonrs for thesiune twomimU'rs? 
% 

(r) What is I In* missina \^or^l in tfie fol- 
lowina statement? 'Fwo nnml»ers 
/ a snm. 

(>. (rt) If yon are told that two liiH*s piiKM 

thronah the same two points, uhal 

is vonr (amclnsion ahont tlie lint's* 

% 

(/)) ('om|)lete the followina statement: 
If two straiaht linf*s have more than 
one point in commtai, then .... 


SIIPERIOR WORK 

51. Draw two circles in a jmsition to .show 
that two points <lo not determine a cin'Ie. 

52. Yon are a'ven a (piarter and askeil to 
hny stane It-cent anti some .Went stamps Is 
the numl>er of stamtxs that you are to purrha*^ 
tletermimsl? 

53. (a) Ihs's the value of x determine the 
value of x’? 

{b) Dih's the vahie of x’ determine the 
vahie of x? 

54. If yt>u are a'ven any two numbers 
X and y. can voxi alwa>*s find their difTerenee 

(X - v)? 'Vhy- 

(b) If vtHi are given any two numiters 

X ami V, can vmi alwavs timi the ipiotient ^ ? 

9 

C'tHihi vtHi «lo it if yiHi knew m»thiiig aUmt 
fractions? I'tmUl ytai do it if x ** O'* or if 
y m 0? itr if lH>th X and y * 0? 

85. (n> What is nn^ant by sayinc that two 
liuott determine a jaunt of interseetmo? 


(b) Ihiea one line determine a plane* 

(r) f>o two lines determine a plane* 

(d) Mow many jaants determine a plane* 
(r) Heaii and explain the Mknring; 
ipiotation; **I do not agree with Vfiur cr«- 
rlusion Iieeaiise it is lutsevl on a false premne ** 
If yiMi do not know the meaning nf the vied 
prrmiMt, haik it up in a dictionary 

HONOR WORK 

111. Is It sometimes netewarv at the lUitflH 

a 

iif a deliate for deluiters to arrept without 
proof certain pn»p<»«ilions* Suppnae that 
yiNi are alNviit tti itelmle tlie priijaaMtHin that 
cighteen-year-old citiiens «hiNihl lie alUiweil 
to vote What profamitions might you and 
yiHir o|i|u»ncnts artept as axnuns* 

H2. In his (■ettyslairg Afhlress. Ijrtenla 
said that isir natnm is "de«lieatei| in the 
projuwitMui that all men are rrmte«l ec|iial '* 
Find mmiething in the rniteil Stairs (Amstitu- 
tiim that is Itasrsi on this jKofuntMUi 

H3. INunt (Hit how Mune things that mu 
h'am in srh*s4 now will influence iv iletermine 
the kind of Rovemment that we shall ha«e in 
the future 

The Addition Axiom 

Just as twfi points in tielenninr 

a straight line, so rln two niiniliers de- 
tennine a Mint. If we kn«»w that two 
line^ are Imth determine«l hv the same 

a 

two |toint^, we ran Iw -tire that the two 
lines are tlie same. In like manner, rf 
two niimliers ileternune a Mim, then two 
nuntliers that are espial to Ihewe numbers 
will iletermine tlie snn'ir Mim, Thr* r« 
ralleit tlie a<W1ition axiom ami expreswtl 
a> folUiw 

13. Addition Aviom. If equals are 
added to equair, the tum« are equal. 

In geonietrx the nrhlitmn axiom ved 

in much the s^nv wav as m anthmeiir 

% 

and in algehra. hut it applied to lines 
and angles a> w^U a> to nttmlers mad 
letters. 
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Do YOU rememl^er how the addition 
axiom is used in alt^ehra in sohin^' an 
equation like 2.r - d - 7? The reason¬ 
ing is as follows: 

If equals 2.r — d = 7 

are added to eciuals, d = d 

then the sums ai'e eitual. 2.r == 12 


Again, in solving the simultaneous 
e([uations .r + /y = 7 and x — // == 3, the 
addition axiom is used. Tlie reasoning 
is as follows: 


If ecjuals 

are addetl to etiuals, 
then the sums are ecjuaL 2.r 


.r + // = 7 
a* - // 3 

= 10 


The examples that follow show how the 
addition axiom is applied in geometry. 
Notice that the axiom is referred to in 
shorthand form as Add. Ax. 

The conditions that are given make up 
tile hypothesis. What must be proved 
is the conclusion. 


.It' or //. ti’Din lh(‘ adhiilion axiom wo nia\' 
conclude* that t [h'm- 1 wo . 1 /> and AC an* 
eeiual. \\v lia\'(‘ l(‘1tt*i‘<*d IIk' 1 wo line s(*g- 
m(*nts in llu* conclusion r atnl //- 'I'his lol- 
lows llu* practice* in algelira nt u>iug the* last 
letters of t lu* alphaiu't ior unknow n puanl it ies. 

lo a\’oid mistake's and to sliow lliat \'ou 

« 

understand llie use* eef the* adelilieni axiom, e'x- 
plain the* la^t st(‘p ol t.lu* piDot 1 )\' reciting the* 
axie>m orally anel at the same time* pointing 
out tlie parts in the* figure* to w liich l.lie axiom 
refers, as feellows: “If e*e|uals” (|)aii>(' while* 
you |)oint out the* (‘(|Ual line >e‘gm(*nls A/) 
and .1 Ah “an* add(*d to e'eiuals" (iioint out the* 
(*(iual line se*gments !)H and IC), “ilu'ii their 
sums (point e)ut tlie* line* segnu'uts AH anel 
A(') ‘are e'e^iual.” 

\\ ht*n a. line se'gment is marke*d hy only one 
letter, its eiul points should Ik* noteel care*- 
iully. riu* method we shall use is illustrate'd 
in the diagrams below. In case of doubt, a 
elimension line is useel, as in the third figure. 



Illustrative Example 



1. AD = AE 
DB = EC 

2. .IB - .1C 


AE 

EC 


= AC 


1. Given. 


2. .\dd. Ax 


The figure has been marked to emphasize 
the given facts. Single marks placed on .ID 
and .IB show that they are given equal, and 
double marks on DB and EC show that they 
are given equal. 

hen tlie lett-hand members AD and DB 
of the two given equations are added, we see 
from the diagram that their sum forms the line 
segment AB or .r. In the same nay, when 
the right-hand members AE and EC of the 
two given equations are added, their sum is 




Illustrative Example 

Given: 

/.ni ^ Z p 
In = Zq 

Prove: 

Z.r - Zy 

PHOOF 

Stalemenis Rvamtni 

1. Im = Zp 1. civen. 

Z n = Z q 

2. Zx = Zy 2. Add. Ax. 



As you go o\’er the pr(»of, repeat tlie addi¬ 
tion axiom and point out the angles to which 
the axiom refers. 




EXERCISES 


Illustrative Example 

' li \ t’n ! d = b 

.r = y 



PR(K)F 

Sfalt fnt Ills /{(osons 

\. n = h 1. (li\'en. 

2. r = r 2. Iclontitv. 

« 

.r = a 8. Add. Ax. 

In the .^ecniid >tat.t'ment nse is made of the 
tart that a (tuantity is e([ual to itself. This 
>pfM i;d kind of etjualion is called an idcniiiy. 
The saint' ([iiantity r is added to each side of 
tlif' .iiiven (Mjualiun. 

As y*ju iio over the proof, repeat the addi- 
ti(tn axiom and point out tlie line segments to 
which the axiom refers. 


Write out (he proof for each of the following 
exercises. Use the form given in the illustra¬ 
tive examples of the use of the addition axiom. 
Write down what is given and what is to be 
proved: then under ''Proof' list statements and 

in separate columns. 




Given; 

AB = ED 
BC=AD 

Prove; 

AC==AE 


Given: 
ZABE 
ZEBC 
Prove: 


ZDCE 
Z ECB 


ZABC= ZDCB 


Illustrative Example 

t'ii\'f*n: Z/// = Zn 
Ih-ove; Z.\td' = Z tiOJ) 



Sidiements 

1. Zm - Zn 

2. Zp ^ Z p 

8. Z.\()<: = ZBOD 


Reasons 

1. (liven. 

2. identity. 

3. Add. Ax. 


As you go over the proof, repeat the addi¬ 
tion axiom and point out the angles. 

Before deciding that a conclusion can be 
supported l>y the addition axiom, we must 
make sure that there are equations that can 
be added and their sums are the quantities 
tliat we must prove equal. 




Given; 

AB = CD 
Pi'ove: 
AC^BD 


4. 



Given; 

Zn =Zp 
Zm= Zq 

Prove: 

Zx =^Zy 



Given; 

AE = DE 
EC^EB 
Prove: 
AC^DB 
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6 . 





Given: 
Zm= Aq 
An = Ap 

Prove; 

Ax =Av 


The Subtraction Axiom 

In algebra we learned to u.se both posi¬ 
tive and negative numbers. We learned 
how to subtract any two numbei's and 
get a definite answer. This is just 
another way of saying that two numbers 
determine a difference, just as two points 
in space determine a straight line. As in 
the addition axiom, this means that if the 
members of one equation are subtracted 
from the members of another equation, 
the differences are equal. 

14. Subtraction Axiom. If equals are 

subtracted from equals, the remainders 
are equal. 

In algebra the subtraction axiom is u.sed 
in solving equations like 3r = x + 10. 
The reasoning is as follows: 


ddie (‘Xiuuplrs lliat lollow ^Im)w tli(‘ a.p- 
])lif*ation of tli(‘ siilil raci kui axioiu to 
geometric reasoninjr. 'Tht' axiom i," w- 
fei'red to in sliortenod form a.< Subt. Ax. 


Illustrative Example 


Given: 

a = b 

c = d 

Prove; 
x=ij 

PROOF 

S(a/cmcnl.'< Rrayian.^ 

(f = h 1. (li\-en. 

r = (I 

2- = !/ 2. Siiht. Ax. 



lien c IS suoTractetl trom a. the remainder 
is .r; when (/ is subtracted from b, the re- 
maindei is y. Lroni the subtraction axiom 
tlie conclusion is that .v = y, iiecairsc tlie 

cjuantities that were used in tlu* suliti’actioii 
were given equal. 

As you go over the proof, rt'peat the sub¬ 
traction axiom and point out the paits to 
which you refer, as follows: 'df eciuals” 
(point out the equal line segments c and d) 
are subtracted from e(|uals'’ (point out the 
equal line segments a and />), “then the iv- 

mainders (point to the line segments .r and u ) 
“are equal.” 


Illustrative Example 



If from equals 
we subtract equals, 

then the remainders 
are equal. 


3a: = x + 10 

X = X 



Statemenls 

1. ZA = ZS 

Zm = An 

2. Ax = Ay 
13 


PROOF 

Reasons 

1. Cdven. 

2. Subt, Ax. 



\- \ .>ii '^11 n\'rr the pinot, tlu' sult- 

ti.i' M"ii .'iMt'iu its “If fM|uaLs*' (pt.tiiit 

..lit . })> ;in'l “arc >ubtiii.c1cd from 

t .pi.tt" " ip'iint out tlic entire angles A and 
/; . ■■ilicn tli(' rt'miiindci's” (point to Z.r and 

_ // ■ “ill (• i*( jUitl. 


Illustrative Example 

(ii\-eii: (/ = h 
Pr*o-e: .r = // 



Shift Id* fils 

1. a = h 

2. r = c 

A. .r = // 


lirn.^onfi 

1. (liven. 

2. Identity. 

3. Sul)t. Ax. 


Noticf* tliat the identity is subtracted from 
the tir>i (‘(plation anrl ^ives a new equation 

j* = y. 


Illustrative Example 

('ii\ (*n: Z tti = Z ft 
Pr(we: Z A()(' = ZBOl) 



Slnfrmf'filH 

1. ZAOl) = ZAOD 

2. Zifi = Z n 

3. Z.ior = ZBOl) 


Rra-wns 

1. Identity, 

2. (liv(‘n, 

3. Subt. Ax. 


Xoti<*(' lluU this is the sam(‘ proposition iliat 
was proved prt'viottsly by the addition axiom. 


EXERCISES 

Wrilr out the proof for each of the following 
exercises. Ose the form given in the illustra¬ 
tive examples of the use of the suhtraetion 
axiom. down what is given and what is 


to hr proved: then 
ffo fits and reasons. 


under "'Proof" list slale- 



a 



Given: 

a = b 
c = d 
Prove: 

x = y 


2 . 



Given: 

za = IB 
^CAD =ZDBC 

Prove: 

Zx = Zij 


3 . 



Given: 

AB=AC 
DB = EC 
Prove: 

AD = AE 


4 . 


6. 


B 



Given: 

ZA = ZB 
Zm Zn 
Prove: 

Zx = Zy 



Given: 

AC^BD 

Prove: 

AB = CD 




Given: 

ZAOC =Z BOD 
Prove: 

Zx = Zy 
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Illustrative Example 


7. 

8 . 


Provo Kx. .1 ajiaiii ity usinj.'; aii 
ditt'oront from tiuit which V(ni 
readv use<l. 

PI’o^■(' ]‘]\. (i a”;aiii hy usin^ 
idont it V. 


id(‘T)tilv 

lut\o al- 


aia »t lu‘r 


9. Prove lv\. 3 in the previ(»us sot (pa‘*;(^ 12) 
usinjj; the subtraction axiom. 

10. Prove I^x. 6 in the previous set (pa<»;e 13) 
using the subtraction axiom. 


The Multiplication Axiom 

Since multiplication is repeated addi¬ 
tion, we assume that if the members of 
one ecjuation are multiplied by the mem¬ 
bers of another equation, the products 
are equal. This assumption is known as 
the multiplication axiom. 

15. Multiplication Axiom. If equals 
are multiplied by equals, the products 
are equal. 

The multiplication axiom is used in 

o 4 

solving equations like “ = - • Fir.st the 

3 X 

lowest common denominator 3.r is founrl. 
Then the reasoning is as follows; 


If equals 

are multiplied by equals, 
then the products are equal. 



The examples that follow show the 
application of the multiplication axiom 
to geometric reasoning. Notice that the 
axiom is referred to in abbi’eviated form 
as Mult. Ax. 

^^’hen a quantity is made up of two 
equal parts, we shall use the principle 
that is illustrated in the following exam¬ 
ple: If two girls contribute equally to 
bu}' a book, then the cost of the book is 
twice the amount either girl contributes; 
and each girl owns half the book. 



PR()(tl' 


Slali’uienti 




1 . 

9 


3. 


AK 
Mi 
CD 
. 1 B 


CF 

2 . 1 E 
2 • CF 
CD 


III a.'ioius 

1. (liven. 

2. (li\en. 

3. Mult, Ax. 


The statement that AE = EB means thai 
AB — 2 ■ AE. The statement that CF = FD 
means that CD = 2 ■ CF. If we multiply 
the memt)ers ol the first equation by 2, we 
shall get AB and CD. Finally, the multi¬ 
plication axiom is the reason why the two 
products AB and CD are eciual. When the 
common multiplier is 2, the multiplication 
axiom is usually written in this form: 

Doubles of equals are etiual. 

.\s you see, this is a special case of the 
multiplication axiom. 

In reciting the proof, explain the reason 
for the last step as follows: “If equals" (point 
out the two equal line segments AE and CF) 
“are doubled, then the doubles" (point out 
-1^ and CD) “are equal.” 


Illustrative Example 



Given: 

Zm = Zp 

Z = z n 

Zp = Zg 

Prove: 

Z.r = Zy 


Statements 

1 . Z m = Z p 

2. /.X = 2 ■ Zm 
Zy = 2 •Zp 

3. Zx = Zy 


Reasons 

1. Given. 

2. Given. 
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3. Mult. Ax. 




riic Division Axiom 

* I' OIK' loll we 

i\ idc ;i!iy I \\ C) nuinl K'rs ;iIKI ‘t ;i (Icli 11 iI(• 

'rii(‘ (‘\o('|)tion is wlicii ilio 
Mix isor IS y,vv(). 

lo cxphiin llu‘ idfs'i lli;it division \)\ 
/(‘fo do('s not d(‘l(‘rinin(‘ :i (|Uo(i(‘nt, l(‘l us 
ask, “Wlial is o divid('<l hv iV!" 'I’Ik' 
answer to 1 liis (|U(‘stioii 11 uisl I)(' ;i nuni 1 ler 
I hat will ^’i\'(‘ us o wIk'Ii \\ v niiil! iplv it Wv 
d. l^)Ut there is no sueli nuinlx'r, heeause 
iiuiiiher multiplied hy 0 ^i\'es (I as 
the piodiK't. Ajrain, let us ask. “What 
is 0 di\ id<‘d l>v ()'/ ' II(M'e \\v ar<‘ lookim*' 
for ;i iiumlKM- lliat iniillii)li('(l hy 0 will 

us 0. Aliy luimlxT will do (hal. It 

is ('viduni, IIkmi, tlial if we ath'nipl (o 
di\ ide liy zero we no answer at ail or 
liny answer we pleasiu In either ease, a 
definite' ans^\ er doi's not result if we I iw 
lo dividi' hy z('ro. Oiii' eonelusion thi'ii'- 
lore is that division hy zi'io is a piohleiu 
\s it li no meaninti'. 

II the divid('iid alone is zero, the (|Uo- 

0 

s. . - (». 

.) 

16. Division Axiom. If equals are 
divided by equals (except 0), the 
quotients are equal. 

In aljiehra the division axiom lias al¬ 
ready been ustal in siilvinn- (aniations likt' 

l.r = b). ddie reasoning* is as I'oliow s: 


Ii(‘nt is d('t(M*miiu*d. 'I'liu 


If eipials 

ar(' divided by ecpials, 

then the (juotlents are tapiak .i 


- i; 


«I 

o 


o 


ddie following t'xamples sliow that in 
t>;eonuMrie reast)nin^ tlu^ division axiom is 
us('d in the same wa>*. 'The axiom is 
iei'(M-red to in abbreviated form as Div. 
Ax. 


Aoain, we shall ust' the principle 
trated on pas^e lo by the two ii:irl 
ari' etpial t>wners of a bot>k. 


illu- 

who 


111 u s t r a t i e Example 



Given: 

A/! 

AC 

AD 

DB 

AD r. 

DC 

1 love: 

1 

1 1 

S) 

DC 


Sf(lh‘//H tif.s 


f! 

1 IISOD.- 

\ 



1. Mi 

- AC 


I. 

(dv( 

'll. 



2. DU 

- .1/^ ^ 

‘> 

o 

(11 \ 1' 

11 



ID ■ 

- dr 

•) 






DU 

- /A’ 


‘ > 

• >. 

1 )IV. 

Ax 



I'’rom the fimiri' K < 

I-:!!! 

Ill' ■-.< 

•oil 

rl 

tai dii’ 


•qua! ion 

.!/> - 

D/i 

ra n 

hr 

-f; 

tif.i III 

th<‘ form (hat 

DU is 

' ino-lialf 

of 


!/>', •-! 

l)H = 

-\n - 2 . 

lArl, 

mr 

rulipc 

ol 

ti 

ir fP*.* 


euiiataui is (Iivided I'V '2 lit lirt ihc laif "» 
nK'nt> />/> and hJ . I'ltini tlic 
axiom the rinir|ii>ii,n i [lai t lu' i \\ •»< pn *f ati’ - 
/am I hJ ' a o* r* p la 1 

In the >[)rcial ra'C wlicii- llic citiiiniMfi 

di \ i>ui' i> 2. 11M■ f h V on m a \i' im iii;( \' }.c Lii' S 

a'' 1(»lln\\ >N: 

1 lalvo ol efpiab an- (’fpial. 

I'.xplain ihr rf'a'^nIl inr ilir ia->' "irn a- 
lolln\\>; ■■p (MplaU ' IpoiliT miM llic cmii; 


lie 


seuments . 1/>^ and .ir’i di'.idtd 

halvt's. tlxai ilir tiabc'^" ipntnf niit h/i iTi I 
) “all' t’(pial. ' 

Illustrative Example 



I. 

> 




.1 = 

.r = 
= 

* 

r = 


\ ^ n 


! . f ip. t li 
l Ip' ^ II 




I>i\ Ax 


omptin'iC- pupil> ir\- tIu- -pi'-r.t. 

‘ • > K I ' ^ ' I • • I • • ; . * M I 

t lip rniK hoii in _ r -■ 


* i ) 


axiom to pr*i\f tho pri'p-a»n SS ' V *' * 


4 ''anil'' 


f' r 


a- ■. 
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6 . 


by ^subtracting the cciuatiuii^s that 
thib example. 


arc given in 


EXERCISES 


ItbvVc out (h< 
vivrciscs. Car 
live cxainplc^. 


proo f for (ach 
Ihv form (jit'cit 


ol Ihr lolloicinij 
III the lUitslra- 




Given: 

BC = BD 
AB = BC 
BD = DE 
Prove; 

AC = BE 




Given: 

Za = Z& 
Za= Zc 
Zh = Zd 
Prove: 
Zx= Zy 


c 

4 . 


A B 



5 . 


Given: 

AB = CD 
AE = EB 
CE = ED 
Prove: 

AE = CE 


Given; 

ZA = ZC 
ZDAC ^ZCAB 
ZBCA =ZACD 
Prove: 

ZDAC=ZBCA 


3 . 




Given: 

Za = zb 

Za = Zc 

zb ^ Zd 
Prove: 
zx = Zy 



8 . 


.4 



9 . 


A 



Given: 

AD = CE 
AD = DB 
CE = EA 
Prove: 

AB = AC 


Given: 

AB = AC 
AD = DB 
AE = EC 
Prove: 

AD = EC 


Given: 

ZA = ZB 
Zx = Za 

Zy = zb 
Prove: 

Zx = Zy 



Given: 

AE = CF 
AE = EB 
CF = FD 
Prove: 

AB = CD 


The Substitution Axiom 

In alseln-a if x = 3, tiie numerical 
value of y in the equation x + /y = iQ is 
easily determined by substituting 3 for x 



Illustrative Example 


•II liir (‘(Illation. I-Voin llu* new (amation 

‘ // // ('asily fonnd, 'Flio 

a.'-suin|)(ion that a (inantit nia\' la* 

• « 

snl)slitul<‘(l for its (‘(|ual cliao^- 

tl)(‘ value of ilie (’xpr’cssioii is calha] 
the sifhshhiltof/ a.rloiN. 

17. Substitution Axiom. A cjuantity 
may be substituted for its equal in an 
expre.ssion without changing the value 
of the expression. 

T]\v api)li(*ati()M of llu* siihsliliition 
axiom in gt'onu'try is sltown in lh(‘ follow¬ 
ing (‘xampl(*s. ^riu' axiom is r(‘f('ir(‘(l to 
in ahbrt'viatod form as v^uhs. Ax. 


Illustrative Exainjilc 



Given: 

X a 

y ^ a 

Prove; 

X = y 




.^7a/r/ar///N 

1. .r ~ <1 

// - n 

U 

2. .(■ = {<i] 


/\ (a.soHs 

1. t u\ (‘n 


2. Sul>s. A\ 


hi th(' first ('(Illation, //is sul>s1 ilut( m 1 tor iI^ 
eiinal (/: .r (‘ould also lias i' ri'plact'd it> (M|ual 
11 in till' si'cond ('([nation. 

Illustrative Example 



Given: 

Z.r 

^y- 

Prove: 

Z.r = 


Z (7 

Z<i 


/’/a xir 


Shtlcnfrtf(s 


'' y 

i- .( 


- Z a 


/u (Isons 

1. (d\ ('n 


Z// Za 
2. Z.r = t^d'l 


2. Subs. .Vx. 



Gi\iii: 


.V 

I’l 


i‘i;n(ir 


Shih ///» ///.V 

1. d = /> 

.r — a 
U 


(d) - ih 


/i ' >n • 

I ( i|\ (■ 


J, > I If» 


I b'‘ A \ 


Mllixl tl 111 imi Mcciil - I w in- iti I lir In -I 
I Hill. W lirl-C ,t ;|||,i ,/ icpl.'irc /, 

\\ !■ riilild ||;i\ ,• viiliM imi.d in ill,. 


" h 


Ilniv.r w,,, u I,,.,I, . 

<1 ,ll|l| lln-ll V WnllM |V|,|;,,.,. I, 11., , 

Unlllil |1||. Mll.-.llliil|,,M |„. ni.idr in tin- lii;'. 
I’^lMa t ii in*' 

A I n' I \ M11 11; I \ I ■ 11I d f' 111 11; M 11 [) ■ ,' I I 1. (' \ ■ f 

lln>a\inin. \nii ina\ -imph \'.jiir p ,, .n- 
('\plaiii Mially lii>\\ \‘iiii " 11 1 i-.t 1 (11 f (■ 

lo make >ur(' ibaf \\c are n^ini^ rli* 

snhstilution axiimi cniM'rrU . uf mn-i i-* 

pM'pa r(‘d t (t do t ll I rr I I! i f ; 1 I I n Pi n I ■ O a 

known ('([nation 'an ep|iiaf ion f bar e 

(»•■ OIK' rhal lia^ alread\ b»o,, 
pio\(*(|) in wliK’li We ;iie -111''■f 1 f n 1 1 r I i,[. 

rJl l('ll w liif'li f|UanTiti(‘- replare ra- ii 
otliei , ami i.h point out known ffpiatiofi- 

telling tlial iIk* ipiaiilifie- ropl.n nii: cmp Ii 
ot lit'r art' ('(pial. 

1’ or a simjilt' suh-^i 111 n iofi r w (» ei 11 l i r ifui^ 
art' net'dt'd: <>ik’ (‘piiafion ni wbafi fo 
sul>stituit*. and aimtlirr r(» ie!l Tlia^ tiic 
tliitiirs that it'plaet' ea'di oita-r ai'e njual. 
I'or a douidt' ■‘ub^fitm ion, rbrro r<jMa- 
tioim art' net'dod : one e!|UafioM ni wlmh 
to -^ulxtitute. and t \\ n lapialiori'. ift feii 

tliat tilt' tt'rm- rh.-tt rliaiii:.' pko arr 
etiual. 
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EXERCISES 


SUPERIOR \\OKK 


out tlif proof for each of ttu Julloirinp. 
Vac the form rjiveii in the illuslralii( <xamj)l(s. 



Given: 

AC = AD 
BC^AB 

Provo: 

AC = BC 


2 . 



4 . 



Given: 

Zx = Am 
Ay = Am 

Pro\e: 

Zx = Ay 


Given: 


D X 



B 


C 


y E 


AB=AC 
DB = AB 
CE = CA 
Prove: 
DB=CE 


6 . 






Given: 

Ax = Aa 

Aa = Ah 
Ah= Ay 

Prove: 

Ax= Ay 


51. Sol\e tlu' (■(Illation -f- = ' > noint- 

tt 2 4 

ill”: out all tlie axioms \du use in ihc solution. 

52. Soh'o the follow in” simnltancons ccina- 
tions for .r and //. ]iointin” onl all the axioms 
that von use. 

V 

2.r ‘h/ = !•) 

o.r — 4/7 = 2(i 


S3, [a] Ans\v(M‘the iollowinji (iiu'sliinis: 

1. If zl is a lii’othcr of B, aiul B is a 
brother of (\ then is A a brother of (”! 

2. If a is ^r<‘at(‘r than h. and // i.s 
greater than r. tluai is a gi-eater than 

3. If a is inehided in h, and h is in- 
ehuled in r, then is a inehided in r'! 

4. It .1 is lar troin B, and B is far from 
('. tlien is .1 far from ("! 

5. If zl is different from B, and B is 
different from then is .4 different from ('? 

t>. Il a (HjUals h, aiul h (aiuals <\ then 
does ti (ainal r! 

From tlies(‘ (‘xainjiles yon can that in 
som(' eases the r(4ationslup that is line Ix'- 
tween a ami /^ and l)et\\een h and r. carries 
over Irom a toe. In otlier latses tlie relation¬ 
ship does not carry o\ er. 

{h) 1 he substitulitHi a.xioin really say.s 
that the relationship ot e(|uality carries o\'er. 
Write two other relationships that carry over 
ami two that do not. 


In f'ach of ihe folloioiiH} cxvrciscs, sifpplij 
one additional equation that will niaLc (he con- 
elusion valid. Then prove it. 




Given: 

AB = EF 

and — f — 
Prove: 

AC = DF 




Given: 

Ax = Za 

Ay - zl) 

and ~ ~ 

Prove: 

Za- = Zy 
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THE DEFINITION 


Denned and UndeF.ned Xerms 

18. Ill order to study or discuss a su)> 
joct, we must have a clear idea of the 
meaniiio; of the words or terms used. 
\\ hen we descrilie the.se words or terms, 
we are dcfunng them or siving; definitions. 

Here are three definitions tliat you can 

find in the dictionary. Read them care¬ 
fully. 

1. .-Vn island is a tract of land sur¬ 
rounded liy water and smaller than a 
continent. 

2. A SCI/the is a farm tool con,si.sting of a 
lon(>: bent handle and a long curyed 
blade, attached at an angle, for mowing 
gra.s'^ or grain by hand. 

3. A prime number is an integer that is 
di\ isit)le by no other integer except it.self 
and one. 

A definition states the meaning of a 
word or term by using other words or 
terms. Unle.ss we understand the.se other 
words, the definition is of no irse to us. 
The.se othei’ words mast be looked up 
until we find their meaning gi\'en in 
words that we do understand. All def¬ 
initions depeiul on the fact that we do 
know the meanings of .some words with¬ 
out haying to look them up. 

^^'e ha\-e ah'eady seen tliat in geometry 
it is necessary to a.ssume certain proposi¬ 
tions without proof. In the same way 

% 

we must accept certain terms without 
defining them; that is, we shall agree that 
we know their meanings. Those terms 
that we take for granted are called 
undefined terms. Having agreed on the 
undefined terms, we then define the 
others u.sing the terms that we had agreed 
to accej)t without definition. 

An undefined term is one \vho.se meaning 

o 


we take for granted without describing it 
in words. 

A defined term is one which we describe 
in words. 

Properties of a Definition 

19. W hen we describe the meaning of a 
defined term in words, the words we use 
must l')e those that we defined earlier or 
those that A\'e agreed to accept without 
definition. We accept witliout definition 
words like is, draw, extend, figure, be- 
tween, relationship, and so on. These 
^\ ords have the same meaning in geome¬ 
try as in ordinary language. The first 
property of a definition is this: 

Every definition must l)e expressed in 
tei’ins that have been accepted. 

It is customary to define a term as part 
of the next larger group. Thus, in § IS 
an island is defined as part of a group 
of tracts of land. In all the tracts of 
land, there are some that will be islands. 
The second definition implies that if you 
look over all the farm tools, then you find 
scythes among them. Tlie idea of a 
term as part of a larger group may l)e 
pictured by a circle within a circle. 




The second property of a definition is 
that it must include all tl»e things that it 
defines but exclude all others. A defini¬ 
tion must be limiting. When something 
is defined, it must be described well 


Tho7& 

Acc. //o. 




ciioiif^h lo (Jislin}i;ui.-li il from ilic oilier 

tliiiit!,s ill tlio e-roup tlmt arc not hcim-- 
defined. F<n-exaiiii)le, ij rnii^t h(- dialed 
f ii'liii 1 1 (*l \ liow all islaial i.'- i lilim'i'iil trom 
all oilier lraet> of laml. Siippiw ii ua> 
f-aiil that an islaml is a frarl of land -iir- 
|■ounded 1,\- water, 'I'lii.^ 'lalenient would 

Im' eorreei as a fael, Put if could not Pc 

used as a definition Pceaiise it would in¬ 
clude other tracts of land siieli as the 

eonlineiit of Xr^fth Aiuei'iea. 

There is a simple test that enaliles us to 
fell whether or not we have excluded all 
the thint^s in the larger ";roup from the 
inner <troup. In this test we first write 
our definition in the '‘if then” form, and 
thiui t 111 11 it around. . Lhus, wi- mi'*-ht 
test the 1 ) 001 - definitiou in the last para¬ 
graph Py writine- it first as follows: If a 
tract of land is an island, then it is sur- 
round(‘d Py water, ddien, furnine; this 
around, we write: If a tract of land is sur¬ 
rounded Py water, then it is an island. 

I he first of the.se statements is true, lint 
the .second proposition, which is called 
the cmiivr^' of the first, is not true. In a 
definition, both must Pe true. A defini¬ 
tion must be rercrsihle. This means that 

the converse of a definition must always 
lx* true. 

The conrcrac of a proposition is a new 
piopii.-ition formed bv interehanj;un^ the 
nypotlu'sis imd tlu* coiiclu.'iion. 

A irirrsihh propif.s/hon is a propositicjii 
whose vonvvvsv is tHpially valid. 

A definition is rev(‘rsible. 

A good definition should be clear and 
concise. It should not tell more than is 
necessary to locate the l)oundar\' sepa¬ 
rating the smaller from tlie lai’ger group. 

A defiuiti(jn that tells more is n'dnmlaid. 
For example, if an ojhv/.sr were defined as a 
clid.onorable sin, the word “disl.onor- 
able’^ would be redundant. Explain. 
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Unpnrrmf nis fur /: 17wV'/ <1, Hu,Hon: 

4 

1. It must be c.xpn‘.--fM 1 ie terms that 

ha1 ie(‘n acc(‘|)t(*i 1, 

2. It mu.<f be lie. 

Prnpcrflrs nf fi COi)!) <lrjiniii<ni: 

1 . It >liuuld l)(‘ r|c;)r ;i||d rolU'i-f'. 

2. 11 should iK it I le I iuk lat iI . 


EXERCISES 


1 


ItucIi ol' iIh‘ lollowilig staff'iiH'iiI,. d(*liiu'S 

i1h‘ ilalinznl word in forms of a laruer 

Xa.ii'K-* tlio lar'j^or 

(ui Snllrnift is llio i’ii*li! to \-ot(*. 

(h) A iiohnind,, is a i)iil.lic ,scr\-anl wim 

enforces the law and inainlaiiis 
ordor. 

Iri Mnlldiinilirx is the science ef exact 
I'nasohiiiji. 

i<h All iiiIkj, r is a whole iiimihei', 

(c) Xnixlil mhi/ir is an integer that is not, 
di\-i.sil)le [>\'t wo. 

. iTach (>l lollouifig aiiain ihdines flie 
dabrtzrfl Word in tf-rms of a larger group, 
but t,li(‘ iianu^ of iht* larger grtniu is 

omitted. Tell wluit It is. 

(u) A s/ni/f is a narrow ■— " - 

ih) A horn: roluinn is t li(‘simplest f vpc* r^f 
lirer*k 

b-} In efiemistry an rinmnd is a(n) - b - 
that cannot be separated intf> sub- 
stanc(*s diflerent from its{*lf. 

bh An oJoin is the smallest pai-fiele of 
atrp - ■ / that can e.xist. 

(cj X UnromHcr is afri) - for deter¬ 
mining the pre.ssure of tin* atnu»s- 
J)fiei‘e. 

Write the eonveise ..f each propo.siiion 

and tell whether or not the proposition is 
reversible. 

(«) It a per.son is horn in the I'nited 

States, then he has right to -Wieriean 
citizenship. 

[h) It a person is ihesident (jf the Ciiited 
States, then Ije is more than .3.) years 

old, 

(c) It a pei-son is a patriot, then he lo\cs 

his count rv. 

% 

Id) An h.mest per.son may he trnste.i. 

I') A good companion is cheerful. 




1 h(.' two “il-iluMi" pi'oj^ositioiis 
mntained in each of the following 
f h^hnitioiis. 

U7) Aatumn is the season of l.he vear l)e- 
tween summer and winter. 

[it) A passporl is a document permitting a 
l)erson to ti*aveh 

(r) jA>!/(ilhj is the (puditv (tf being faith¬ 
ful. 




(d) A fnam/lr is a figure l)ouuded l)y three 
striiight liiuvs. 

(c) An imaginary ninnhcr is an indicated 
e\-en root of a, negative number. 

C'riticize the five d(*finitions that follow, 
pointing out which ]:)i-operties of a defini¬ 
tion they have and wliich they do not 
ha\‘e. 

(a) A flcmocrac}/ is a form of government 
that is headed by a president. 

(h) An umpire is an arbitei*. 

(c) An airplaue is a con\'eyance designed 
to t?'av<'l in the air. 

{(i) PIcd.surr is a gratifying sensation 
caused l)y la^■o^a.i>l(' circumstan(‘es. 

(e) Md/firmatirs is the study of arithme- 
1 ic, alg(‘bi-a, geonutry, factoring, 
percentage, and all problems about 
number and si)a(*e. 

Dehne the following: {a) an exponent (in 
algebra). (/;) a molecule, (c) a skiff, (r/) a 
siphon, and (e) atomic energy. 


SUPERIOR WORK 

51. Draw one circle inside another circle. 
Label (jne cii’cle to represent all the intcgei's 
(whole numbeis) and the other circle to 
represent (jnly the odd integers. Dehne the 
group in tlie smaller circle. 

In the same diagram, draw another circle 
rfj represent all the prime integers except 2. 
Define this group. 

52. Define the following three terms in the 
proper ordei': the United States Congress, 
the United States government, and the 
United Statens Senate. 

(a) Decide which term to define first. 

(b) Having defined that term, use it to 
define the sc'cond. ddien use the second to 
define th(‘ third. 

(c) Draw and label three eircles to 
picture your definitions. 


HONOR WORK 


HI. Draw and label circles to represent 
gorernmerU, democracij, dicAaiorship, and 
anarchy. 

H2. Write out the definition of treason 


accoi'diug to the dictionary and also according 
to Article III, Section 3 of the United States 
C'onstitution. Which definition is narrower? 
Why did the framei’s of our Constitution 
write tlieir own definition? 


Sequence of Definitions 

Because a definitiou describes a class 
within a class, it is advisable to give 
definitions in a definite order or sec[uen('e. 
Idach definition describes a class within 
a lai’ger class that was described by a 
previous definition. Following is a se- 
(pience of definitions, mostly about angle 
relations. In each definition point out 
the undefined geometric tei’ins and those 
terms that have previously been defined. 

A definition describes a whole group of 
tilings. Often we choose one member of 
this group and point to it as typical of all 
the members. For example, after defin¬ 
ing a scythe in § 18, it would have l)een 
helpful to have a picture or drawing of 
it. In the same way, after giving the 
definition of an angle (which descrilies 
every angle), we draw a figure of a 
typical angle. We then label it and point 
to it as an illustration of the definition. 
The definitions tliat follow liave been 
illustrated. 

20. Undefined Terms: a straight line; 

a point. 


a 


. P 


a is a st. line. 
P is a point. 


21. A line segment is the part of a 
straight line between two points. 


B 


A.B is a line segment. 
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22. A broken line is a figure in 
which a number of points not in a 

straight line are connected in succession 
by line segments. 


B D 



23. A triangle is a closed broken line 
having three line segments. (The sides 
of a triangle are its three line segments.) 



24. A ray is the part of a straight line 
to one side of a point. 



a is a ray. 


25. An angle is a figure that is formed 
by two rays from a common point. 



OA and OB are the sides 
and 0 is tlie vertex of Z 0. 


29. Vertical angles are two non- 
adjacent angles formed by two inter¬ 
secting straight lines. 



Z 111 and Z it are ver¬ 
tical angles. 


30. A straight angle is an 
whose sides form a straight line. 




Z AOB is a st. angle. 


An angle that is the result of a coinpkfe 
revolution is not a straight angle because 
its sides form a n/// and not a stniight line. 
Such an angle is .sometimes called a 
round angle or a perigon. 



31. A right angle is an angle one- 
half as large as a straight angle. 



ZO is a right angle. 


26. The sides of an angle are the rays 
forming the angle. 

27. The vertex of an angle is the 
point where the sides of the angle meet. 

28. Adjacent angles are two angles 
that have a common vertex and a com¬ 
mon side between them. 



Z??t and Zn are adjacent 
angles. 


34. An acute angle is an angle less 
than a right angle. 



ZO is an acute angle. 


33. An obtuse angle is an angle 

greater than a right angle but less than 
a straight angle. 
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Z 0 is an obtuse angle. 



Complementary angles are two 
angles whose sum equals a right angle. 



X- m and ^ n arc eoiii]). 
angle.-'. 


35. Supplementary angles are two 
angles whose sum equals a straight angle. 

Zand /.n arc .sup, 
anglc.s. 



I In I li'i iiiauisli liciwecii eoinplt'meiilary 
and -iipplenientarv angles rcnieniher tlie 

'Hiind: .-iiitpleinentary—straight angle.) 

36. Perpendicular lines are two 
straight lines that meet at right angles. 



ABLCD 

( AB per¬ 
pendicular to 
CD) 


Definitions, Assumptions, 
and Theorems 

37. 1 erms that rtanain ttiidefined are 
siniilar to unprovefl propo.sitions. Even 
definitions t heni.selves are a.ssttmptions. 
hot-example, from our definition we know 
that if two angles an' complementary, 
tlien their sum is a riglit angle. This Vs 
an assumption. xMathematieians the 

world over have merely agreed to call 
such angles complementary. Proof has 
nothing to do with it. 

Assumpt ions consist of axiotns, postu¬ 
lates, and (h'finitions. The piopositions 
that we shall prove that is, the theorems 

— will all depend on axioms, postulates, 
and definitiony. 
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EXERCISES 


1. In the figure, IAOF is a right angl 



^»anl(:‘ (ho following: 

(a) Ihree pairs of adjacent angles 

(b) Four pairs of vertieal angles 

(c) Two right angios 

{(1) Two acute angles 

(/") Two obtuse angles 

(./) One pair of adja(*ent coniplemcntai'y 
angles 

({/) One pair ul adjacent supplcmentaiy 
angles 

(//) 1 wo perpendicular lines 

2. In the figure, ZP, ZR, and ZS arc right, 
angles. Name the following: 


(a) 

ib) 

(0 

id) 

(0 



angles 

One pair of adjacent supplementary 

angles 

fine pair of nonadjacent supplemen¬ 
tary angles 

1 wo perpendicular lines 


3. Draw the following angles and label them: 

(a) Two adjacent acute angles 

(b) An acute angle adjacent to an obtuse 
angle 

0) rwo adjacent obtuse angles 

(d) 1 wo adjacent complementary angles 

(e) Two nonadjacent complementary 
angles 

(/) 1 wo atijacent suj^plementarv angles 

(</) Two nonadjacent supplementary 
angles 

{h) Two vertical anglers 

O 


SUPERIOR WORK 


S U M M A R V 


SI. Write a definition of a straiiiht line, 
using; the simplest \v()rrl.-:; yon rmi. rntlorlino 
!lu‘ key \vor<ls. Arc* llu-y ^imph-r Ilian tlu' 
idea of a si i-a!g;hl ilscdf? 


S2. Tile following; is one d(dinit ion of 
(h'lnovracy: 

Democraey is a form of society in which (I ) 
the g;eneral welfare is the concern of eacii 
citizen; (2j each citizen possesses important 
civil liberties; (3) the government and its 
powers exist by the consent of the governed; 
and (4) appeal to reason is a guiding principle. 

(a) Is this definition reversible’i^ In 
otlier words, can c\’ery society that satisfies 
the four conditions given be called a democ- 


i•ac^ 




{()} Is it stated in terms that are easily 
understood, or do some of the terms them- 
s(*l\'es recjuire definition? 

^ ^ ^ . any rcdundaiK'v in the 

definition? 

{(I) Find some other definition of de¬ 
mocracy and compare it with this one. 


HONOR WORK 

HI. The Constitution of the United States 
defines our form of government. 

(a) Read the Constitution and list some 

of the undefined terms in it like “interstate 

commerce” and “republican form of govern¬ 
ment.” 

{b) In case of dispute, who decides the 
meaning of these terms? 

(c) Could the framers of the Constitution 
liave avoided undefined terms? Could they 
have narrowed their meanings? What would 

have been some advantages and di.sadvantages 
of doing so? 

H2. Suppose that someone has seen a few 
loot ball games and knows in a general way 
that when his team advances the ball it is 
time to cheer. However, he does not know 
^^hat a ‘first down” means. For his benefit, 
write out a sequence of definitions leading up 
to the definition of a “first down.” 


38. In geometry certain prupositions are 
aci'epted or assiimeil without proof jn^d cer- 
lain tcrni.^ without dcimitiuii. Ih'oposil ions 
acc('pl('d withoul proof ai’c cuIIimI aj-fonts or 
posliiialcx: tli().s(' accepted otily afl(M‘ they arc 
pro\'cd arc cuIIihI (la on ms. 4'('rins acc('|,)l<'d 
witliout definition are called omh final iuous; 
tile others are called ilvjinni (crnis. 

It is assumed that two }}()ints dctci’mine a 
straight line. With any two points given, 
one and only one straight line can i)c diaw n 
through tliem. The axioms aTout the four 
lundamental operations with numbers are 
assumed and applied to geometric reasoning, 
ddte substitution axiom which allows us to 
substitute a quantity for its equal in an 
eciuation is also assumed. 

The converse of a proposition is another 
proposition in wdiich the original hypothesis 
and conclusion have been interchanged. If 
a pi'opusition is just as valid as its c*on\'erse, 
either proposition is called re\'ersible. 

l'-.\'ei*v definition must be reversible and 
must be expressed in terms that have been 
accepted. A good definition is alsi^ clear and 
concise, and is not redundant. 

Definitions are stated so tliat each term 
that is defined is part of a larger group that 
has been defined earlier, or of a group that has 
been accepted without definition. 

To illustrate a definition means to point out 
(usually by a diagram) a member of the group 
that the definition describes. 


RECOGNIZING NEW TERMS 

Can you drscrihe each word or term below? 
If not, go back to the section indicated. 

axiom (ax.) § 10 

po.stulate (post.) § 10 
theorem § 10 
definition (def.) § ]R 

defined and undefined torm.s § IS 

converse § H) 

reversible proposition § 19 

redundant § 19 

broken line § 22 

triangle (A) § 23 

adjacent angles (adj. A) § 28 

vertical angles (vert. A) § 29 
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Straijilit angle (st. Z) §30 
riiiiit angle (rt. Z ) §31 

ai'ut e angle § 32 
obtuse angle § 33 

(• (tementary angles (comp. A) § 34 
s enientary angles (sup. /4) §35 

p ‘lulicular lines (Js) §30 


REVIEW EXERCISES 

11 rite a proof for each of the following 
exercises. If in some cases the conclusion does 
not follow, write “not valid” beside the con- 
cl lesion. 




Given: 

AB^ CD 
Prove: 

AC= BD 




Given: 

ZAOC =ZA0D 

Z BOC = Z EOD 
Prove: 

ZAOB=zAOE 




Given: 

AO = OB 

CO = OD 
Prove: 

AB = CD 


4 . 



Given: 

X = a 

a = b 
b = y 

Prove: 

z = y 




Given: 
Za:= Za 
Za = Zy 

Prove: 

Zz= Zy 


Given: 
X = b 

y = a 

Prove: 

x = y 


7. Given: AC — CE 

AB = BC 
CD = DE 

Prove: x = y 



8 . 



A E 



Given: 

Zx= Za 
Zy= Zb 

Prove: 

Zx= Zy 

Given: 

BC = DC 
AB=^BC 
ED = DC 
Prove: 

AC =CE 



Given: 

AB = AC 

AE^EC 

Prove: 

AD^DB 
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11. Indie ato whotluM* oacdi ol tlio follow in**' 

slatenieiits is true or false. 

(a) A stiai^ht aniih' is a straij2;hl lin(\ 

(b) 11 the sidt's ut oiu' aii^h' art' tiu' i)ro- 
lonji'utions ol iIk' sides oi another 
au”l(' through the verlt'x. then the 
two aiijiles aix' \’ertieal anjih's. 

(r) Perpendicular lines are two lines that 
meet so that the adjaetait anjih's are 
e(|ual. 

(d) It two pi'i'i^endicular lint's art' drawn 
then all the an<>;les about the point of 
intersection are ri< 2 ;ht anjiles. 

(c) An obtuse an<i:le is ^reatt'r than a 
ri^ht anjile. 


12. Supply the one wt)rtl neet'ssaiy It) et)in- 

plete each statt'inent. 

(,«) A sitle of an an«ie is a(n) —/—. 

(b) li tlie iioncomrnt.)!! sitlt's of two 
adjacent anjiles are in a sirai»;lit line, 
the autilt's are — / 

(c) 11 A()I> is a sA-ai^'ht line then the 
supplement of /^AOB is / —. 



W) 

At .3; 20 

the hands of ; 

i clock form 


a(n) — 

— angle. 


('■) 

At. 3:40 

the ha nils of : 

1 clock form 


a(n) 

— angle. 



SUPERIOR WORK 

SI, (a) A plane is often represented by a 
four-sided figure MN. If a. line is drawn 
through any two points A and B in plane 
does that line lie entirely in the plane? 



(b) Write this as a proposition, 

(c) W rite the converse of the proposition 
in (6). 

(d) Psing your propositions in (/>) and 
(c), define a plamx 


52. A straight lim' can 1 k' dixidcd inU> two 
half-liiK's (nr ra\'s) by a point. W'lial kind of 
hgur(' Would di\idf' a platif initt i\\u half- 
plaiK's? 

53. In a idaiu'. an angh' lia> liron ilchiual as 
a figure formed by two halt-lines im- ia\-si 
from a common point. 

In geiU'ral s})act'. a diludnd n/n/h can be 
<h'hne<l as a hguix' tornu'd b>- two lialf-])laiH‘s 
from a common edge iliiK'i. 'TIk' dihedral 
angle in the ligui'i' is rt'ad A A —/U' — I). 



(a) Rc(*all tlu' dc'hnilion of two a.<ljacent 
angles in a plam*. Xow define two adjactau 
dihedral angles. Di-aw a tlgina' to illustrate 
voin* d(‘linition. 

(/>) Define a straight diluah'al angle. 

(c) Define a right dilualral angle. 

(d) Define twt) perpeiulicular plain's. 

S4, In the figure, line AB is i)eri)endicular 
to the ])lane MN. The point B wliert' Iht' 
line moots ttie i)lane is called tlu* ./he/ of .l/>. 



(fl) In the plane MN, lines are drawn 
through B, How is AB related to each t)f 
these lines? 

(b) Using your answer to (n), write a 
definition of a line perpemlievdar to a plane. 

HONOR WORK 

Hi. Consider the following nonmatho- 
matical assumptions on which many of our 
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1 . 


iH'lirfs ,'ui(] actions are l>aso(l. Try to deter- 

niiiif whether these are generally accepted 

nr ate heiuR- rejected, with the ^passing of 

tinif'. in the I nited States and in other parts 
ut ihc world. 

t ^ is the i)(^st policy. 

{In llie pen is mighter tiiun tlie sword, 
(r) Tlie majoi ity rules. 

(d) A free people cannot tolerate taxation 

wit hout representation. 

(c) Freedom of thought and conscience 
IS as necessary to man as food and drink. 

H2. List the truths” that are held to be 
"self-evident” in the first part of our Declara¬ 
tion ot Independence. Discuss these propo¬ 
sitions as in Ex. Hi. 

H3. 1 ou know that multiplication is 
lepeated addition. In the same way, division 
can be defined as repeated subtraction. For 
example, 12 3 = 4 means: if 3 is sub¬ 
tracted from 12 four times, the remainder 

IS 0. 

I sing this definition of division, explain 
\\liy 12-^0 and also 00 cannot have 
(lehnite answers and are therefore not 
determined. 

Explain the meaning of 0 4- 5 in terms of 
repeated subtraction. 

H4. You have seen how conclusions in 

on certain assumptions. 
Point out how our form of government 
depends on certain assumptions in the 
Declaration of Independence. 

H5. When the French, following their 
defeat by the Germans in 1940, were forced 
to redefine their government they changed 
the assumptions of liberie, egalili, and 
fraternile (liberty, equality, and brotherhood) 
on which their democracy was founded to 
travail, Jamille, and patrie. (work, family, and 
country). Explain why a fascist society 
must be based on the second set of assump¬ 
tions rather than on the first set. 


TEST 

Part I Axioms 

Copy the following exercises. Prove each 
or state that it is not valid. 




♦ i 




Given; 

X = a 
a = y 

Prove: 

x^y 




M 



Given: 
ZM= 
Ax = 
Ay = 
Prove: 
Ax = 


AR 

Aa 

Ab 



Given: 

AAOC = A BOD 
Prove: 

Ax = Ay 



A 



Given; 

AD =DB 
AE = EC 
Prove: 

AB=AC 
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Given; 

/.a = Ah 
Z a = Ax 
Ay ^ Ah 

Prove; 

Zx = Ay 





Given: 
a = 6 
X = c 

Prove: 

X = y 


Part II Definitions 
In the Jigure below, name the following: 



In Ihr prcenhtig jigiir/. hU jmir many of each 
oj Ihe following then- an : 

5. Pairs of aclj;u‘eiit angles 

6. Right angles 

7. (>l)t use angl(‘s 

8. St raighf angh's 

9. In tli(‘ figiir(‘ Im-Iow, wliaf i--. flic -aiiiph'- 
ment of Z m'! 



10. In I,1 h' a.ho\'(‘ figiir(\ what is tlu^ siii)t)l(‘- 
ment of Z .lOf'? 


11. Draw 
angles. 


two adjacent 


comphaneiitai-y 


12. Draw two adjacent ul>liis(^ angh's. 

13. Draw an angle that is about one-half of a 
right angle. 

14. ]3raw two adjacent angles whose non¬ 
common sides foim a straight line. 

15. Diau tv o adjacent t*omplenientai‘y an¬ 
gles and label them Am and An. Xow 
diaw a new angle p that is adjacent and 
complementary to An. 

16. Draw three angles m, n. and p, so that 

angle m is tlu* adjacent supplement of 

angle a. and angle p is also the adjacent 
supplement of angle n. 

17. Draw thi'ee angles a, 6, and c, so that each 
angle is adjacent to the other tw'o angles. 

18. Draw two unequal angles a and b that 

have a common vertex but no common 
side. 


1. One pair of adjacent acute angles 

2. One pair of adjacent equal angles 

3. One pair of unequal adjacent supple¬ 
mentary angles 

4. One pair of vertical obtuse angles 


19. Draw two angles a and b so that the sides 

ot angle u and the sides of angle b form 
two straight lines. 

20. Draw two angles that ha\e a common 

vertex and a common side but are not 

adjacent. Name the two angles 
29 “ ■ 
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The Theorem 

Proving Angle Relations 


SUPPLEMENTARY AND COMPLEMENTARY ANGLES 


Angle 

39. In C'hapter 1 we learned tliat a 
tlieoreni is a proposition proved from 
a'siimptions or from otlier theorems. In 
this chapter, we shall prove theorems 
aliout the size of certain angles and the 
ilirection of their sides. 

'I’o comiiare the sizes of angles we need 
a standard unit of measurement. The 
standard unit for measuring an angle is 
the dcfjrcc. In measuring an angle we 
find the numher of times it contains an 
angle of 1°. .\n angle of 1° is .jTo of a 

complete rotation or -iT?, of a straight 
angle. \N e have taken for granted that 
tlie size of a degree is the .same on 
all protractors. I^t us now state this 
clearly as an a.ssumption. We .shall finst 
as.'^ume tliat a straight angle is the 
same size the world over. Then, since 
a straight angle is too large for mea.s- 
uring most angles, we .shall divide it 
into 180 equal parts and call each part a 
degree. 


The Straight 


40. Postulate. All straight angles are 
equal. 

41. Definition. A degree is an angle 
that is jIs of a straight angle. 

Usually, the degree is subdivided into 
60 equal parts, called minutes; and each 
minute is divided into 60 equal parts, 
called seconds. Thus, we could have an 
angle of 32° 20' 30"—read 32 degrees, 20 
minutes, and 30 seconds. 


Supplementary Angles 

42. Supplementary angles are two an¬ 
gles whose sum is a straight angle. It is 
assumed that all straight angles are 
equal. If two angles are equal, then the 
supplement of one angle must be equal 
to the supplement of the other angle. 
This proposition is a theorem because it 
depends on propositions accepted previ¬ 
ously. To see exactly how this theorem 
depends on some earlier propositions, and 
also to learn how to write out a proof in 
geometry, study the form that follows. 


43. THEOREM. 



Supplements of equal angles are equal. 



Given: Zw = Zn 

Zx the sup. of Zm 
Zj/ the sup. of Zn 
Prove: Zx = Zy 
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PlxVOF 


SlfdrmrNts 

1. Z.r tlio sup. of Z in 
Z fj t lie sup. of Z H 

2. Z /// + Z X ^ M >\. Z 
Z// + Z/y -- a sz Z 

Z. Z /// -j- Z .r — Z // “f" Z ij 
4. Z /// ^ Z ii 
Z.r = Z/y 


Note carefully Ikjw tlii.s thc'orein is 
prox'ed so that you can follow it as a 
model ill writ in';; out your own proofs. 
You arc asked to prove that if two aiiRies 
are ecpial, then their supplements are 
e(|ual. Think of the prolilein as follows: 
I'wo epual angles and their supplements 
are given. Any two ecpial angles, such as 
Im and Zn, are drawn. Then /Lx is 


Jiciison^ 

1. (diven. 



o. .Vll st. A are =. 
4. (liven. 

d. Suht. A\. 


drawn so that it is the supplement c-f Z//i, 
and Z // so that it is the supplement of Z ti. 
These three conditions are written down 


as given. Then the conclusion is set 
down—what must he pro\'ed— Z.r = Zij. 
I'iually, Using the given conditions and 


cei'tain propositions that have been ac¬ 
cepted earlier, the conclusion is proved. 


The next piojiosition is a spm-ial case of the theorem just proved. 


44. THEOREM. Supplements of the same angle are equal. 



(liven: Z.r the sup. of z in 

Zyy the suj). of Z in 
Prove: Z.r = Z// 


I'liOOl' 


Slulements 

1. Zx the sup. of Z m 
Zy the sup. of Z m 

2. Zm + Zx = a st, Z 

Zi/i + Zy = a St. Z 

3. Zm + Zx = Zm + Zy 

4. Zi/i = Zm 

o. Zx = Zy 

Compare this proof with the proof of 
the theorem in § 43. You will see that 
the only difference is in Statement 4, 
where two identical angles instead of two 
equal angles are suhtracted. If a propo- 


Reason.'i 

1. Given. 

2. Def. sup. A. 

3. All st. A are =. 

4. Identitv. 
d. Subt. Ax. 

sition follows easily from another 
proposition, it is often called a corollary 
rather than a theorem, and the proof is 
not written out in detail. 
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PROOF 


45. Definition. A corollary is a 
theorem that is easily proved from 
another proposition. 


In general, a corollary is either a 
"j^ecial case or a simple extension of 
another proposition. We shall treat as 
corollaries most of the propositions wliose 
jM’oofs are so simple that there is no need 
to write them out in detail. You ma\\ if 
you prefer, call the preceding theorem a 
corollary. 

In the diagram of the preceding 
theorem, why are AOB and COD straight 
lines'? How are the angles x and // 
related as to position? What is true 
about the sizes of two angles, such as 
X and /y? Can you state this as a. 
theorem? Is it easy enougli for vou so 

V Cj 

that you can call it a corollary? 

46. Corollary. Vertical angles are 


equal. 

Theorems and corollaries may l)e used 
to proye other propositions. Make a 
practice of using the new theorems when- 
eyer possible, eyen though at first it may 
seem easier not to. Using the new 
tlieorems will often shorten the work and 
will always help you to understand the 
theorems better. 


Slatcmenls 

1. Z.t+Z w -ast. Z 
Z?y+Z = a st. Z 

2. Z.r thesup. of Z//? 
Z ?/ the sup. of Z /I 

3. Z m = Z n 

4. Zx = Zy 


Reasons 

1. Def. st. Z. 

2. Def. sup. A. 

3. (u\'en. 

4. Sip)s. of = A arc 



Dxplain the last statement of the proof 
orally as follows: “Supplements” (point to 
Zx and Zy) “of equal angles” (point to Zw 
and Z n : also point out that Z x and Z m form 
a straight angle and that Zy and Zn form a 
straight angle) “are equal.’' 




Giyen: 

Za == Zb 

Prove: 

Za: = Zy 




Given: 

Za = Zb 
Prove: 

Z.r = Zy 


EXERCISES 

In (he follotving exercises, assume that lines 
given in the figure are straight lines. 


Illustrative Example 



Given; 

Zm = Zn 
Prove: 

Zx = Zy 




Given; 

Za = Zb 

Prove: 

Zx = Zy 




Given: 

ZAOC = ZBOD 

Prove: 

Z'^ - Zy 
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Illustrative Example 




Given: 

la = ly 

Prove: 

Z .r = I y 


Stalements 

1. La = Lx 

2. La ~ Ly 

Lx 

3. (la) = ly 


Rea.^ons 

1. \"ert. A are =. 

2. (livoii. 

3. Suhs. A\. 




Given: 

La = Zy 

Prove; 

Z.r = Ly 



Given: 

Zr = La 
Lb = Ly 
Prove: 

Z.r = Ly 


Illustrative Example 




o 


Statements 

1. Za + Z(/ = 180' 

2. Zfl + Z.r = 180' 

3. Z y t he sup. of Z a 
IX the sup. of Z a 

i. lx = ly 


Reasons 

1. (liven. 

2. Def. St. Z . 

3. Def. sup. A. 

4. Sups, of the same 
Z are =. 




Given: 
la = lb 

Prove: 
lx = I y 


9. 



Given: 

la+lx = 180 
Prove: 

Z.r = ly 




Given: 

la = ly 

Prove: 
lx= iv 



Given: 

la+ly = 180'’ 
Prove: 

Zx = ly 
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Illustrative Example 





Slafrmcnis 

1. Zh + Zy = 180 

2. Za = Zh 

3 . Zx = Za 


Reason.^ 

1. Dof. st. Z . 

2. CJiven. 

3. ^Vrt. A are =. 


Z.r 
(Z a) 

4. {Zb} + Zij 180° 4. Subs. Ax- 



Given; 

Za + Z6 = 180° 
Prove: 

Zx = Zy 


Illustrative Example 



Given: 

Za + Z& = 180° 
Prove: 

Zx-{‘Zy = 180° 
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PROOF 


SlafemcrUs 


R( 

■asons 

1. 

Za -f Z.r = 

■■ 180° 

1. 

Def. st. Z . 

2. 

Za + Z6 = 

180° 

2. 

(liven. 

3. 

Z.r = Zb 


3. 

Sups, of the same 





Z are =. 

4. 

Zb + Zy = 

00 

o 

o 

4. 

Def. st. Z. 


Zx 




5. 

(Z b) + Zy 

o 

o 

00 

II 

5. 

Subs. Ax. 


53. Prove the Illustrative Example above 
by using a different method. 

54. Copy the figure for Ex. S2 above but 
change x from where it is to one of its adjacent 
angles. What can you prove about the 
angles x and y? Prove it. 


SUPERIOR WORK 


S5. When a straight line cuts two other 
straight lines, it forms with them eight 




Given: 

Za + Zb = 180° 

Prove: 

Zx = Zy 


angles. 

(a) Prove that if two of the.se angles witli 
different vertices are either equal or sup¬ 
plementary, any other two angles are either 
equal or supplementary. 

{h) Repeat (a), drawing a figure that is 
as different as vou can make it. 
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'i i':ilul! 1 .•in¬ 
i'' ' 11I"mn :i \ii)i 11. 


Right Angles 

W I' li;)\f ;i—iHiiCfi I li:il ;i 

lili-' ;in- iVv 

w f‘ kiiou I Ii:i I ol' ;ill .-iniilc' 

l \\V I licivfon- <■ 

lollow iiiii cofolhn ic'. 

47. Corollary. All right angles are 
equal. 

48. Corollary. A right angle equals 
90 degrees. 


Complementary Angles 


1'I‘Otii tin- p( I'l I ll;i I f ‘ lli;il ;||| 'Ifalglil 
arc (Miual, it lia- hiMai pi'dmmI tliat 
-ilp|)lciiiciil - ot (‘piial aimlc- arc (M|Ual. 
l-niiii till* (•()i-nllar\’ that all riuiit aii'da- 
ai'o (‘(jiial. it i> easy to prove that coitiplo- 
iiionl-' ot cfjiial atiylo' aio (‘piial. 


49. rHEORLiVI, Complements of equal angles are equal. 




Cl veil: / m - Z // 

/ f I lie aoiiip, ot Z III 
Z fj t Ik* comp, of Z n 
Z.r = hf 


Prove 


\\ rile out tlii> proof, following the model in ^ 4:Z 


50. Corollary. Complements of the 
same angle are equal. 

(liv'en : Z X t Ik* comp, of Z m 

Z // t lie com|). of Z /// 

Prove: Z.r - z// 


2 . 




GivcMi; 

Z C a rt. Z 
Z a rt. Z 
Za = Z6 
Prove: 

Zx = ly 


3. 


c 


E\ERC:iSES 


1 . 




Given: 

ZC a rt. Z 
Z Z) a rt. Z 
Zr = Za 
Zy = Zb 
I'ruve; 

Zx = Zy 


Given: 

ZC a rt. Z 
ZZ) a rt. Z 
Za = Zb 
Prove: 

Zx = Zy 


4. 


0 
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Given; 

ZAOC a rt. Z 
ZBOD a rt. Z 
Prove: 

Zx = Zy 



5. 



Given: 

Z5 a rt. Z 
Z a + Z ?/ = 90° 
Prove: 

Zt = Zy 





8 . 



Given: 

ZB a rt. Z 
Za = Zy 
Prove: 

Z a: + Z y = 90 

Given: 

Z G a rt. Z 

Zx = Za 

Zy = Zb 

Prove: 

Za: + Zy = 90° 


Given: 

Za a rt. Z 
Prove: 

Zx + Zy = 90° 


SUPERIOR WORK 


SI. Imagine I hat straiglit line J/.V rotates 
about C and intersects B at P. We see P 
move to the riglit iiideliuitely and presently 
reappear from tlie left. 


M 



(a) At the moment of its reappearance 
from the left, does P exist on AB twice? If 
so, would this contradict the two-point 
postulate (§ 11)? 

(b) Is there a time when P does not 
exist at all? If so, do MN and AB intersect 
during that time? 

(c) It il/iV and AB do not intersect, we 
call them parallel. If the length of time 
referred to in {b) is but an instant, how many 
lines through C can be drawn parallel to AB'! 
How many, if the time is longer? 

Whether the time of “jionintersection” is 


only an instant or longer cannot be proved 
from what we have already accepted. Hence, 
we must have a new assumption. 


PARALLEL LINES 


Meaning of Parallel Lines 

From the exei'cises that you imve al¬ 
ready done in this chapter, you may have 
seen that the sizes of certain angles have 
something to do with the direction of their 
sides. Since straight lines are infinitely 
long, they usually can meet and form 
angles. However, if two lines are in the 
same plane and do not meet no matter 

»’ ’ are prolonged, they are 
called parallel lines. (Of course, all the 
figures in plane geometry are in the same 
plane.) 

51. Definition. Parallel lines are 
straight lines in the same plane that do 


not meet no matter how far they are 
extended. 

Angles Made by a Transversal 

52. Since two parallel lines do not 
meet, they form no angles with each other. 
Thus, we cannot study the lines by coni- 

^ V 

paring their angles directly. We there¬ 
fore draw a third line across the two lines 
that we wish to study and use the angles 
that this third line makes with them. 
This third line is called a transversal 
(trans.). In order to compare the angles 
made by the transversal with the other 

are paired off as follows: 



Corresponding Angles. Anfilo.-^ m and 
m' are called cnrrespnndiiisi- aiirilcs lie- 
cause they are in corr('>pnniliny iin-itinns 



—each is in the upper left-hand coi'iior of 
the vei'tex. In the same waxy angles n 
and /d are corresporidino- aiio;les. Xani(‘ 
the other two pairs of conespondino 

angles. 

Alternate interior angles. Angles q and 
n' are called alternate interior angles be¬ 
cause they are on alternate sides of the 


transversal and 
Name the other 
angles. 


“inside" the figure, 
pair of alternate interior 


Interior angles on. the same side of the 
transversal. Angles p and n' are merely 
described as a pair of interior angles on 
the same side of the transversal. Name 
another pair. 


Direction of Lines 

53. We often speak of lines having the 
same dii‘ection. How can we measure 
the direction of each line? If we are 
traveling a strange road, Avhat will help 
us to find our diiection? 

To measure the direction of a line, 
we must refer to some other line—a stand¬ 
ard line of reference. The direction 
of our line is found bv measuring the 

angle between our line and the reference 
line. 


Tn practit'c llif‘ not i li-;ind-()ul h 
Usuallv taki'ii a- ii\rd. umi all 
direction^ ;n'(‘ n-i\-<'[i ;i- :iMi:itl:ir 


line 

other 

inea.'- 


ur('m(Mit> Iroiii llii- line. I'liii' iIk‘ liirui‘c‘ 
shows a (liierin)ii ol dO I,., ironi tli(‘ 
north do dt'grt'es to tiu' ea<t. 

Xow suppoM' that two liiif'" art' both 
in the direction X. oO^ Id It -ot'in- i-t'a- 


>onablo to >a\' ilu'st' 
liiu's art' parallol. In 
olht'r words, wt' a^uint' 
that if two lint's art' 
in tilt' same dirt'ction, 
the>' are parallel. In 
our figure we recognize 
the two 30^ angles as 
the corresponding an¬ 
gles made by a trans- 
\'ersal. We assume that 
if two lines are known 
to l)e parallel, then their directions are 
the same—no matter what reference line 
(transversal) is used tt) measure the 
directions. 

In ortler to stud\- parallel lines it is 
necessaiy to assume certain things with¬ 
out proof. \W assume that two lines in 
the same direc-tion are parallel and that 
the direction can be measui’ed bv anv 
transversal. We shall state this as two 



postulates as follows; 

54. The Parallel Postulates. 

1. If two lines are cut by a trans¬ 
versal and a pair of corresponding angles 
are equal, the lines are parallel. 

2. If two parallel lines are cut by 
a transversal, the corresponding angles 
are equal. 

55. Corollary 1. If two lines are per¬ 
pendicular to the same line, they are 
parallel. 

56. Corollary 2. If a line is perpen- 
dicular to one of two parallel lines, then 
it is perpendicular to the other. 



57. THEOREM. If two lines are cut by a transversal and a pair of alternate 
interior angles are equal, the lines are parallel. 



(liven: Tines x and /y cut by the trans. 
/, making Z in Z/i 

I’^rove: .r || /y (.r is parallel to /y) 


PUOOF 


Slalennnfs 

Reasons 

1. Z p == Z m 

1. V'ert. A are 

2. Zin ^ Zn 

2. Given. 

Z n 

3. Z p { Z w) 

3. Sutis. Ax. 

4. X , y 

4. Corr. A are s 

tulate § 54, 1.) 



parallel pos- 


Explain orally the reason for State¬ 
ment 4 as follows: “If two lines'' (point 
out lines .r and /y) “are cut by a trans¬ 
versal” (trace the line /) “and the corre¬ 


sponding angles” (sweep the A p and n) 
“are equal, then the lines” (again point 
to X and ij) “ai-e parallel.” 


58. CONVERSE THEOREM. If two parallel lines are cut by a transversal, the 
alternate interior angles are equal. 



PROOF 


Sidfemenls 


1 . a 



2. Zm = Zij 


3. Zyn = Zx 

Zx 

4. (Zm) = Zy 


Reasons 

1. Given. 

2. Ils, oorr. A are =. (See parallel pos¬ 
tulate § 54, 2.) 

3. Vei't. A are =. 

4. Subs. Ax. 


Explain orally the reason for State- (trace /) “then the corresponding angles” 
merit 2 as follows: “If two parallel lines” (sweep A m and y) “are equal.” 

(trace a and b) “are cut by a transversal” 
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EXERCISES 


Illustrative Example 



Given: 
a II b 

c II d 
Prove: 

Zx = Zy 


4 . 



Given: 
c \\ d 

Piove; 

Zx = Zy 


Slate)7icnls 


a \\ h 
Zx = 
c II (I 
Zrn = 


Z m 




PROOF 

/?(Y7.s‘0/GS' 

. Given. 

I. Ils, corr. A are = 

I /"x • 

Given. 

. Ils, alt. int. A are 


^IJ 

5. Zx = (Z m) 


5. Subs. A\. 


Point out how the reasons for Statements 
2 and 4 apply, as e.xplained abo\'e. 


1 . 



2 . 


Given: 


a II h 
c il d 
Prove: 

Zx = Zy 



Given: 
a II c 

h II d 

Prove: 

Zx = Zy 


Illustrative Example 



Statements 

1. C.-l II BF 

2. Z .4 = Z B 

3. DA II BE 

4. Zm = Z n 

5. Z.r = Zy 


6 . 


Given: 
ca II BF 
DA I; BF 

Prove: 

Zx = Zy 


PROOF 

Reasons 

1. Given. 

2. Ils, all. int. 

3. Gi\en. 

4. Same as 2. 

5. Suht. .\,\. 


A are = 


Given: 

AB I DF 
BC 1 ED 
Prove: 

Ax = Zy 


3 . 


6 . 


Given: 


h 11 d 
Prove: 

Zx = Zy 



Given: 

AB I DC 
AD I BC 
Prove: 

Ax = zy 
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7 . 


10. 



Given: 

c II d 
Z-X = la 

ly = ih 
Prove: 

Za: = ly 



Given: 

Im = In 
Prove: 

Z.r = ly 




Given: 
a II c 

Prove: 

ZX = Z7J 




Given: 
a ± t 

h Lt 
Prove: 

Z r = Z ?/ 


Illustrative Example 




Given: 


m \\ n 


Za ^ Zh 

Prove: 





Given: 

Zm = Zn 

i ± b 
Prove: 
i ± a 


Statements 


1 . 

2 . 




4. (Za) = Zh 

.r i] }j 


PROOF 

Reasons 

1. Cliveii. 

2. Ils, COIT. A are 

3. CJiven. 

4. Subs. Ax. 

5. C\)i'r. A are ^, ||s. 




Given: 

a 11 h 
Zm = Zy 
Prove: 

Zr = Zy 




Given: 

a II h 
Zc = Zd 
Prove: 






Given: 

a i; h 
Zc = zd 
Prove: 
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16 . 


18 . 



Given: 
a ±b 
b ± c 
c ± d 
Prove: 
d ± a 





Given: 

AB i| DC 
zB = zD 
Prove: 

Zx = Zy 


Illustrative Example 



Given: 


AC ii FD 

Zm = Zn 

Prove: 

AB II ED 


State me nls 

1. AC II FD 

2. Zp = Zg 
8. Z m = Zfi 

4. ZA = ZD 

5. AB II ED 


PROOF 

Reasons 

1. Given. 

2. Ils, alt. int. A arc =. 

3. Given. 

4. Add. Ax. 

5. Alt. int. A are ||s 




Given: 

AC II FD 

Z7n = Zn 
Prove: 

AB II ED 


SUPERIOR WORK 


51. Prove: If two liiu's ai(‘ cut hv a 

% 

1rans\'ersal and a i:tair of coiTospinnlin^j, audios 
are (M|iial. then the interior angles on the 
same si([(' ot the trans\'ersal are sup|)leineii- 

larw 

% 

52. Prove the converse ot Si. 

53. Ih-ove: It two lines are cut hv a 

% 

trans\'(M‘sal and a pair ot interior angles on tlie 
same side ot the transversal are supple¬ 
mentary, then the exterior an<iles on the same 
side ol tlu' lrans\-ersal arc* also sup])lein('nlary. 

54. Prove: It two lines are cut l)v a trails- 

* 

V(‘rsal and a pair of altonuifo oxtci'ioi' anjilos 
are eciual. the lines cannot meet. (From the 
definition of alternate interior anf^les, mak(' 
up a delinition for altei’iiafe e.xterior angles.) 

55. In ax'iation the direction of a ray (in¬ 
stead of a line) is measured from the north 
and ahvnus eloekwise. In other words, our 
frame of re*'erenee is a ray OS. There is 
only one way in which the angle 0 is meas¬ 
ured: eloekwise, as indicated by the arrows. 
This method makes certain things simjrler, 
hut the number of degrees userl to measure 
the.se angles may be as high as 3()0. Tims, 
in the figure, OP' is in a direction of 330°. 



When direction is measured in this way it is 
called azimuth. 

(a) Using your protractor, draw OP in 

the direction of 30° and OP’ in the direction 

of 120°. What is the relationship between 
OP and OP'? 
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(/m Draw D/' in |h(‘ direct ion of and 
in tlic dii-(‘clion of d20°. \\'liat is iIk* 
rclat t(tn>lii]) between OP and OP'? 

(Cl Di aw OP in tlu' diiaaMion of 1()()° a.n<l 


in tlie diivction ,,f d-UD. Wind is the 
I elal ionship l)etw(a'n OP and OP''* 

{(1) \ wind is blowiiiii in tlu* dir('eli()n of 
/'re///what dir('etion is it. l)lowini>? 
f ) A pilot who is li(‘adin^ in t.h(^ diiaa- 
t ion oi 2 10° obsc'iwes t hat t lu* wind is from his 

i‘iy;ht. Droin what, direction is the wind 
blowing? 


(/) A plaru' is flyinn; in l.iu* dii-ection of 
■10° and the wind is from 220°. Compare the 
<lireetion of the plaiu' with the direction of tiic 

w ind. 


{(/} A t)Iane is flying; in tin* dir(‘ction ,,t 
d00°. Prom what direction is a tail wind? 
a lu'ad w ind? 

(//) A i)!an(' is [u'ad<'d in the dii'cction cf 
(i0° but, b('eause of tiie wind, it is reall\' flying 
in the din'ction oi 4r>°. What is tlie dnfi 
an'jlc? Is the plane drifting to the ri^ht or 1 

the left? 


() 


Interior Angles on the Same Side of the Transversal 


» _ 

59. THEOREM. If two lines are cut by a transversal and the interior angles on 
the same side of the transversal are supplementary, the lines are parallel. 



(liviMi: LiiH‘s x and /y cut by the trails. / 

///? + Z// = 180^ 

Trove: x ij 


ridxfl- 


Slalcnicnls 

1. Z/// + Z// = 1S0° 

2. Z/// 4- Z/; = iSiP 

3. Z // ^ Z p 

4. .r . // 


Raisonti 

1. (liven. 

2. l)ef. st. Z. 

d. Sups, of tlie same Z are =. 
4. Corr. A are ^ , |h^. 



60. CONVERSE THEOREM. If two parallel lines are cut by a transversal, the 
interior angles on the same side of the transversal are supplementary. 



(liven : (I h 

Trans. ( 

Prove: Z.r -j- Z// - lS(b 


\\'i*it(‘ out tli(‘ proof. 
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EXERCISES 


3 . 


W’rilc oul Ihc proof for loch i.rirris(. if'ic 
Ike jonn shou'ii in the illn.sirutire e.iainpic. 

Illustrative Example 


t-’ D 



Given: 

ZA = S5° 
ZB 95° 
ZC = 130° 

Prove: 

ZD = 50° 


Slalemenis 

1. Z A = 85° 

ZB = 95° 

2. ZA + ZB = 180° 

3. BC !! AD 


4. ZC A ZD = 180° 

5. ZC ^ i;30° 

6. ZJ) = 50° 


Reasons 

1. Gi-\-en. 



Add. Ax. 
Int. A sujt., 







lls, int. A 8iip. 
(§ 00 ). 


(liven. 
Sul)t. Ax. 


Explain Statement 3 as follows: “If two 
lines” (trace BC and AD) “are cut bv a 
transversal” (trace BA) “and the interior 
anf^les on the stime side of the transversal” 



the lines 
parallel.” 
In like 


A and B) “are supplementary, then 
(point to BC and A/1) “are 

manner, explain Statement 4. 




Given: 

Zm + Zn = 180° 
Prove: 

Zx + Zy = 180° 



A B 



Given; 

ZA = 110° 
ZB = 70° 
ZD = 70° 
Prove: 

ZC = 110° 




Gi\en: 

AB 'I EC 
zB = (30° 
ZADE= 120° 

Prove: 

AD ;i BC 




Given: 

BC ii ED 
ZB = 70° 
ZD = 110° 
Prove: 

AB 11 CD 



Given: 



ZD = 140° 
Prove: 




Given: 

ZA = 30° 
ZB = 150° 

zC =60° 
Prove: 

Zx = 60° 
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SUPERIOR WORK 

51. Il two parallel lines are eut by a. 
1 raiis\-(M'sa.l and 

[ri} <.)ne ol t he int erior anji;]es on t he same 
sid(‘ of the transversal is lwi(*e the oilier, then 
lhes(' angles are —° and - -/ 

(h) one of the interioi’ angk's 071 the 
same side of the trans\-ersal ('xcfa'ds llu* otluw 
\*y 10 degrees, tlum these angle's are / 
and 

52. C.'omplete tlie lollowing state'ineails: 

(n) If a is ])(M-i)endie,ular to />, a.nd h is 

perptmdieular to r, ihen a is - - tor. 

[h] II' (} is |)er])endieular to h, and h is 
parallel to r. then a is —— to r. 

(ep If two angles ai'(' not , tluw 

eannot be tlu' inte'rior angles on the same side 
of a t ransx'ei'sal of two jjarallel lines. 

53. 


Given: 

c II d 
Zx = Za 


S4. 



Zy = Zh 
Prove: 
Zx-\- Zy 


= 90 



S5. 



Given: 

c II c? 
Zx = Za 
Zy = Zb 
Prove: 

Zx + Zy 


= 90 


Given: 

AB II CD 
ZBAE= 40° 
ZECD^m^ 
Prove: 

ZX + Zy 90° 


Using Parallels 

In problems where two lines are parallel 
to tlie same line, the following theorem is 
used. An example of an exercise in 
which the theorem is used as part of the 
proof follows the theoi'em. 


61. THEOREM. If two lines are parallel to the same line, then they are parallel 
to each other. 


t / 


a .r 


Given: 


l^rove: 
Cons.: 


X f y 

Draw anv 


trails 


Slnlcnients 


2. Z(i = Zb 


Zb 


y 

= Zc 


Zn 


3. (Zb) = Zc 

b. X !! y 


moor 


Reasons 


Given. 


3. 

4. 


Ils, corr. A are 
Given. 

Same as 2. 


5. Subs. Ax. 

6. Corr. A are =, Ih 
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Illustrative Example 


i:\LIU ISI S 




Through 0, rli-aw in a. 


PROOF 


Slafenienfs 


1. m , 

2. Ip 

3. a II 

4. w 



b 

h 



o. Zry = 

6. Zx = Zy + I z 


Reasons 

1. C(^ns. 

2. Ils, alt. int. ^ are 

3. (liven. 

4. Lines i' to same line 
(line a) are lo eaeh 
otlier (§ (il). 

5. Same as 2. 

(>. Add. Ax. 


1 . 


A 


i: 



(.li\ I'li: 

„ 

ZB = 

/C = 

Prove: 

zD = 


ED 

40° 

70° 

30° 




Given; 

.45 ;i ED 
ZB =140° 

ZD =110° 
Prove: 

ZC = 110° 


Determining a Line. The two-point 
postulate (§11) tells us that two points 
determine a straight line. A line through 
one point is not determined because its 
direction is not known. We mav think 
of the second point in the two-point 
postulate as deteianining the direction of 
the line. A line is determined when we 

know one point on it and the direction 
of the line. 

In making constructions, we may draw 
a line through two given points; or we 
may draw a line through one given point 
having a given direction, such as parallel 
or perpendicular to a given line. In our 
construction above, we drew ni: (1) 
through point 0 and (2) pai*allel to line a. 

A common mistake is to diaw a line 
that passes through three points, or a line 
that passes through two points and is 
parallel to another line. A line may be 
drawn to do only two of tlic.-^e three 
things. If a line is suspected of meeting 
more than two conditions, then that fact 
must be proved and not constructed. 




Given: 

AB il ED 
ZB =150° 

ZC =100° 
Prove: 

ZD =110° 


4 . 



Given: 

AB II ED 
ZC = 90° 

Prove: 

Zx -E Zy = 270° 


SIIPF.RIOR WORK 


SI. 


a 



Given; 

a II 6 
Prove: 

Za: -4- Zy -f- 

Z2 = 360° 


45 





E X E R CI S E S 


64. Corollary. An exterior angle of 
a triangle equals the sum of the two non- 
adjacent interior angles. 

In the figure tlie angles .1 ami B are 
re.spectirely e(|ual to tlie angles .1' ami 
B', that is, Z.l = z.l' amt zB = zB'. 





Given: 

Z»i = 90° 

Prove: 

Zx + Zjj = 90° 


2 . 



Given: 

Zx = Z a = Zh 
Prove: 

Za: = 00° 


From the theorem that the sum of the 
angles of a triangle is 180°, Z.r may 
i)e thought of as the supplement of 
+ ZB). Also, Zy may be thought 
of as tlie supplement of (Z.l' + ZB'). 
Therefore, Za: is equal to Zy, because 
supplements of equal angles are equal. 

65. Corollary. If two angles of one 
triangle are equal respectively to two 
angles of another triangle, then the 
remaining angles are equal. 

As the corollary is .stated, it refers to 

two complete triangles at rest. If we 

were thinking of a changing figure, we 

would consider only one triangle that 

changes. But the triangle changes in 

such a way that two of its angles always 

remain constant. The conclusion would 

be that the third angle also remains 

constant. To fit a geometry of motion, 

the corollary could be stated as follows: 

Two angles of a triangle determine the 
third angle. 




B 



Given: 

ZA = 60° 

ZB = 80° 
Prove: 

Zx = 140° 




Given: 

ZABD = 130 
AA = 85° 


Z X = 45 
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6 . 


SUPERIOR WORK 



Given: 

Zij = Za 
Prove: 

Zx ^ 2 ’ Zij 


SI. 


A 



Given; 

Ill A ABC 

Zm Zm* 
Zn = Zn' 

Prove; 

ADlBC 




Given: 

Zy ext . 

Z of A 
Prove: 

Zx ~ Zy — Zz 


S2. 


E 



Given: 
ZB=ZC 
ED L.BC 
Prove: 
Zx=Z.y 




Given: 

ZA d.vi, Z 

ZB 3. rt. Z 
Zm ^ Zn 

Prove: 

Zx = Zy 




Given: 

Zm = Zn 
Zp^Zq 

Prove: 


Zx = Zy 




Given: 

Za = z6 
Prove; 

Zx = Zy 



A 



Given: 

Zm = Zm' 
Zn = Zn' 
ZD =110° 
Prove: 

Zx = 40° 


10 . 

Given; 

Za = Zh 
Prove: 

Zx = Zy 


Ilf'lp: ('omparo tho A in the two over¬ 
lapping A. 


SUMMARY 

66. In this chapter we have been con¬ 
cerned with the size of certain angles and the 
direction of their sides. 

Starting from the assumption that all 
straight angles ai'e equal, we have proved that 
all right angles are equal; that supplements 
and complements of the same or equal angles 
are equal; that vertical angles are equal. 
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We defined parallt'l liiu's as siiaijifil liiu's 
that never meet e\en tinm^h they arc in the 
same plane. In actual practic(\ wc tliink 
ot two parallel lines luMiia "in tin* same* 
direction.” We saw that the dircctinus of 
sucti lines ai e r(\all\' tlu' cni-K'spoudiua aiiah's 
ina<le l>y some t i-auswa sal. 'riu'rt'lorc w c 
assumed that it a t rans\ cisal ot two hues 
makes tlu' corr(‘spondin<i angles (Mpial. tlu* 
lines are paralh^l; and, coinaa'sciy, it two 
parallel lines are cut tiy a ti'ansversal. tiu* 
currespondino- angles are e(pial. From these 
assumptions and fi-om the propositions about 
the size ot certain angh's, w(‘ have th(‘ tollow- 


mg: 

Two lines are parallel it; 

(a) The eorresponding angles arc c<iual. 

{b) The alternate int('ri(jr angles are 
etpial. 

(r) The int(M'ior angles on the saim* side' 
of the transN’ersal are sup])h'm(‘ntarv. 

{(I) They are l^oth perpendicular to the 
same line. 

(e) They are both parallel to tb(‘ same 
line. 


If two lines are i)a.rallel, then: 

(ci) The eorresponding angle's are eeiual. 

(b) The alternate interior angU's are 
equal. 

(c) The interior angles on tlie same side 
of the trans\'ersal are supplementary. 

{d) A perpendicular to one of them is 
also perpendicular to the other. 

Using the relationships between the angles 
whose sides are parallel, we pru^•ed tlu' follow¬ 
ing theorems about the angles of a triangle; 

The sum of the angles of a triangle eciuals a 
straight angle. 


An exterior angle of a triangle equals the 
sum of the two remote interior angles. 

If two angles of one triangle are e(|ual 
respectively to two angles of a second ti-iangle, 
then the remaining angles are equal. 


RECOGNIZING NEW TERMS 

Can you describe each word or term below? 
If not, go back (o the section indicated. 

corollary § to 
* •» 

angular tlegree (1°) § 41 

parallel lines (|| lines) § ol 
transversal (trans.) § 52 


eorr(‘sp(>ndiug aiigh'.- i 'im. . i ^ o2 
alternate int('rior anvic'^ cilt. im, A) 
intc'rior angh'^ on ih(' -:i!nc >iih' of 
trans\(Msal (int. ^ VJ 



e\t(‘rioi- 




% 

ol a 


1 1 'la nal 


1. c\i. 



If ILl' tL IN If V. .N t, n A K 1 


67. Th(' cbai'l on page ol Numniari/,("^ 1 be 
tw<‘]\'(‘ main lh(a)rcm> in tlii> i-haplcr a!id 
sliows liow tlu'y dc]>cnd on tlii ct' a''>iimpl ion> 
about spata*. Wy referring to ilil> cliart 


answ(*r t lu* following: 

1 . How many llu'oii'ms di'])('nd dirt'clK' or 
indir<H-tly on Postulates 2 and o? on Posiii- 
!at(*s 1 and 3? 

2. Stal(' llu' theor('ms that d(‘p('nd (linr/h/ 
on Post\ila1(‘ 1 : on rb('oi‘(‘m b: on C'orollaiw 7. 

3. How man>' tlu'or('ms would bt* fahe il 
we denied Postulatf' F.' Postulate 2? Postu¬ 
late 3? 


4. W'ould the tbeoiaan about tin' sum of t he 
angles of a Iriangh* Iw \v\w if we denit'd 
Po.stulate 1? Postulate 2? Postulait'3‘.* 

o. What propositions about spact' are ustnl 
directly in the i)roof of Theorem 9? 'riu'orem 
13? C’orolhuA' bV.^ 


REVIEW EXERCISES 






Given; 

Zx = Za 
Prove: 


Zx = Zy 
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an L'u: 


lx + Za = 1S0° 
Prove: 

Za: + Z?/ = ISO"^ 



CD II AB 
Zyl =Z£ 
Prove: 

Zx = Z7/ 


Given: 

ZABE = Z DC E 
ZEBF =zFBC 
Z ECF = FCB 

.^rove: 

Z FBC = Z FCB 




Given: 

AB II CD 
ZC = ZD 
Prove: 

Zx = Zy 


jiven: 


m 


I n 

Zx = Za 
Zy = Zh 


^rove: 


Zx = Zy 


Given: 


Za = zb 



Z M = 00° 
Prove: 

Zx = 120° 


■ 


iven: 

AB II 

CD 

BC II 

ED 

ZB-= 

50° 

rove: 

ZD = 

130 




Given: 

a II b 
Zm = Zn 
Prove: 

a: II y 




Given: 


a II c 

b\\d 

Prove: 

Zx + Zy ^ 
180° 



nven: 


AB LBC 

BD II CE 
Zm = Zx 


'rove: 

Zx + Z?/ = 90° 



Given: 

Zx = Za 
Prove. 

Zx = IZy 
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14. 



B 



Given: 
AB± HC 
BD±AC 

Prove: 

Zo: -./?/ 



Given: 


Prove: 


Zx =zy 


17, Soh’e the lolloping ])i(»lil('ins hy usinj*; 

iilji;el)ra: 

{a) One uii^le of a ti'iauj^le e.\<-(‘e<ls an- 
otiuM' angle by 2{)°. and Mie third 
angle equals the sum of the other two. 
Find the number o\ degrees in eaeli of 
the three angles. 

(h) One angle of a triangle is three limes 
another angle, and the third angle is 
half t lu^ sum of the other t.wo. Find 
the number of degrees in eaeli of tlic 
thi’('e angles. 

(r) An exterioi- angle of a triangh' is I MF, 
and the dilferenee belw(‘en the non- 
atljaeent int{'ri(a- angles is 2(F. Find 
the number of degrees in eaeh of tlie 
three angles of the triangle. 

(<I) In the figure. Zm = Z/o and Z.r is 
twice Zfj. Find llie number of 
degrees in Z.r and Z//. 




SUPERIOR WORK 

51. ]^i'o\'e: The 
supplementary angles 
eaeh olhei-. (To bisecl 
two e(|ual parls.j 

52. 


‘s ot t wo adja(‘(‘nf 
are perpendicular 1 .. 
means to divide into 



80" 

60" 

Zm 

70" 


S3. 



Given: 

AB EF 
BC BE 
ZDEF 

Prove: 

90 ® 


54. (a) J^rove; Jf two angh's ha\(* their 
sides I'espeeli\-ely ])arallel, they are either 
etpial or supplementary. 

(/>) Prove: If two angles ha\'e their si(Ie> 
respectively perpendicular, they are either 
ecjual 01 ’ supplementary. 

55. Pro\'e: If two perpendicular lines are 
cut by a ti'ansvei’sal. then the sum of the 
interioj- angles on the same side of the Trans¬ 
versal is either 90° or 270°. 

56. ProA'e: It two parallel lines are cut l)y a 

t ransvei'sal, then the bisectors of a pair of 
int(‘rior angles on the same side of the trans¬ 
versal are perpendicular to each other. 

57. Prove: If two angles of a Triangle arc 
e<|ual, then the bisector of the nonadjarent 

exterior angle is parallel to the opposite side. 



Given: 
Zm = 
Z p = 

Prove: 

^ !1 y 


Zn 
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S8. Prove: The sum of tho aM<il(‘s of a 
Cjiuidi licit eial (a closed iour-suled fi'’'ur(o is 

360^ 



Given: 

Quad, with 

^ ir, x,y, and 2: 
Trove; 


S9. Prove: The sum of the three 
angles of a triangle is 3fi0°. 


exi (‘nor 



510. (a) Two lines that are not in the 
isame plane are called shew lines. C’omplete 
the statement: If two lines ne\’er meet and 
yet are not parallel, they are —linos. 

(/>) Write a definition of parallel planes. 

(c) Define a line that is parallel to a 
plane. 

511. Consider this proposition in plane 
geometry; If two lines m and n are each 

pei pendicular to a line /, then tri and u are 

parallel. 



t 

m 


n 




Is this pr(_>position ^■alid if; 

(a) Line t is changed to plane /? 

{b) Lines m and n are changed to planes 
m and a? 



(r) Lines //i and / arc 
m and /? 

(d) All th(‘ lines arc* cl 


cli;oiu(Ml to plaiuv 
laiiged t o planes? 



512. C’onsider this proposition in plane 
geometry: Jt a line / is i)erp('ndicular to one* 
of two parallel lines m and 11 , then it is 
peipcmdicular to the other. 

Answer the same tejur epu^stions asked in 
SIL 

513. In the figure, A-Bi'-I) is a dihedral 
angle. PL lies in jilane AC and is perpenclicu- 
lai to B( at L. NL lif*s in plane BD and is 
perpendicular to BC at L. Z PLX is called d 
plane angle of the dihedral angle. 





a ucuiliuiou 01 a 


piCl/llC 




V- V./1 


a dihedral angle. 

(6) How are the sides of two plane angles 
of the same dihedral angle related? 

(r) Is the proposition proved in S4 for 
plane geomeHy trne for general space? 

{(I) A dihedral angle is said to have the 
same measure (f.c., number of degrees) as its 
plane angle. Recall the propositi,)ns about 

supplementary, complementarv, and \ ertic d 

plane angles. Do these hold tnie for dihedi 'd 
angles? E.xplain. 
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11 . 


13 . 





Given: 

= An 
Av = Aq 

Prove: 

Ax = Ay 


Given: 

ED |[ CB 
Am = An 
A-p = Aq 
Prove; 

AB lBC 



Given: 

Am = An 
Ap = Aq 

Prove: 

Ax = 90° 




Given: 

Am = An 


Ap = Aq 
Prove: 




55 




The Proposition 

How Propositions are Related 


ILLUSTRATIiNG GENERAL PROPOSITIONS 


111 thi' rlia]>tiT- shall U'ai’ii to 

fill 111 u;ciM‘ral ]ir( ij'x isit n how to illus- 
traU' ihi'iii. huw to form new pro|x>sitions 
finin thoiii, ami how to i)rovo a proposi- 
linn imlii‘f‘cTl\- liv pi-o\in^ another ])ropo- 
-ition. 

Why We Illustrate 

68. A general proposition is a slate- 
iiKTit ahoui many things of a certain 
kind, d’ho statement that verti<’al an- 
glf'S are equal i.- an example of a general 
pi-oposition hecause it has to do with all 
pair> of \'('itieal angles. To prove tins 
proposition, as we did in Chapter 2, we 
draw one to pical pair of vertical angles x 
and ,v and prove them equal. The <lraw- 
ing is an iHuMralion of tiie general 
proposition, ^Ou find the same i<lea 



outside tlie field of geometry where 
diagrams and pictures are used to illu.s- 
trate some general description or explana¬ 
tion. 

Illustrative Example, Illustrate the fol¬ 
lowing gcnfuil proposition: If one angle of a 
triangle is a right angle, the other two angles 
are (‘(aiqilenienlaiy. 



Given: 

In A ABC 
ZC' = 90° 
Prove: 

ZA + ZB = % 


Illustrative Example. Illustrate the gen- 
(M’al proposition: If the three angles of a 
triangle are eciual, each one is 60°. 


B 



Given: 

In A ABC 
ZA =ZB = ZC 
Prove: 
zA = 60° 


Du you see that the illustration of a 
gencial proposition makes its meaning cka-i 
and (*nal>lcs us to prove it more easily bv 
studying one typical case? 


Forming a General Proposition 

69, Suppose that a diagram is given 


B 


and 

that vou are asked to write the geneial 

proposition illustrated b} 
it. The diagram chosen 
might be the one shown 
in which AB = BC = CA’ 
and in which you aic 
asked to prove that 2^ 
= ZB = ZC\ The gen¬ 
eral pro])()sit ion might be stated as folio'' 
// Ihr thnr sides of a triangle are equal, 
lliCii the three angles are cqtiaL 
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Propositions about Triangles 

70. A ion not al- 

\\a\'.' Ii(‘ >tat(’(| in <‘\;n-l l\ t la* -aiiM’ t<Mnn. 

I 4 

l-'nl' cxainplr. after ymi Iia\e leained |||i- 
iianies ol ceilain Irianyle- and ktatw that 
a trian^h' witli three e(]Ual .-ide." i< e(iui- 
latcral and a tiaan^lc with tinaa' e(|Ual 
aiitilcs is (‘(iuian^ular, the ^'eneral proposi¬ 
tion state(l in (it) ini^lit lie wfjrded as 
toll(j\\s: Ij (I tnaiKjlc /.s f^qit(Iftlrral, ihcn it 
7.S equKtngidar. 

In ord(‘r to fliseuss triaiij 2 ;les elearly and 
in as few words as possible, it is neeessarv 

ft 

to rnakt* use (jt tla* [(jlkjwinjj; definitions: 

71. Definition. A polygon is a closed 
broken line (§ 22). 

72. Definition. A vertex of a polygon 
is the vertex of an angle of the polygon. 

73. Definition. A diagonal of a poly¬ 
gon is a line segment connecting two 
nonconsecutive vertices of the polygon. 

.V roKvcx polygon is one in whitdi all 

th(‘ diagonals fall inside the figure. It 

is the only kind we shall studv. 

• « 

74. Definition, An exterior angle of 
a polygon is an angle formed by one 
side of the polygon and the prolonga¬ 
tion of an adjacent side. 

Name a \'ertex, a diagonal, and an 
exterior angle of the polygon ARf'DEF. 



\\ h(*n we us(‘ the term (ingles nf a 
pnhjgnn without either interior or ex¬ 
terior^ we mean the interior angles. 

75. Definition. A triangle is a poly¬ 
gon having three sides. 

Triangles may be classified according 


to tlif'ii' "ide-^ oi‘ ;u'(M!d!i ig to tludr 
angles. 


Triangles Classified by Sides 


(.'la.''si(i(‘d a('{‘oi-diiig to their sides, th(‘ 
three kinds of triangles aixy {>!) i-oseek*- 
triangles, {b) e([uilatei'al tiiatigies, and 
ie) .scalene triangkss. 


76. An isosceles triangle is a triangle 
that has two equal sides. 

The equal sides of an isosceles tri¬ 
angle are called the legs, and the third 
side is called the base. 


The vertex of an isosceles triangle 
usually means the vertex opposite the 
base. We shall call the other two 
vertices the ends of the base. 

The vertex angle of an isosceles tri¬ 
angle is the angle at the vertex. The 
other two angles are called the base 
angles. 


Vertex 
Vertex angle 



Base angles 


AB = AC 


isosceles 

AB anrl A(' the legs 
BC the bas(‘ 

.1 the vertex 
Z A the vertex angle 
B and C the ends of the base 
Zand Zf the base angle< 


77. An equilateral triangle is a tri¬ 
angle with three equal sides. 


A 



AB = BC = CA 



/H. A «calrnr lriani(lr i% a Irian^lr 
Kilfi no (wo sulr^ r(|iial. 


81 . An acuir irianflr m a irtMfIt 
nhich all ihr anfirt arc a<ulc« 


A 

Afi P' lU' y 

< A y AH 

It c 

W hen \vc of n tri;irncl«\ riwnn n 

sralriir triiin^clr ntliiT (‘onditinn'* 

inakn it isoscrlrj^ or (Miuilatrral. In a 
Hcalciu* frianuir y,v think of tlw' on 
wliirh llir triaiitflc tlir Tl»r 

triantcif* naiv, of cour****, l»#‘ nuulf to n'^t 
on anv siih*. 




Triangle* ('laMificci by Angle* 

('la.HsitiiMl arronliriK to their nnale*. tlie 
tlm*r kinds of trian^tles are: t#i) right 
triangh's, {h) ohtnsi* triangh's, and (r) 
acute triangh‘s. 

79. A right triangle it a triangle that 
ha* a right angle. 

I he leg* of a right triangle are the 
*ide* of the right angle. 

I'he hypotenu«e of a right triangle i« 
the *ide opposite the right angle. 


C 

Zf a right angle 
A.Wff* a right triangle 
.If’ ai.d Hi' tlie legs 
AH t\w hypotenu!*e 



80. An obtuse triangle i« a triangle 
that ha* an obtuse angle. 




Z.l, / /f, arnl *: f • artife 
Ad/ff an anitr tnai^(lr 

As a «pnMal msr of an an»t# 
ae ha\r an e«piiangiiUr Inangle 

82. An equiangular triangle it a iri 
angle in which all the angle* are eqnai! 

C I 

/A -/fl-/C ' 


83. An oblique triangle is a triangir 
that does not hare a right angle 

t Httiise and anitr timnclas are aiiM 
trianglrs. 

Secondary Paris o# a Triangle 

84, A median of a triangle is s hnt 
segment from a eertev lo the nwdfoiae sf 
the opposite side. 

of A AK 


iS. An akitode of a triangle is a hne 
segment from a sertea of tW umnfk 
perpendicnlar in Use spgiwss nde 







A 


AD ± BC 

AD an alt. 
of A ABC 


Illustrative Example 



B DC 



AD falL=^ 

outside 

obtuse A ABC 


86. To bisect means to divide into 
two equal parts. 

87. An angle bisector of a triangle is a 
line segment bisecting an angle of the 
triangle and extending to the opposite 
side. 



/w = Zn 
AD an arigle 
bisector of 

A ABC 


EXERCISES 

Di each of (he following you are to 

give a description, or iiraw a figure, or make a 
generalization. Mal:e your descriptions exacts 
your figures general. 

Illustrative Example. Draw a figure illus¬ 
trating the altiUule to th(‘ hypotenuse of a 
right triangle. 

ZC = 90° 

CD ±AB 
CD the alt. 

to hypotenuse of 

rt. A ABC 



A 

BD - DC 
AD - ED 
Dc-ci il)c CD. 


I)escripti(m. ('D is a lin(‘sc'gincnt coiiiu'ct- 

ing a \'erte\ of a 1 l iaiigle w il h 1 li(‘ midpoint of 
a median. 

1. Draw a figure illust I'ating an isosceles 
righi triangle. Write out tlu' known 
eoiidit Ions. 

2 . 

A 

AB - AC 
CD ±AB 
Describe CD. 

C B 

3. 

C 

A C = CB 
AD =DB 
Describe CD. 


4. 

B 

ZC = 90" 

AD = DB 
Describe CD. 

c 

5. Draw a figure illustrating the bisector of a 
base angle of an isosceles triangle. 

6 . Draw a figure illustrating an altitude of a 
triangle which is also a median. 
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SUPERIOR WORK 


Illustrative Example. Make a Rotieraliza- 

tiun liuin the iollowiim set oi conditions: 



/I 



Given: 

Zm = Zn 
Zp^ Zq 

AB = AC 
Prove: 

BD = EC 


ffffirrahzahon. If a triangle is isosceles, 
then the Idsectors of the base angles are etnial. 

Mal, r a gcurrahza/ion for each of fhe folloiv- 
niij .S7’/.s of condifiotis: 


7. 


A 



8 . 


Given: 

BD = CE 
BD ±_AC 
CE ±AB 
Prove: 

AB = AC 


Given: 

AB ^AC 

Zm = Zn 

Prove: 

AD ±BC 


A 



Illusfrafv Ihe following proposifions: 



If a triangh' is etiuiangular, 
e(iuilateral. 


then it is 


In an isosceles triangle, the medians to tlie 
legs are equal. 


11. It an altitude of a triangle is also a 
median, the triangle is isosceles. 

12. In an isosceles triangle, the altitude to the 
l)ase bisects the base. 



Given: 

AB = AC 

Zm = Zn 

Describe AD. 


52. Draw two kinds ol figures illustrating 
two isosceles triangles having a common hu'C. 

53. Draw a figure illustrating a median of a 
triangle, prolonged its own length through the 
midpoint of the side, and its new end joinc*! 
with the other two vertices. 

IIhi.Hiralc the following propositions: 

54. It one leg of an isosceles triangle is 
prolonged its own length through the vertex, 
and its new end is joined to the other end of 
tlu^ base, then a right triangle is formed. 

55. 11 the nuMiian of a triangle ecjuals one- 
hall the side that it bisects, then the triangle 
is a riglit triangle. 


Propositions about Quadrilaterals 

To understand general proposition.^ 
about quadi’ilateraks and to form such 
propositions in x'our own words, vou need 
to know the definitions that follow. 

88. A quadrilateral (quad.) is a poly¬ 
gon with four sides. 



ABCDv. 

quadrilateral 


89. A trapezoid (trap.) is a quadri¬ 
lateral that has two, and only two, sides 
parallel. 

The bases of a trapezoid arc the two 
parallel sides. 


00 



A pair of base angles of a trapezoid 
are the two angles adjoining one base. 

The legs of a trapezoid are the two 
nonparallel sides. 

An altitude of a trapezoid is a line 
segment included between the bases of 
the trapezoid and perpendicular to 
one of them. 



Base Angles 
A 1 Bas e ^ ^ 


<u 

rj 


E 


'F 


Base I C 
Base Angles 


AB |l DC 
AD / BC 


A BCD a trapezoid 
AB and DC tlie bases 
Zd and ZB a pair of base A 
ZD and ZC a pair of base A 
AD and BC the legs 
EF ± DC 
EF an altitude 


90. An isosceles trapezoid is a trape¬ 
zoid with equal legs. 



91, A parallelogram (o) is a quadri¬ 
lateral whose opposite sides are parallel. 

The side on which the parallelogram 
rests is considered the base. 



AB II DC 
AD 11 BC 
ABCDsi ny 
EF jlDC 
EF an alt. 


An altitude of a parallelogram is a 
line segment included between two 
parallel sides and perpendicular to 
one of them. 

92. A rectangle ([Z]) is a parallelo¬ 
gram with a right angle. 


A B 

ABC I) a ZI7 
ZD !) 0 " 

ABCD a rect. 

D C 



93. A rhombus is a parallelogram 
with two adjacent sides equal. 


A B 



94. A square is a rectangle with two 
adjacent sides equal. 



EXERCISES 

Di each of Ihc foUowinr/ exercises you are to 
draw a figure, to make a generalization, or to 
give a description. 

Illustrative Example. Draw a figure to 
illustrate the following proposition: If a pair 
of base angles of a trapezoid are equal, the 
trapezoid is isosceles. 

Given: 

AB il DC 
AD - ZC 
Prove: 

D c X = y 
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Illustrative Example. Make a j^taioral 

]nfip()siii <>11 trom the lollowinj*' set of given 
cniidii ions. 


A B 



Given: 

AB i: DC 

AD il BC 
Prove: 

DE = EB 


(General Proposidon. One diagonal of a 
parallelognim bisects the other dia.Q-onal. 


Beside the figure, wi-ite what is given ;iiul 
what you are asked to pro\'e. 

8. Make a genei'al proi)osition from ihiv 
information: 


A B 



Given: 

AB r DC 

AC^BD 

Prove: 

X = y 



Draw a figure illustrating the 
ti’apezoid jjroiongefl t.o met't. 




Di^nv a figur(' 
which one h'U' 

o 

tra])ezoid. 


illustrating a trapezoid in 
is also an altitude of the 




Given: 

AB II DC 
AE = EB 

DF = FC 

Describe EF 


SUPERIOR WORK 

Ilhi.sfrale carii of (he foHoivnu/ proposifio/is. 
Beside eaeh Jiijitre, irrile irhal is (jivnt and 
u'haf you are asl:ed /o prove. 

51. Ill he opposite angles of a (juadriiatcial 
are erjual, the figure is a parallelogram. 

52. 11 tl)(‘ diagonals of a rhombus arc 
eriual, then the rhombus is a s(]uare. 

M(ii:e a penera! proposifion from (he in- 
formahon (jiren in each of (he following: 

53. 


4. Draw a, figui'c illustrating a. (lUadrilateral 
with the diagonals bisecting each other. 

5. Make a general proposition from tliis 
information: 



Given: 

AB II DC 
ZB =ZD 
Prove: 

X I y 


6. INIake a general proposition from tliis 
infoi’mation: 


A B Given: 

AB II DC 
AD 11 BC 
ZD = 90 *" 
Prove: 

Zx = Zy = 

Zz = 90° 

7. Illust.rate the following proposition: Any 
two altitudes of a trapezoid are e(iual. 




Given: 

AB il DC 
AE^ ED 
BF = FC 

Prove: 

^ II y 



A B 



Given: 

AB i: DC 
AD ;; BC 
BD ± AC 
Prove: 

X = y 


A B 



Given: 

AB ;; DC 

AD ii BC 
AC = BD 

Prove: 
zD = 90° 


1)2 


THE CONVERSE 


95. If a pr()j)()sition has (ai(‘ (‘oiulition 
in the hy])()th(‘sis and oiu‘ eondition in I lu' 
conclusion, the con\'ers(' of the jn-opo- 
sition is torincMl hy int(‘i'chan|^‘in^' i1k‘ 
hypothesis and tlu* conclusion. An ex¬ 
ample of such a con\ers(' is ^iveai 1k*1o\v. 


(rc/icnil Proposition, If two sides of a 
triangle are equal, the angles opposite are 
eciual. 

('onverse. If t\\'o angles of a triangle 
are equal, the sides opposite are e(iual. 


This converse may be illustrated bv the 
accompanying figure. 


A 



Given: 

In A ABC 

ZB = zC 

Prove: 

AB =AC 


Sometimes you ai‘e gi\'eu the illustra¬ 
tion for a pi’oposition, and you aiv asked 
to illustrate the eoin'erse of it and form 


the general proposition that you liave 
illustrated. 


C 



Given: 

In A ABC 
ZA > zB 
(ZA greater 
than ZB) 
Prove: 

CB > CA 


Illiistralion of Converse. 


C 



Given; 

In A ABC 

CB > CA 

Prove: 
zA > ZB 


(ienerol Cmiverse. H n\(. si(l(‘s of a 
triangle are uiuapiah IIkmi I he angles 
opi)osite ar(' uiuanial and the greater 
angle is opi)osite tiu' gi-('ater sido. 


\ ' gi\(‘n a pi'o])osition 

without illustration, and you ar(‘ askcal to 


lorm the converse of it and illustrate* it. 
I ry to do this with the following prop¬ 
osition. 




IL ..xpc.wwivi 

lines are cut hy a trans\-ersal, the intei'ior 
angles on the same side of the trans\'ersal are 
not supplementary. 


(ienmil Converse. If two lines are cut 

b\' a tran.sversal, and tlie interior angle.s 

on the s-ame side of the tran.sversal are not 

supplementary, then the lines are not 
parallel. 



Given: 

Lines x and xj 
cut by the 
trans. t 

Zm + Zn9^ 180 ° 

Prove: 

^ 'll 2/ 

(x not parallel 
to rj) 


EXERCISES 

1. In a right triangle, the acute angles are 
complementary. Form the general con¬ 
verse ot this proposition and illu.strate it. 

2. It the noncommon sides of two adjacent 
angles foi-m a straight line, then the 
angles are supplementary. Form the 
general converse of this and illustrate it. 

In each of the following illustrate the 
converse and form the general proposition 
that your figure illustrates. 


U3 




Given: 



Lines x and y 
cut hy the 
trans, t 
Zyn ^ An 

Prove: 

x\y 

(x not pai-allcl 
to y) 



Given: 

a and b cut 

by the trans. t 
Zm = An 

Prove: 

Zx +Ay 180 


5. State the general converse of the follow- 
in^ I)rf)p()sition. and illustrate your state¬ 
ment: If 1w() lines are cul by a Irans- 
versal. and the interior angles on th(‘ 
same side ol the transvei-sal are not 
supplementary, th<‘!i tin* alternate in- 
tpri(jr angles are not e(|ual. 

6. If two intersecting lines are cut hy a 
transversal, the interior angles on the 
same side of the transversal are not 
suijplementaiy. Form the general eon- 
\'erse ol this and illustrate it. 


7. Illustrate the converse of the following 
and state the general [}roposition that 
your figure illustrates. 


Given: 

Ax an ext. Z 

of A ABC 

AB = AC 

Prove: 

Zx^2 -Ay 

8. Write the con\-ei’se of each of the follow¬ 
ing propositions: 

(a) If a polygon can ha\^e two diagonals, 
then it is a quadrilateral. 

(h) If the sum of the angles of a polygon 
is 180°, the figure is a triangle. 

(c) Vortical angles are etiual. 

iU 



{(I) If a figure is a trapezoid, then it 


fiuadrilateral. 

(c) If a triangle is equilateral, it 

isosceles. 



(/) Parallel lines ai’c in the same plane. 

9. Wi'itc the coin'crse of each of the follow¬ 
ing propositions: 

(«) An integer ending in 7 is not a pcrleci 
scpiare. 

{()) II tlie sum of the digits of a mimlier is 
divisil)le by 9, then the nuinher itself 
is divisible by 9. 

(e) If 2x -|- 3 = 17, then x = 7. 

(d) If 4x- - 1 - 19, then .r ^ (i. 

(c) If X = —5, then .r ’ = 25. 
if) If xy ^ 0, then .7- 0. 


SUPERIOR WORK 


Opposite Propositions 

S96. If one of two statements must he 
true and the other false, then each state 
inent is said to l)e the opfxmte of tlie 
other. Vov example, the statement that 
X = o is the opposite of tlie statement 
tiiat X ^ 5. If two lines a and b are in 
the same plane, the statement that a and 
b are parallel is the opposite of the state¬ 
ment that a and b intersect. The state¬ 
ment that X = 6 and the statement tliat 
X > (> are not opposites, because they 
may both he false. 

If the liypothesis and the conclusion of 
one proposition are the opposites of the 
hypothesis and the conclusion of another 
proposition, then each proposition is said 
to l)e the opposite of the other proposi¬ 
tion. 

Example 1, If two sides of a triangle 
are et]ual, the angles opposite are equal. 

I lie opposite of this pi'oposition is: If 
two sides of a triangle ai'e not otpial. then 
the angles opposite are not equal. 

Example 2, If two nonparallel lines 
are cut by a transversal, the interior 
angles on the .same side of the transversal 

are not supplementary. 



The opposilc of this pi-o|)osifion is: If 
two parallel lines are cul Ity a transversal, 
the interior an^^les on the same side of the 
transversal ai'o snpph'inentaiy. 

Exampler). li a man is in Deli'oit, then 
he is in Miehit>;an. Form the opposite of 
the converse (the opposite-converse) of 
this proposition. 

The convei’se is: If a man is in Mich¬ 
igan, then he is in Detroit. 

The opposite of this converse is: If a 
man is not in Micliigan, then he is not in 
Detroit. 

Write the oppoRile of each proposition below: 

51. In a right triangle, tlie acute angles are 
complement aiy. 

52. If the noncommon sides of two 
adjacent angh^s form a straight line, then tlie 
angles are supplementary. 

53. li two lines are cut by a transversal 
and the correspoiuling angles are not eciual, 
the lin(*s nve not paralh'l. 

54. AVrite llu* opposite of each proposition 
in Ex. 8 on page ()4. 

55. Write the opposite of the converse of 
each proposition in Ex. 9 on page 64. 


Multiple Converses 


97. If a proposition has more than one 
condition in the liypothesis or in the con¬ 
clusion, then we may have more than one 
converse. A\'e may form a new converse 
hy interchanging one condition in the 
hypothesis with one condition in the con¬ 
clusion. Examples are gi^^en below. 

Illustrative Example. Form two con¬ 
verses of this proposition: 


B 



Given: 

In A ABC 
ZC = 90° 
ZA =ZB 
Prove: 

ZA = 45° 


By intcri'lianging the si ;il(‘incut ZC = 90® 
with ZA = 45®, we gel the following con¬ 
verse : 


B 



Given: 

In A ABC 

zA = 45 ° 

zA =ZB 

Prove: 

ZC = 90° 


By interchanging the statement ZA == Z B 
with ZA = 45° (in the original i)r<.)position), 
we g(*t another conx'cise: 


B 



Given: 

In A ABC 
zC = 90° 

ZA = 45° 
Prove: 

ZA = ZB 


EXERCISES 

1 . Write the general proposition that is 
illustrated in each of the three figures in 
the Illustrative Ex'ample above. 



A 



Given: 

In A ABC 
AD a median 
ZB^ZC 
Prove: 

AD ±BC 


(а) Form the converse of this illustration 
so that the conclusion is that AD is a 
median. State the converse as a 
general proposition in words. 

(б) In the same way, iovm another con¬ 
verse having for its conclusion that 

ZB = / C 


65 





Siari with this gonoi’al pi'oposition: The 
iiiediaii to the hypotenuse of a. right 
triangle equals hall the hypotenuse. 


B 



Given: 

In A ABC 
ZC = 90° 
AD =DB 


Prove: 



id) Form the converse of this proposi¬ 
tion, chawing the conclusion that 
Z(' = 90°. State the general propo¬ 
sition and illustrate it. 

(/p Form anothei' con\-(‘rs(\ 


4. Start with this general proposition: In an 

isosceles triangle, tlie hiscH'tor of tlie 
vert(e\ angle' is perpendicular to the base. 
State two converses in words and illus¬ 
trate them. 

5. Staid with this proposition: If the 
diagonals of a trapezoid are e(jual, the 
trapezoid is isosceles. Form two genera.l 
Cfaiverses of this and illustrate them. 

6. Start with th's proposition: If two lines 
are perpendicular to the same line, they 
are parallel. Wi-ite the coiu'erse of tin's 
pi’oposition. Is more than on<* conver.se 
possible? 

7. Write two converses of each of tlie follow¬ 
ing propositions: 

{a) If .r = 2 and y = 3, then xy = (i. 

{b) If .r = 2 and y = 0, then xy = 0. 


SUPERIOR WORK 

SI. Not many propositions are so simple 
that they have cmly one condition in the 
hypothesis. Often a statement that seems to 
have only one condition really has another 
hidden condition. For example, the state¬ 
ment that a triangle is isosceles has two condi¬ 
tions: namely, (Ij a ti'iangie and (2) two 
equal sides. 

Similarlv, the statement that a line se«- 
ment is an altitude of a triangle really 
contains two conditions; (1) a line perpen¬ 
dicular to one side of the triangle and (2) a 


liiddrn CDH litinn that this lino passes throu(.rh 
(he opjjosite \'ertex. 

An illusti’ation of a proposition that con¬ 
tains hidden conditions is given below: 

Broposihoii. d’he all itude to the lia.sc of an 
i.so.sc('les triangle' liisc'cts the base'. 


A 



Given: 

In A ABC 
AB = AC 
I ABC 

I passes through A 
(hidden condition) 
Prove: 

BD = DC 


(a) State' the con\'prse of this proposi- 
lion, placing the hiddc'n condition in the 
conclusi(;n. W rite t he general pi’opositinn. 

(/>) Form the opposite of the oiifiinal 
proposition hv “oppijsing” the hidden cundi- 
tion and the conelusion. 


S2. Proposition. Any two right angles are 
ecjuah 

At first, it would seem that the converse 
ol t his is the proposition that any two etiual 
angles are right angles. By illustrating the 
original proposition, you will disco\'cr tiiat, 


actually, this is not true. 

(a) Write the con\-erse of the proposition 
by interchanging one condition in the 
hypothesis with the condition in the con¬ 


clusion. 

{b) Write the opposite of the original 
proposition. 


S3. Whene\'er it is possible to form more 
than one converse of a proposition it is also 
possible to lorm more than one opposite of the 
proposition (S9()}. Each time we replace a 
condition in the liypothesis and a condition 
in the conclusion liy their opposites, we get a 
new opposite of the i>riginal proposition. 

Form two opposite propositions of the 
proposition in the Illustrative E.xampic on 
page ()5. State them as ge'iieral propositions 
and illusti’ate them. 


54. In like manner, form two opposite 
propositions ot tiie proposition in Fx- 2 on 
page Go. 

55. Form two opposite propositions ot the 
proposition in Fx. .3 al)o\-e. 



INDIRECT PROOF 


Everyday Reasoning 


98. Ill (■\or\(la\- life iiidii'ccl |■(■ils()llill.>■ 
is often uschI to reach a conclusion. 

For exainpk', if Joan and Bruce an* I he 
only persons who could ha\’e done a 


ceidain tiling, and it is pi-o\-ed that Joan 
did not do it, tlien we r(*ason in<tirectl\' 
that l^ruce must ha\'e done it. 

As a second example, consider the case 
of the lawyer who tells tin* jinw that his 
(di(Mit cannot he* guilty of tin* crim<* of 
which she is accused hecause at the lime 
the crime was committed the client was 
in another city attending a hamiuet in her 
honor. He tells the jury that its onlv 
possible verdict is not guilty. Analysis of 
the lawyer’s reasoning may be stated 
briefly as follows: 

V 


1. hither the woman is guilty or not 
guilty. 

2. If she is guilty, she was at the scene 
of the crime when it was committed. 

3. But this is impossible because she 

was in anothei* citv at that time. 

% 

4. Therefore she is not guilty. 

The method used in indirect reasoning 
is this: 


1. ]\Iake a list of all possilile conclu- 
sions, one of which must be correct. 

2. Show that all conclusions except one 
are impossible. 

3. To prove a conclusion false, assume 
for the sake of argument that it is true; 
then see whether it contradicts any 
known fact. 

Let us listen to the following conversa¬ 
tion. Examine it and see if vou can tell 
how often indirect reasoning is used and 

whether or not any of the conclu.sions are 
false. 

George: Well, Ann, I see that John and 



AValter ai’c running foi- piv^idciit of the 
S( iidfiit ('ouiicil. 

Ann: I'lii f’oiii';- to xotc f.ii- Waltci'. 

driirgc: 1 li(di(‘\(' in the sccict dallot 
and so I didn't ask how \'oii inlcnd to 
vote. But, since vou told me an\'wa\' 
would you mind telling nu* also \\ li\' \'()U 
are against my fri(*nd John? 

Art//: Xo, I don’t mind telling \ ()U that 
I I liink your fri(*nd John is sidlisli. 

drot'ge: WJiat makt's vou think so? 

Antt: 1 saw him bu>' a doubk* (h'ssiaJ 
for lunch yi'sterday. 

George: W'ell’^ 

.1////.' Do you think that a generous 
person would treat himself to extra 
dessert after liearing such a stirring 

app(‘al in the assembK' that \'eiw morn- 

* » 

iiifi;.’ Our pilncijral l)eii<>-ed us to deny 

(Uirselves extra luxiuies s(; that we could 

contribute nioie to the ('onunuuity Chest. 

\\ hy, I almost felt ashamed to buv my 

lunch, after hearing that so many needy 

and unfortunate people depend on us to 

share a few of the good things with them. 

(icorge: Ann, do you think that a 

selfish person would take the blame foi' 

his friends and even pav for their 
damages? 


Ann: Did .John do this? 

George. \ es. I^ast term there was a 
little accident in the laboratory. A\'hen 
Mr. \\ illiams accused some boys of care- 
le.ssnes.'-', .John took all the blame and 
paid for the damages. 

Ann: He was probably just showing off. 

George: Absurrl. If that were so, 
.John would have taken the blame riglit 
there in the “lab” in front of the others. 

But he didn’t do that. He straightened 
everything out with .Mr. Williams after 
school and told nobodv. 



Ann: X(n\', (l('or<»;(\ 1 hat's i-icli(‘ul()ns 
you're eoiiti-adieting \'oursclf. 
It w hat you tell me is true, how (‘ome vou 
know ahoul it '! 

trVeo/r; Pure aeeidcait. At the end of 
the term I was helpinj:^ Mr. Williams 
make up the list of fines when I came 
across the i-ecord of John’s payment. 
Then I fished out the whole truth, 

Ann: John’s fathei- must ^ive liim a. 
hi^ allowance. 

f/ce/Y/c; \\ ron^ a^ain. John earns his 
>pendin^ money. 

.1////; Fi-om what I know about him, 
John is either rich or selfish— 

Gnorye: —or he likes his dessert. 


(-leoi'ge and Ann are using indirect 
reasoning in the following ways: 

1. Ann has decided to vote for Walter, 
not l)ecause she thinks that Walter will 
make a good president of the Student 


Council but l)e(‘ause she thinks John is 
selfisli. 

2. Ann again reasons indirectly that 
John is selfish because if he were generous 
he would not spend extra money that 
could help the needy. 

J. Now George reasons indirectly that 


if John were selfish he would not pay for 
his friends’ damages. 


4. Again George ti'ies to prove to Ann 
that his friend was not showing off be¬ 
cause he did his goorl rleed secretlv. 

3, 1 hen Ann thinks that (leoigc is not 
telling the truth. If tliis were a secret, 

slie reasons, then George would not know 
it. 

fi. Finally, Ann is ready to clinch her 
argument. She would like to sav that 
John is either rich or selfish. Then, since 
George himself told liow Jolin earns his 
spending money, he is not rich and must 
therefore be selfish. But right here 
(ieorge catches Ann making a common 
mistake in indirect reasoning. She has 
assumed that only two things are pos¬ 
sible: either John is rich or he is selfish. 
George therefore points out that there is a 
third possibility. In life .situations there 
may l)e many possibilities, all of wliich 
must be considered before a eonclusion 
can be reached. 

Indirect reasoning is also useful in 
geometry. Often tlie simplest way to 
prove that a thing is true is to show that 
it cannot be false. In the indirect proof 
of the following theorem, we reason that 
if the conclusion were false, then we 
should have to contradict a proposition 
that we have already accepted. 


99. THEOREM. Through a given point not on a given line, only one parallel 
can be drawn to the given line. 



Given: CD passes through P and 
CD 11 AB 

Prove: CD the only line through P 
parallel to AB 
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j\i>ii:Kcr PiauiF 


1. I'jithci (I) ]> the only hue through piinilk^l to .-l/i, or tluM'c is aimt lire liin* tlirougli 
P pai’allel to .1 

2. Assnvic that M \ is anotluu' liiu' tlirough P pai’allt'l to A P 


;h Since Cl) is also jiaralh*! to .1/:^, 

4. Then MS Cl) 


o. But this is fals(‘ 


(), Hence, Cl) is the onl\' line tlirou^li 

P AH 


4 


lii(\ I h(‘V 


t; 


(liven. 

If 2 lines are to lh(’ .-'ainc 
ar(‘ to each ol her. 

Ils are liiuss in iIk' sanu' plain' I hal do 
nnl meet. 

This is the onlv remaining possihilit w 


In this kind of proof, all tln^ j^xissihk' 

conclusions are statial in the first step. 

(In this proof there are only twcu) Tlu*n 

all the possit)ilities are eliminated except 

one—and that one must he true. I'Ik* 

false conclusions are eliminated hv show- 

« 

ing tliat they contradict some accepted 


proposition. In this proof tlu' falsi* 
conclusion cont I’adicted tlu* detinilion of 
paralk'l liin*s. d'his kind of indii’(*ct 
proof is ofti'ii called ])r(n)t hy (’UtuinaCum 
or cxclu.sHfN. .Vnotlu*!’ name for it is 
n-duriio nd nhsurdum from Latin words 
meaning “reduction to ahsiu'ditv.” 


100. THEOREM. Through a given point, only one perpendicular can be 
drawn to a given line. 



(liven: passes thiough P 

P(^ T AH 

Pro\'e: P(' the only line tlu'oug’h P 
perpendicular to AH 


isbiHECT moor 


1. Either PC is the only line through P ± AHy or there is another line thromdi 

P ±AB 

2. Assume tliat PM is another line through P ± AH 


3. Since P(' is also ± AH, 

4. Then PM P(' 

Complete the proof. 

In an indirect proof the figure does not 
usually give a true picture of what we are 
assuming. The reason for this is, of 
course, that the assumption that we try 


3. (liven. 

4. Whv? 

% 

to picture turns out to be false. We 
must therefore try to imagine how the 

figure would l)e if the assumption were 

true. 
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EXERCISES 

4. 

II' a fif-iiro is not a roclanKip, Hicn it is not 

( nulirecl n asoniny in proving the folloic- 


a se[Uare. 

' ny proposiliozzs: 

5. 

If the sum of three angles is not 180°, they 

!• It two int (M'secl ing line's are cut bv a 


cannot be the angles of a triangle. 

transvei’sal. then tlu' corres])ondingangles 

6. 

It tlu' noncoinmon side's of two aeljaccnt 

are not eeiual. 


angles are'not in a straight line', theanglrs 
are not stipph'inentaiy. 



Given: 

Intersectinji: 

lines a and 6 

cut by the 

trails, t 
rrove: 

Zx ^ Ay 


I\'f)IRE('T PROOF 


B 



Given: 

Zx anrl ly 
adj. A 

AOC not 
a st. line 
Pi’ove: 

Zx + ZyA 
180° 


1. iMliierZ.r Zy or Z .r = Zy 

2. A-'^s/z/z/r Z.r = Zy 

C'oniplot 1 hf* proof. 


2. li' a line is perpendicular to one of two 
intersecting lines, then it is not perpen¬ 
dicular to the other. 



Given: 

Intersecting 
lines a and b 
t ± a 
Prove: 
t not ± b 


7. If two angles of a ti’iangle are not c{|ii;il. 
the hisei'tor of th(^ third angle is not 
perpendicular to the opposite side. 

8. Il .vy = —() and .r is negative, then // is 
positive. 


9. If .r- — 12 = .r, then .r A o. 

10. If a man does not Ii\'e in Galifornia, then 
he does not live in San Francisco. 


11 . \ou cannot stait the* motoi' of a car. Init 
the lights bui'ii normally. ProiT that the 
battery is not at fault. 


SUPERIOR WORK 


3. Two lines can inters(‘ct in only one point, 
(liven: AH and ('!) intersect in F 

Prove: AH and ('!) cannot intersect in 
any other p{)int 



IXDIRECT PROOF 

1. Either .1.^ and CD can intersect in some 
other point or not 

2. Assume that AB and CD can intersect in 
some other point Q 


SlOl. We have .seen that a mathe¬ 
matical propo.sition is a conditional state¬ 
ment. It .states that if a certain condition 
is true, then a certain conclusion must 
also be true. Another kind of statement 
is an alternative proposition which states 
that one of several things is true. For 
example, “you must pay or I will sue” is 
an alternative proposition. We have 
here a choice between two alteiTiatives. 
so that if we reject one, then we must 
accept the other. More definitely, A 
means: 

(1) If you do not pay, then I will 
sue, and 

(2) if I am not to sue, then you must 

pay. 


Complete the proof. 
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e soo tlial each oi tla^se pr()j)ositi()ns 
is the opposite-eoiu'erse of the other. 
Since they hotli arise from tlie same 
alternatix'e proposition, we assume that 
they are eciually valid. 

S102. Axiom. A proposition and its 
opposite-converse are equally valid. 

An alternative proposition, ‘yatlior .1 
or B/' may he pictured by two iiiterseet- 
ing circles. The proposition states that 
a point is either in circle .1 or in circle B 
(or in both). The two conditional propo¬ 
sitions that ai*ise are: 


A B 



(1) If a point is not in circle A, tlien 
it is in circle B. 

(2) If a point is not in circle 5, tlien 
it is in circle A. 

Here again, we see that proposition (2) 
is the opposite-converse of proposition 
( 1 ). 

In indirect proof, we state the possible 
conclusions as an alternative proposition. 
We then disprove the false alternatives. 

51. In each case, state the two conditional 
propositions that arise from the given 
alternative proposition: 

(a) Two lines in the same plane either 
meet or are parallel. 

(b) Two angles that have their sides 
respectively parallel are either equal or sup¬ 
plementary. 

(c) In the equation .V 2 j = 0, either .r = 0 
or ^ = 0. 

{(I) On a school day, John is either ill or 
in school. 

(c) Tw(j angles are either acute or not 

complementary. 

52. In each case, one of the two conditional 
propositions that come from an alterna¬ 


tive pr(>])osil ion is gi\ (‘n. SiaU' t lu' alt<‘rna- 
proposiiioii and ilii' oilmi' conditional 
proposition. 

(n) li two angU's arc \ ('riical, tluai they 
are etpial. 

[h) It Iwi) angh^s are liglil angh's, tlu'u 
t hey ar(‘ e([Ual. 

(c) li two limes ai'i' paialhT th(\v are in 
the .same plamc 

(d) It a |)oint is insid{' circh' B. tlaai it is 
inside ciicle ,1. 


S3. The chart shows how a proposition is 
related to the converst', to tht' opposite, aiul 
to th(' opposite-con\'(a‘sf'. C'oi)y chart 

and fill in the hypothesis and the conclusion 
in the thi'(‘(‘ ('inpty ho\('s. I)o nol fimrl: Ihis 
bool:. 


A 



S4. The proposition that only one parallel 
can be drawn to a given line through an 
external point (§99) is usually called tlie 
parallel poahdalc. If we assume this proposi¬ 
tion, we can prove indirectly that if two 
parallels are cut by a transversal, the coit(‘- 
sponding angles are equal. 



Given: 

AB II CD 

Trans. EF 

Prove: 

ZEPB = 
ZPRD 
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PROOF 


i :n Ih’I— A77>' - ZPRlJ or not 
A'-unio Z.EPB ^ I PRD 
riicn (haw MX Ihrough P 
^PfW = I PRD 


(hH( 


C 'oinplct (' 1 his ])i-{)of. 


55. A famous assumplion ahuut parallel 
liiK'^ is ih(‘ following: If two lines aro eul l>v a. 
t l ansveisal and the sum of liie interior a.n»;!(‘s 
on the same side of the tiauisversal is less than 
two ri^ht any;les, then these lines meet on that 
^ide ol the trans\'ersal. 

'Jdds assumption is usually known as 
lAu'lid’s parallel postulate, or Kuelid’s fifth 
postulate, and is one of the most famous 
postulates in j^e(jmetrv. 1‘aiclid was onee 
head ol a school in Ahaxandi'ia, I^ji;ypt. In 
addition to j^eometrv. his wiatinj^s include 
hooks on o])tics, logic, and music. 

A space in which Euclid's parallel postu¬ 
late. or any other form of it, is true is called 
Encdidean space. In the nineteenth century 
se\'eral geometries were de\’eloped in whicli 
this postulate about parallel lines was not 
assumed. Tliese geometries have to do with 
nori-Euclidoaii space. In mjn-JAiclidean 
space, if two parallels are cut f)y a transversal, 
the corre.sponding angles are not necessarily 
equal, two intersecting lines may both he 
parallel to a third line, the sum of the angles 
of a triangle is not 180°, and so on. Scientists 
ai-e now’ engaged in measuring the space l)e- 
tween the stars to find out whether non- 
Euclidean geometry tits tlu' univ('rs(‘ more 

^ tile geomet ry w<‘ study. 

Even if this is l(_)und to be tru('. l)owe\'(‘r, our 
Euclidean geometry is simpler, and it is accu¬ 
rate enough for measurement on the earth. 

Using Euclid’s postulate, prove indire('tly 
that if two parallels are cut by a transversal, 
the corresponding angles are equal. 

56. Based on the i)roposition that if two 
angles have their sides respectively parallel, 

A e(iual or supplementary, prove 

indirectly; If two triangles have their sides 
rospecti\'ely paralhd. then the angles of one 
ti’iangle are etjual respectively to the angles of 
the other triangle. 


Help: All the angles w’hose sides are 
parallel cannot be supplementary. Why? 


Two piiiis of tliosc anglos cannot t)c sun- 
plementary. Win’? 

S7. The final score of a ten-inning baseball 

game was Xew York Boston 1. Provo 
dial, the game was played in Boston. 

HONOR WORK 

HI. Over two tliousand years ago. 
Aristotle w'rote that heaviei’ objects fall fasOr 
than lighter objects even if we disregard air 
resistance. This statement, of course, is 
false. It seems that Aristotle never thought 
of experimenting with falling objects: he 
preferred to depend entirely on logic. Many 
years later, Galileo proved that Aristotle was 
wrong. Some people think that he proved it 
(‘xpei-imentally by dropping stones from the 

l.eaning Tower of Pisa. We are not sure that 
he really did this, but we are sure that he 
nxTsoned it out coi’rectly by logic. In his 
Dialogues Concerning Two New Sciences, he 
gives the following indirect pi‘oof: 

J. that each falling body acquires a 

definite speed fixed by nature—the heavier 
tlu‘ body, the greatei- tlie speed. 

2. 1 hen a large stone would have a speed of, 
say 8 h'ct per second after a certain time; 
and a small stone would ha\'e a lesser speed, 
say 4 leet per second, after the same time. 

3. Now tie the two stones together. The 
1 aster stone will hasten the slower one, and 
the slower stone will retard the faster one. 

I he new speed will therefore be greater than 4 
but less than 8. 

4. But the new mass is heavier than the 

htrge stone and should therefore have a speed 

greater than 8 teet per second. 

o. i his contradicts the original assump¬ 
tion. 

ExperunenL Fill a glass tube about 10 
indies long with mercury. Holding the tube 
dosed with your thumb, in¬ 
vert th(' tube in a dish | 

of mercury. Now remove J 

your tliumb. The mereurv ^ 

does not run into the disli | 

but remains in the tul>c. ? 

'riio aneient seientists ex- | 

plained this result by sav- ^ M ercury 

ing that if the mercury ran /■ 
down into the dish, it would 


4 Mercury 


i''Oy////wmW7'o 



create a vacuum in the tul)(‘ and ■’itatur(‘ ab¬ 
hors a vacuum." 

Can you pntve in(lii(H-i ty thal nature does 
not al)lior a \acuum by ('xplainin^ what 
happens if llie exp(‘iim('ni is perfonmvl with a 
3t)-iiU’ii tuht'? 

H2. Nine nuai suspected ot a ciiuK' made 
the follow ing stateimaus: 

.hacx; lOgan is guilt>'. 

Baivs: Ames is untruthful. 

Coh: I did it. 

Dolan: It was either Coh' or Hale. 

Egan: Don’t l)elie\-e Itatc's. 

Flynn: (’ole is telling the truth. 

Gales: Flynn is pei'juring himself. 

Hale: I am innocent, hut Flvnn is not 
telling the truth. 

Ives: Hale is right l)ut Ames is w rong. 

A stool pigeon who considers it “against 
his code of ethics to snitch" nevert hehxss giv<‘s 
the reliable information that only three of the 
suspects are telling the truth. Hv the 
method of elimination determine the guilty 
person. 


SUMMARY 


103. A general proposition is a word 
statement that applies to a whole group of 
things. In order to understand a general 
proposition better or to prove it. we usually 
draw a figure and write out what is gi\'en and 
what we must prove. We call tliis illustrat¬ 
ing tlie general proposition. Sometimes we 
have an illustration and we wish to write the 
general proposition that is so illustrateil. 

In order that w'e may write and understand 
general propositions more easily, we have 


learned special names of certain polygons. 
We have classified triangles according to their 
sides as scalene, isosceles, and equilateral 
triangles; and according to their angles as 
acute, obtuse, and right triangles. We have 
classified (piadrilaterals according to the sides 
that are parallel or equal. The most impor¬ 
tant kinds of ciuadrilaterals are trapezoids, 
parallelograms, rectangles, rhombuses, and 
squares. 


We form the converse of a proposition by 
interchanging a condition in the hypothesis 
with a condition in the conclusion. If the 


hypothesis nr the mtielu^inu has mnrt' than 
one (‘onditioii, tlaai we eati fntm more than 

one con\ (‘! 

Sometimes the ea-'iesl way o! pi'o\nng a. 
proposition is by an iiulireel nuahod. In its 
simplest form, wo b('gm this kind of jiroof by 
saying that what wo wish to pioxa- is ('itlua- 
true or falste W(' then a.-^simu' that it is 
ial.s(' and eoiil imu' to ai-giu* on t iiat l)asis mil il 
we come to a contradiction. Thi> ('liminalt's 
the talse assumption and pro\-es indirecth' 
tiuit th(' only remaining p(.)ssibilil\' is triue 
'I'liis indirect method is called proof by 
contradiction, proof l)y elimination, or 
rednclii) ad ahsnrdtnn. 

We have proved indirectly that througli a 
gi\'('n ])oinl not on a. gi\'en line, only one 
parallel can be (Irawn to the given line: and 
that through any point only one perpendicular 
can he drawn to a gi\'en line. 

RECOGNIZING NEW TERMS 

Can yon deserihe each iron/ or lcrt}i below/ 
If nol, go back lo fhe S(rlion indicaled. 

general proposition ^(38 
converse (of any proposition) § 97 
bisect § 8(> 
polygon § 71 
vertex of a polygon § 72 
diagonal of a polygon § 73 
extei’ior angle of a polygon § 74 
isosceles triangle (isos. A) § 7b 
legs S 7(), vertex angle § 7b 
base § 7b. base angles 76 
eciuilateral triangle § 77 
scalene triangle § 78 
right triangle (rt. A) § 79 
legs § 79, hypotenuse § 79 
oblique triangle § 83 
obtuse triangle § 80 
acute triangle § 81 
e(|uiangular triangle § 82 
median of a triangle § 84 
altitude (alt.) of a triangle § 85 
angle bisector of a triangle § 87 
quadrilateral ((piad.) §88 
trapezoid (trap.) § 89, § 90 
bases § 89. base angles § 89 
legs § 89, altitude § 89 
parallelogram {O) § 91 

altitude § 91 
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IC'I (□) § 02 

i li<unluis § 03 
Mjuai'c 04 
iiulii'crl i)i-()()i' ^ OS 

pionf hy coiit ra<lirl ion 08 
pi'Dol l)y (‘liininal ion ^ OS 

nihi(iii) (III (ihsurdNtn 08 

REVIEW EXERCISES 

1. IllustraU' tlu' following; A iiK’diun to a 
leg oi an isosceles IriangUa 

CD A AB 
AE - EB 
Describe CD 

in general terms. 



10 


11 


(b) Write a (■on\'erse of this proposition: 
If a point is Ofiuidistant from tiic 
sides of an angle, it is on the hisector 
of the angle. 

(c) ^\ rit.e two gencM'al corn'ei’ses of the 
i>roi)osi(ion that is illustrated in 

l^x. /. 

W'rile an indirf'ct proof for t he following 
j)roposit ion: Jt oiu; angle of a(iuadii- 
lateial is acute, the figure is not a 
rectangle. 

Prove indirectly that a triangle can liavc 
only one I’ight angle or obtuse angle. 

Pro\'e indirectly: It an int (‘ger t lial is a 
perfect cul)e ends in 2, tlnm its cube rnoi 
ends in 8. find: d'liei'e are 10 possi¬ 
bilities, and you can (juickly eliminate ‘i 
of them. 


3. Draw a figure illustrating a (luadrilatei-al 
with the diagonals perpendicular to each 

ot her. 


4. l,)('scribe t lu' (igurce 



AB II DC 
AD 11 BC 
AC = BD 


5. Jllustrate the iollowing i)rop()sition: If 
two angles of a (luadrilateral are sup¬ 
plementary, t lu'n t lie o1 her 1 wo angles arc 
supplemental^'. 

6. Illustrate the following: The diagonals 


of a parallelogram 

7. Write the general 
figure illustrates: 


A B 



bisect each other, 
proposition that tiiis 

Given: 

In trap. ABCD 
AC = BD 

Pro^'e: 

ZD =ZC 


8. {a) Write the conv(M's(‘ of this proposi¬ 
tion: If an integer is a perfect 
s(juare, the last digit is not 3. 


SUPERIOR WORK 

51. \\ rite the opjiosit e of each of the follow¬ 
ing propositions: 

ia) li // is an integer, then 2n is an (*\’{‘n 
int eg('r. 

[b] It the sum of the digits of a numiKT 
is divisible by then the number itself is 
divisible 1)\'t). 

52. Write a eon\’ei‘s(' of the followimr 
l)roposilion and illusti’ale if ; If two isosceles 
triangles luu'e the same \'crte\ angle, then 
tlieir liases are parallel. 

53. Write the opposite of the followintr 
proposition and illustrate it: If tin* denomi¬ 
nator ot a iraetion in its lowest terms eontaiii" 
no taetors other than 2 or o, then the fraction 
can be expressed exactly as a terminating 
decimal. 

54. Theorem. If two parallel plant's arc 
cut by a third plane, the intersections arc 

parallel. (See page 53. SlO.) 
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Given: Plane ni plane n 
Plane / cuts planes m and n in x and ij 
Prove: x \\ y 


common perpendicular to a and />? State 
this conclusion as a genei'al proposition. 


isnih’Ei r moor 


1. Either x y oi' x if y 

2. .lx.sa//a' X if // 

3. d'lien X and y nie(‘t 3. Whv? 

% 

in soni(‘ point P 

Complete this proof hy showing that P is 
in both planes m and //. 


55. Theorem. Two planes perpendicular 
to the same line ai'e parallel. 

Prove this indirectly. Assume that the 
two planes meet. Through a point on their 
intersection, and through the given line, pass 
a plane. Xow pi‘o\’e that this would result, 
in two perpendiculars in the same plane to the 
same line from a given point. 

56. Theorem. A plane containing one, and 
only one, ol two parallel lines is parallel to 
the other line. 


Prove this indirectly hy assuming that the 
plant' meets the other line. 

S7. Theorem. Tlu'ough one of two skew 
lines, it is possible to pass a plane that is 
parallel to the other. (See page 53, SlO). 




Given: Linos a and b not in the same plane 
Pro\'e: i oere is a plane that passes through 
b and is parallel to a 

PROOF 

1. Through any pt. R in line b, draw a line c 
parallel to a 

2. Pass a plane m through b and c 

3. Plane m is parallel to line a 3. Why? 

From a point P in line a (in the figure 
above), let PQ be a line perpendicular to 
plane ?n. As the point P moves along the 
line a, will Q the foot of the perpendicular 
ever reach the line 5? Will PQ then he a 


HONOR WORK 


Hi. Ch’iliciz(' tlu' li)lh)\\ing definitions, 
paying particular attimlion to re\('rsil)ilily 
and redundaiicN’: 

(u) An acute triangle is mu' h:i\ing an 
acute angle. 

(/>) An ohtu.se triangle is oiu' hax ing oiu' 
obtuse angle and two acute angh's. 

(c) A rectangle is a parallelogram in 
which th(' angles are I'ight angles. 

((/) A rectangle is a (piadrilateral that 
has two right angles. 

(c) A rectangle is a (piadrilatei-al that 
has three i'ight angh's. 

(/) A rectangle is a quadrilateral tliat 
has four right angles. 

(o) An altitude ot a trajX'zoid is a lim' 
segment included between the bases of the 
trapezoiil and perpendicular to them. 

H2. Form one converse, one opposite, and 
one opposite-convei-se of each of the following: 

(o) Z cigarettes do not irritate the 

throat. 


{o) Jl a mature person smokes Z ciga¬ 
rettes moderately, his throat is not irritated 
l>y them. 

(c) John is necessary to the team. 

H3. (a) The most common fallacy in the 
proof by elimination is the failure to li.st all 
the possible conclusions before di.sproving 
any oi them. Alter assassinating C’aesar, 
Brutus said to the mob, “Had you rather 
Caesar weie living, and die all slaves, than 
that Caesar were dead, to live all freemen?” 

Did Brutus list all the alternatives? 


(b) Again, Brutus said, “Who is here so 
vile that will not love his country? If any 
speak, for him have I offended.” State this 
as an alternative proposition in your own 
words. Where is the fallacy? Can you cite 

some current speech 

or art icle? 


TEST 

1 . Draw a figure illustrating two line 
segments joining the midpoints of the 
opposite sides of a cpiadrilateral. 



2. ! '• '‘-nhr ilu‘ l«»lii>\\ iijir liirurc': 



3. I>rM\\ a {iir\n’(‘ I'at iiiLr isos<a‘les 

I riani:lo> iti wliirli the hast' n\ niic triangle 
i> a li‘i: «»l 1 hr «»ilnT. 

4. i)i*>rril>(“ ihr Inllnwiiii; tiimrc: 

% 

B 

AD ± BC 
- BE ±CA 

CF ± BA 



5 . Illn'tia»f‘ ilif lullowiiijr |)r<»|)()sition : If a 
lino l»i>f‘( t> (ino of a trapezoid and is 
parallol U\ a l)ase. then it bisects the 

« tt hof )cjr. 

6. t Generalize tlie following proposition: 


A 



Given: 

AB = AC 
BD = DC 

Prove: 

AD ±BC 


7. Illustrate the converse of the following 
proposition: If a transversal to two lines 
makes a pair of corresponding angles 
supplementary, then the interior angles 
on the same side of the transveml are 
equal. 

8. Illustrate the converse of the following 
proposition: If two angles of a triangle 
are not equal, then the sides opposite 
these angles are not equal. 

9. Write the converse of the following 
proposition: If each of two numbers is a 
perfect square, then their product is a 
perfect square. 

10. Pi-ove the proposition that from an 
external point only one perpendicular 
can be drawn to a given line. Show that 
if two perpendiculars were possible, it 
would contradict the theorem that the 
sum of the angles of a triangle is 180°. 

11. Prove the following proposition in¬ 
directly: If a transversal to two lines 
makes tlie corresponding angles unequal, 
then another transversal to these lines 
will make the alternate interior angles 
unequal. 

12. A boy bought some pigeons for $2. Fora 
white pigeon he paid 50 cents, and for a 
blue pigeon he paid 75 cents. Explain 
with the aid of indirect reasoning how 
many blue pigeons he bought. 
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Induction and Deduction 

CGiigruenl Triangles 


PROOF BY INDUCTION 


Induction 

104. In evervdav reasoning: we often 
argue from observation of a number of 
cases that a certain conclusion is valid. 
For example, from observation of a large 
number of birds we arrive at the conclu¬ 
sion that all birds have wings. This 
kind of reasoning from observation is 
called inductive reasonittg. 

In geometry we may use the same kind 
of reasoning in proving a proposition. 
For example, to prove the proposition 
that vertical angles are equal, we can 
draw a number of pairs of vertical angles 
and measure them. We then see that in 
each particular case they are equal. 
From these we arrive at the general 
proposition that vertical angles are equal. 
Thi s is the method of induction, Bv this 
method we arrive at a general proposition 
from a number of particular cases. 

By another method of reasoning (which 
we have already used), Ave may reason 
that a pair of vertical angles is a special 
case of the more general proposition about 
supplements of the same angle. This is 

the method of deduction. Bv this method 

% 

we reason that a particular proposition is 
true because it is part of a more general 
proposition that is true. 

B}' induction we reason from the 
particular to the general. 


By (Icihivhon we reason from the 
general to the pailiciilar. 

In demonsti-ative geometrv we liiauM'- 
ally use the method of deduction, but we 
can otten use the inductive method to 
discover new pi-opositions. CertainU', if 
geoinetr\' is to improve our thinking, we 
must learn something about the inducti\'e 
mc'thod, a method tliat is imi)ortant l)otli 
in scientific woi’k and in e\'er\’da\' 
tliiiikinji'. 


Experimentation 


105. liy the inductive method we 
argue from a number of particular facts. 
We discover tlie.se facts by expei'imentinfi;. 
Some people think that experiments ai-e 
made only in a laboratoiy, but that is not 
true. By observing or mea.suring care¬ 
fully anywhere we may find out manv 
useful facts. 


Tlie following simple tools are u.seful in 
e.xperimenting with geometric figures: 
(1) a straight-edge scale rulei-, (2) a 
protractor, (3) a compass, and (4) a 
■small right triangle. .\. protract or usually 
provides a straight-('dge scale (marked 
ruka). 


106. ^ ou may use a compass in a num¬ 
ber of wavs: 

(rt) With a compass you can locate a 
point P that is a given ili.stance (say 3 
inches) from a given point .1, and another 



(say 2 indies) ffoni a **;iven 

poilll />'. 



if)) With a compass you can find out 
quickly whether or not two line segments 
are e(iual. 

(c) Use a compass to divide a line 
segment into a number of ecjual parts by 
approximation. For example, draw a 
straight line AB. To divide AB into 
thiee eciual parts, set the span of your 
compass at a distance AC that is approxi¬ 
mately one-third of AB. Then mark off 
this span tliree times from A to B. The 
span will usually be too short or too lon^^, 
so that you will miss the end point B by a 
distance KB. Next, len^tlien or shorten 
the span by one-third of KB and mark it 
off a^ain. You should now have a 
closer approximation. Practice until you 

can make this divisior^ accuratelv and 

« 

(|ui('kly. 



107. Make a small rifi;ht trianj 2 ;le by 
cuttin^off’a corner fi‘om a stiff rectan}>:ular 
card. Tlie trianf 2 ,le will be more \iseful 
if the acute angles are 30° and 00°. 



(a) Can you use your triariAe ('or 
llu‘ s(|uar(' coriu'r of your protractor) to 
draw a line throu^li a f^i\'en point (' 
perpendicular to a ^iven line AB'! 



(b) Can you use the trianj^le to drnw 
a line through a given point f' parallel to a 
given line AB! To do this, place your 
triangle so that one side falls along AB, 
and th(*n place a straightedge (an un¬ 
marked riilei') along another side of tlif' 
triangle. Now shift the triangle along 



the straightedge (which should i)e lielh 
firmly against the paper) until the side of 
the triangle that was in contact with AB 
goes through the point C, and draw the 
line through C. Wliat proposition telb 
you tiuit the line so drawn is parallel to 
AB! How can this method be used 
determine whether or not two lines arc 
parallel? 

EXERCISES 

1. I sing a ruler, di'aw three ditlercnt 
isosceles triangles. In each case, meas¬ 
ure the base angles with your protractir 
aiul write their sizes in the figures. 

2. I sing a compass, constnict an isoscele." 
triangle AB(\ Bv the mt'tliod ot ai> 
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proxirnution, in J !()«, (r), finil 

thi' lUMlpoint h of nr. |)ra\v M). 

Now cut out the IriaiiKh* MU' an^l fold it 
alon^ the line M). Do the aiiKh-rt 
z and y fit t()j5ether? 





State the K«*neral pruponition that 
Me<*mH to follow from the exiwrimentH 
in Kx. I and Kx. 2. 

3. rniiiK a protractor, draw a triangle in 
which each one of a pair of e<|Ual an^h^H in 
o<)®. Meahtire the hid#*« opposite thi*H 4 * 
anKh*H and write their len^^tlw on the 
liKure. 

He|Mnit this exjwriment for a triangle 
with i*i|ual anKh*H of 70®, and for a tri¬ 
angle w itfi e<|ual ani;U^ of :ij®. 

4. Draw a triangle .\Hi\ nmkint; angh*H H 
ami (* each e(|Ual to an acute angle of 
your cardiHjard triangle. Cut out the 
triangle AH(' and fold it along Ah wj that 
H falbi on C. Compare the lengths of 
AH aiul AV. 


A 



b D C 


State the general prop«jHition that 
'‘eema to follow from the experiments in 
Hx. 3 and Kx. 4. 

3. Draw an angle .4BC. Complete the 
parallelogram ABVU by drawing AD 
parallel to Bi\ and CD parallel to AB, 
using the method in { 107 (6). Now 
measure the four skies of the parallelo¬ 
gram and write the measurements in your 
figure. 



6. Draw an angle Ali('. ('uni[)leTe the 
parallelogram AlU'l) with u protractor 
as follows; Measure /. H and draw Z.l 
and Zf each fnjtial tij the supplement (jf 
Z/y. I sing a compass, compare the 
lengths of the oppiN^ite shh^s ai the 
parallelogram. 


A D 



State the general prop<Mitii>n that 
seems t4> follow from the ex[K*riments in 
Kx. 5 and Kx. 0. 

7. Draw an angle AB(.', Ds'ate a point !) 
so lliat hi: •AH and Ah » ^f', as in 
i lOti (a). Draw A!) and DC. Ching 
y4>ur triangle and straighte<lge as in 
i 107 (h), ctimpare the dire<-tions cif Ah 
and BC\ als4> the (lirections of /)(' ami 

AH, 



b C 


.Vssuming that this result is typical, 
what general proptjsitum seems to follow? 

8. I sing a siale ruler or compass, draw' 
straight lines .4C and UB m ihiit they 
bisect eai'h otlier. Complete the «juadri- 
Uteral ABCh. With a triangle amj 
straighteilge determine whetlier any lines 
are parallel. Kepeat ytair experiment 
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sfv(*r;il tinu's, varyint^ tin* 
stniiKlit liney AC and hli. 




Si air this rnliil ionyhip iin a amoral pmpnii. 

tiuii. 


A 



I li(» ^('lU'i’al proposition Ihal scrms to 
follow l)y induction is s|al(‘d Ixdow; 
cornpU'lc it: If t he dianoiials of a ({iiadri- 
latcral l)iscct each other, then the 
(luadrilnteral is a —/ 

9. Draw a line sej^inent AH. rsinjj the 
method of approximation, find the mid¬ 
point C. V»\u^ a riKl»t frianKif** draw 
CD perpemiicular to AH. Locate a 
number of points (/'i,/'j,/\ etc.) on 
r/>. With a compjiss compare /*|.l 
witli I\H, /\.l with r^H, i\A with HjH, 
and so on. 

^1 


\Pi 

\ 

C'omplete the followinjj general propev 
sition that seems to follow by induction: 
Kvery point in the perpendicular bisector 
of a line segment is ... . 

10. Draw a triangle AHC. I’sing your tri¬ 
angle lus in § 107 (a), ilraw tlie three 
altitudes of the triangle and make them 
long em»ugh to meet. W'hat do you 
t)bserve? If this happens rej>eale<lly. 
wluil general proptvsition s»vms to follow 
by induction? 

SUPERIOR WORK 

SI. Draw a triangle with a line segment 
connecting the midtK>ints of two sides. Com- 
paiv this line segment with the third side 
of the triangle as to length and direction. 

SO 


S2. Dn a line .l/.V, lay off AH ^ HC 
llu-ougli .1, //, and <\ draw thnv paraJM 
lines. Now, draw another transversal M'\‘ 
and mejLsure the segments x and y on it 



The experiment points to the fi4loain< 
general proposition; complete it; If ihnr 
parall(‘ls cut e<|uul segments on one trans¬ 
versal, then .... 

S3, (a) Draw a triangle and two lU 
mfsliaris. Me:isure the .s(*gments ma<ie Inr 
each imslian as it cuts the other mniuui 
Tan you iliscover any ndalionship’ .''tale 
it as a general propiwiiion. 

(/>) Draw the thin! median of the irv 
angle. W hat do you olHer\'e alxMit the inier- 
.se<*tions? State it as a general prop^MilHio 

Induction versus Deduction 

108. To prove hv induction the propo¬ 
sition that the sum of the angles of a 
triangle i.s ISO", we could draw a numlier 
of different triangles and measure tlie 
angles. We have already proveil thi' 
propi>sition l>v de<iurtion '<ee J 02), 
we showed that it follow^ fn>m rkht 
gt'neral pmpositions al»out parallel line- 
liet us now examine sonie advantage^ an^l 
disfidvantagc'' of fliers^ two metlMwl" 

()ne di'^adviintagf* of iIm' irahn'lnr 
metlioil of reasoning is that flie re^ullirc 

gmieral proposition is not alw^rduleh 
certain. If we measuretl the angles •'f • 
hundred triangles, for example, and found 
that in each caae the Mim of the angt- 
1S0°, it might still be possiI»le that some¬ 
one could find a triangle in which thi- 
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link hetwcen tlie iiuliienx'e and the 

deduelixf method': ln‘i-;iU'e oin'n llm 

unknown i-ea.'on henome' known, wn ha\n 
a deduetix'e jjroof of our propo.'ition. 

In .'eitaiee a general propo.'it ion, nalind 
a hpfujllit SIS, i.' often 'nl up after a mmi- 
her ot exptaimentIt \> a j)iopo'iiion 
that i.< a S'Unaal in order to explain the 
le'ult.' ot the experiment'. A .'eientifie 
hypothe.'i.' I'emain.' an a.'.'Um[)tion <or a 
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Copying a Triangle 


109. 1 hn 'Moplf-i f if I in- in wiioai inm 

'fiiinen!' ai'n nonnnntnil with aiif'h*' i 

iiiaiiiiln. A iriaiif'ln ha' -ix |)art'. ihrei- 

-idn' aijil 1 hri-n aiiflc'. ’]'o nop\' a 

iriaiifle AIjC, how nian\' ami \Uiieh of 

% 
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lo 'tx j)ai't' mii'i \M‘ ntfjjy? If it i in ti,' 
out that trianule n;ii) l,n niadi^ an 
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in two Iriaiif'le' a in nffUal rn'jx-nt i\(‘U . 
We would then ha\n arii\(*(| at a inn! hod 
that wa»uld niiahln U' to jjio\n nnriain line 
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In laheliiif- triangle', it i- often eori- 

veninni to ime n;ipii;d Inttni' for th(‘ 

vnitii-n', and tin- lajrre'pondinf .'mall 
letter' toi’ tlie 'idc' o{>pO'ite the \ ertiee'. 
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exercises 


1 . 


(I 


I^raw a lrian<»;le haA’inji;un ucute 
aniile at (’. Copy angle C and the 
^ides a and h as parts (jf a new tri¬ 
angle. Xow complete the new tri¬ 
angle .r/CC'. Pleasure and eom- 
pai-e angle .1 with angle .1', angle B 
\\ith anglt' B', and side c with side 


B B' 



2 . 


[hi Fv('p(‘at part [a] several times, vary¬ 
ing the siz(‘ ot the angle from acute to 

ol)t use. 

Complete the general proposition he- 
lo\N, which secans to lollow hy induction 
Irom the ('xi)(M‘iment above: If two 
triangh's agive in two sides and the in- 
cludeil angle, then they agree 

(a) Draw a triangle ABC having acute 
angle’s at .1 and C. C'opy angles 
.1 and C. and side h as part s of a new 
triangle. C'omplete the new triangle 
A'B'C', Measure an<l compare the 
n’lnainiiig pai’ts of tfie two triangles. 



{h) I{(’p(‘at part {a) se\'ei‘al times, vary- 
mg the size of the angles. 

Complet e the general proposition, 
which seems l(j follow from your experi¬ 
ment : If two triangles agree in ... . 

3. Draw a triangle .l/:^C having three un- 
(’(jual sides. I'sirig the method explained 
in § i0(> (a), locale a point C' that is the 
same’ distance from A and B as point C. 
Di'aw lines connecting C' with .1 and B. 
You now ha\'e two triangles t hat agree in 
three sides. C’ut, out your figure and 
fold it along t he line .1/^. Comi)are the 
thr('e angh’s of one triangle with the three 
angles of the other triangle. What do 


you tlisc(W(‘r? Slate this as a general 

proposition arri\'(‘d at inductively. 



Draw a triangle AB(\ Draw another 
triangle that agrees with it in the three 
a.ngh’s but not in the sifles. Cf)mplete 
the lolhnving proposition arri^'e(l at 
induetively: II tw'o triangles agree in 
three angles, then .... 

Draw an isosceles triangle ABC and a 
line A I) to some point on the base. 
Measure the parts of the triangles ABI) 
and dC/Y Do tlu’se t i’iangles agree in 
tluAH^ paiis? lieasoning induetively. 
complete the following proposition: If 
two triangh^s agiaa* in 1 wo sides and a non- 
included anghx t hen .... 


A 



6. Draw a t riangh' AB(' ha\'ing a rigiit angle 

at (/. C'opy the right angle ('. the leg o. 

and tile hypotenuse r as parts of a new 

triangle A'B'C'. (I se your compass to 

locate .1'.) Measure and compare the 

remaining parts of the two ti’iangles. 

C-hmiplete tlie proposition, which seems 

to follow hv induction frt)m vour ex- 

• « 

periment: If two right triangles agree in 
the hypotenuse and a leg, then .... 


B B' 
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PROOF BY DEDUCTION 


Congruent Triangles 

110. By inductive reasoniiifi; we have 
concluded that under certain conditions 


two triangles that a^ree in three parts 
also aj»;ree in the remaining’ parts. We 



assume two of thes(‘ discoxau'ies and 


pi'ove the othcj’s deducti\'ely from propo¬ 
sitions that we ha\'e previously proved or 
assumed. 


If two triangles aji;ree in all their .dx 
parts, they are ro/;ryr//c;//, C'on^ruent 
means (igrceimj. The symbol for con- 
"’ruence is and it is read “conu'rueni" 


or “is congruent to.” 

111. Definition. Congruent trian¬ 
gles are triangles that have all the parts 
of one equal respectively to the corre¬ 
sponding parts of the other. 


Consecutive Parts of a Triangle 

112. Ill a li'iangle such as ABC, the 
angle .-I and side AH are consecutive 
parts. In our experimental work, we saw 
that if we copy three consecutive parts of 
a triangle, there is only one way to com¬ 
plete the new triangle. Thus, if we copy 
sides a and h and the included angle (\ 
then we have onlv one wav to draw the 
third side, ^^'e mav reason that this is 



true because the two-point postulate 
(§ 11) assumes that only one line can lie 
drawn through the two points .1 and B, 
However, we assume without further 
proof that three consecutive parts deter¬ 
mine a triangle. We state this as two 
separate postulates. 


113. Congruence Postulate I. If two 
sides and the included angle of one tri¬ 
angle are equal respectively to two 
sides and the included angle of another 
triangle, the triangles are congruent. 
(This postulate is oftt'ii al)br(‘\ial('d as 



114. Congruence Postulate II. If two 
angles and the included side of one tri¬ 
angle are equal respectively to two 
angles and the included side of another 
triangle, the triangles are congruent. 
( Phis postulate is often ai)l)re\'iat(al as 



.\s you have already leai-ned, in the 
deductive method we aigue from a general 
statement to a particular case. You will 
now .see this method illustrated again. 

To prove two line .segments or two 
angles equal, we shall first show that 
they are corresponding parts of two 
triangles that agree in three consecutive 
parts. We have already assumed that 
.such triangles are congruent. Tliereforc*, 
tlie parts in which we are interested are 
also equal—as a particular case. 

Since a definition is I'eversilde, our 
definition of congruent triangles .states: 
(1) If two triangles agree in their cor¬ 
responding parts, they are congruent; 
and (2) corresponding parts of congruent 
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n iaimkw arc equal. The last step of the 
example tliat follows uses the second part 
ot the definition. 


Illustrative Example 



Given: 

AC = AD 

Zm = Zn 
Prove: 

Zx = Zy 


PliOOF 


S(al( ifH nl.'s 

1. AC = AIJ 

2. AB = AB 

3. Zm = Z n 

4. AABC^ AABD 
o. Zx = Zy 


Reasons 

1. (liven. 

2. Identity. 

3. Given. 

4. s.a.s. 

5. Def. ^ A. 


Explain Statement 4 as follows: “If two 
sides and the included angle” (indicate the 
sides .1C and AB and the included Zm) “of 
one triangle” (trace AABC) “are equal re¬ 
spectively to two sides and the included angle” 
(indicate the sides AD and AB and the 
included Zn) “of another triangle” (trace 
AABD), “then the triangles” (again trace 
AABC and AABD) “are congruent.” 


Explain Statement 5 as follows: “If two 
angles and the included side” (point to IB, 
Zm, and side BC) “of one triangle” (trace 
AA^C) “are equal respectively to two 
angles and the included side” (point to IF, 
Zn, and side DF) “of another triangle” 
(trace A DEF), “then the triangles” (again 
trace AABC and ADEF) “are congment.” 


EXERCISES 



B 



Given: 

BC = CD 

Zm = Zn 
Prove: 
x = y 




Given: 

Zm 

Zp-=Zq 

Prove: 
x = y 


Illustrative Example 



B 



Given: 

BC = DF 
BC II DF 
ZB ^ZF 
Prove: 

AD = CE 


PROOF 


Slatements 


Reasons 


1. BC 11 DF 

2. Zm — Zn 

3. ZB = ZF 

4. BC = DF 

5. AABC ^ ADEF 
fi. AC = DE 

7. DC = DC 

8. AD = CE 


1. Given. 

2. Ils, alt. int. .^^are =. 

3. Given. 

4. Given. 

5. a.s.a. 

6. Def. ^ A. 

7. Identity. 

8. Subt. Ax. 



Given: 

AD = DB 
AB ± CD 
Prove: 

^x = Ay 



A 



Given: 

Am = /n 

AC JL ED 
Prove: 

x = y 
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6 . 


SUPERIOR WORK 


B E 



Given: 

AC = DF 
BC = ED 

Zm = Zn 
AF st. line 
Prove: 

Zx = Zij 

Given: 

AB ± BE 
FE ± BE 
Zm = Zn 
BD = CE 
BE st. line 
Prove: 

X = y 


Given: 

AC = CE 

BC = CD 
Prove: 

x = y 




Given: 

AB II CD 
AE = ED 
Prove: 

X = y 




Given: 

AB = EF 
AD = CF 
Zm = Zn 
AF st. line 
Prove: 

Zx = Zy 




Given: 

AB = DC 
AB II DC 

Prove: 

Zx = Zy 



A 



Given: 

AB L CD 
CB = BD 
Pr()\e: 

Zo: = Zy 

Hint: 

First prove 
Zm = Zn. 




Given: 

BC = CD 
A C = CE 
Pi'ove: 






Given: 

AC = CD 
ZB =zE 
Prove: 
x = y 



A 



Given: 

AC = CE 

ZB ==ZD 
Prove: 

x = y 


Two Angles and a Nonincluded Side 

115. If two ti-iang,ies agree in two 
angles and a nonincluded side, these parts 
are not consecutive. But we have proved 
(see § 65) that if two triangles agree in 
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1 • 




I 


they a^ree in the reinainin^i; 
In thi> \va\' we ean show that 


the triangles agree in tliree consecutive 
parts and are therefore congruent. 


116. THEOREM. If two angles and a nonincluded side of one triangle are equal 
respectively to the corresponding parts of another triangle, the triangles are con¬ 
gruent. id'his theorem i> ofttai al>hreviated as s.a.a.) 


-A A 



Given: In A.l/iC and aA'B'C 

ZA - Z.-G 
ZB = ZB' 
a = a' 

Prove: aABC ^ AA'B'C' 

PROOF 


S(nh UKuls 


Rat son 


1. - zA' 

zB = ZB' 

■2. zr = z('' 

3. = o' 

4. aABC ^ aA'B'C' 


1. Given. 

2. If 2 ^ of one A = respectively 2 A of 
another A, remaining A are = (§65). 

3. Given. 

4. a.s.a. 


Illustrative Example 



Given: 

AB = DE 
AB II DE 
BC II FD 

AE st. line 
Prove: 

AF = CE 


Biahmciils 

1. AH W DE 

2. ZA = ZA’ 

3. HC !! FD 

4. Z}n = Zn 

5. Z]) = Zq 

6 . AB==DE 

7. AABC^ADEF 

8. A(^ = FE 

9. CF = CF 
10. AF = CE 


Reasons 

1. (liven. 

2. Ils, alt. iiit. zS arc = . 

3. (liven. 

4. ISame as 2. 

o. Sups, of = A are =. 
(i. (liven. 

7. s.a.a. 

8. Def. 

9. Identity. 

10. Add. .Vx. 


M.xplain slatenient 7 as lollows: “If two 
angles and a nonincluded side” (point Uy Z/l, 
Zp, and side “of one triangle’^ (trace 


AABC) “ai’e ecpial respectively to the corre¬ 
sponding parts” (point out ZE, Zq. and side 
DE) “of another triangle” (trace 
“then the triangles” (again trace AABC and 
ADEF) “are congruent.” 


EXERCISES 



A 



Given: 

AD IBC 

ZB = ZG 
Prove: 

X = y 




Given: 

zA = ID 

Zm = Zn 
Prove: 

X = y 


8(i 


3 . 


A B 



Given: 

BC = CD 

Z7n = Z n 
Prove: 

X = y 



A 





BD 

= CE 

AB 

-- EF 

AB 

ii ef 

Prove: 


Zx ^ 

= zy 




E 



Given: 

ED = BC 
AD = CF 
AD II CF 

Prove: 

^ 11 y 




Given; 

AB II DE 
BC = CD 
Prove: 

X = y 



A 



Given: 

AB = AC 

Zm = Zn 
Prove: 

AD ± BC 



A 



Given: 

AB II DE 
AB = DE 

BE = CD 
BD st. line 
Prove: 

^ 11 y 


SUPERIOR WORK 




Given: 

AD = CE 
AB = EF 
ZA =ZE 
Prove: 

FD = CB 


Overlapping Triangles 

117. In some figures we must work 
witli triangles that overlap. In such 
cases it is well first to draw the triangles 
•separatel.w The figure shows how the 
overlapping triangles ABC and ABD 
appear when drawn separately. Do you 


C D 
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that certain anglers and line s(^gment« 
in tiie original figiu’e do not appear after 





when the triangleft are drawn separately, 
Z.CAD and /.CBl) disappear altogether. 
Unless you draw the trianghrs separately, 
you may mistake these angles for parts of 
the overlapping triangles. Yon should 
therefore separate the triangles until you 
can imagine them and reason al>ou( them 
without error. 


Illustrative Example 

C'dven: tVi - DA 

/. ft) = Z ti 

Prove: Z.c = Z/y 


C D 



Slalctfictils 

1 . CB = DA 

Z ft) = Z n 

2. AB = AB 

3. A--l/:;r ^ AABD 

4. Z.r = Zy 


Baisifii.'i 

1 . ('ii\'ei!. 

2 . Ideiilitv. 

3. 

4. Dei'. ^ A. 


Illustrative Example 


C D 




(d\'(;n: Z tti = Zn 

Ip = Zry 
Prove: x = y 

PROOF 


Siafrtfictil.s 

1. Z ill = Z ft 
Zp = Z(i 

2. Zd = ZB 

3. AB = AB 

4. A ABC ^ AABD 

5. .r = y 


/trew/es 

1 . (liven. 

2. Add. Ax. 

3. Identitv. 

% 

4. a.s.a. 

o. Def. J 


Xoir: .Alt hough Zpnnd Z 7 are init |)arf> <' 
the ti’iungles as they aix* di'awn sepaiatdv 
(hey did lu'lji us to pro\'e Zd - ZB. 



EXERCISES 


C D 



Given: 

C/1 = DB 
Z.4 = zB 

Prove: 

Zx = Zy 



c D 



Given: 

Z.l = ZB 
Zm — Z n 
Prove: 

CB = DA 



C D 



Given: 

ZA =ZB 

Zm = Zn 

Prove: 

X = y 



Given: 

zA 

Zm = zn 
Z p = Zg 
Prove: 

x = y 




9 . 


11 . 



Given: 

/.m ^ An 
ZA ^ZD 
Prove: 
x = y 




Given: 

Zm = Zn 

Zp =Zq 

Prove: 

X = y 


A 



Given: 

AE = AC 

Zm = Zn 
Prove: 

BF = FD 


The Isosceles Triangle 

The following shou's the deductive 
proof fo!-: (1) the theorem that the base 
angles of an isosceles triangle arc e(iual 
and (2) its converse. 


118. THEOREM. 

sides are equal. 


If two sides of a triangle are equal, the angles opposite these 



Given: In /\ABC 

AB = AC 
Prove: ZB ^ ZC 
Cons,: Bisect ZA. 


PROOF 


Statements 

1 . Zm = Zn 

2. AB = AC 

3. AD - AD 

4. Z\ABD ^ ZsACD 
ry. ZB = ZC 


Reasons 

1. Cons. 

2. Given. 

3. Identity. 

4. s.a.s. 

o. Def. ^ A. 


119. CONVERSE THEOREM. If two angles of a triangle are equal, the sides 


opposite these angles are equal. 

Following the deductive method in the 
last proof, draw a figure and prove this 
theorem. 

The last two theorems are useful be¬ 


cause they enable us to prove two angles 
equal from the equality of two sides 
alone, and vice versa. 
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Illustrative Example 



A 



Given; 

DB - DC 

Zm = Zn 
Pro\'e: 

X = y 


f>tale»ir)ils 

1. DB = DC 

2. Zp = Zq 

3. Zm = Z n 

4. ZB = ZC 
o. .r = y 


BcaxonR 

1. (ii\'en. 

2. Base ^4 of isos. A are =. 

3. 

4. Add, Ax. 

5. If 2 A of A are =, sides 
opposite arc =. 


A 



Cii\eii: 

J/) AE 
DK ;; Bc 

Pro\'e: 

DB = EC 



A 



Given: 

In A ABE 

A C = .1 D 
BC = DE 

Prove: 

X = y 


EXERCISES 


1 . 


A 



Given: 

AB = AC 
DB = DC 
Prove: 

Zx = Zy 




Given: 

AC = CB 
AB 11 DE 

Prove: 

X = y 



A 



Given: 

In A ABC 
BE = EC 
AD = AE 
DB = EC 

Prove: 

X = y 



A 



Given: 

AB = AC 

Zm = Zn 

Zp =Zq 
Prove: 

BE = CD 




A 



Given: 

ZB =ZC 

DE 11 BC 

Prove: 

AD = AE 



Given: 

AB = AC 
DB ^ DC 
Prove: 

ZB=zC 
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A 



Given: 

AB = AC 

^ zB = zC 

Prove: 
x = y 


10 , 


A 



Given: 

AD = AE 

DE II BC 
DP and EG±BC 
Prove: 

BE - GC 


SUPERIOR WORK 


SI. A sailinj*; a course ()(\ in(‘a.s- 

ur(‘s tlie an^l(‘ m iK'twaaai a. li^ht L 

and Ills course ()(\ ddiis is caiUMl “tin* an<»;l(‘ 



ill' tlie bow.” II(' tin'll sails a distanci* 01) 
until the anj>;le at the bow p is twici' the an»;le 
7n. Prove that, the distance lo tlu* li^h(hous<‘ 
})L etiuals the distance saih'd Of). 

S2. Prove the i'ollowinj); converse of Kx. 4 
on page !)l: 


A 



Given: 

AD = AE 
DB = EC 

Prove: 

DE II BC 


S3. The following iliagram suggests the 
proof that haiclid (see page 72. So) gave for 
the theorem that the base angles of an isosceles 
triangle are etpial. Because of its appearance 
and the dilhculty that jnipils had with it, tlie 
figure was named the pons a.sinorutn whicli 
means “the bridge of fools”. 



Given: 

AB^ AC 

Prove: 

Z;r - Zy 


Cons.: Prolong AB and AC >o iIkiI 
BJ) ^ ('E\ tlu'u di'aw BE and Cl). 

Write out tlu* proof, ffinl: Pirst pnr.c 
Adt7> ^ AABE, and tlu'n pi‘o\'e ABCI) 
ABCE. 


Puclid used this long proof because la nu 
not. want to bis(‘ct the \-erW*.\ angle (a- 
ha.V(‘ doin') bi'fore In* pi‘o\-ed that it fan 1"* 
doin' with comjiass and straightedge. 
you will se<' in the ne.\1 chaptei’, thi> pi‘n"i 
d('p('nds indirectly on the theoi'cm abmit tlu- 
bas(‘ angh's ol an isosceh's triangle. 

li we us(*d tin' cons/ruclinn of an ani:l»' 
bis('cfoi‘ to pro\’e the projiosition alnHif an 
isosc('ies triangh', and lln*n used this [iropn'i- 
tion to |>ro\’('t he const laict ion, I h(*n we slioiil'i 
iinh'ed ha\(' a riroifnr argument. lIowc\('r. 
our proof does not di'pend on the actual 
const met ion of 1 lu' angle bisect or. but only on 
tlu' tael that tin' angh' bisector (xisfs. I In." 
is not really a- in'w assumption. In tlic 
division axiom we ha\'(' assumed that di\Ti"n 
is a d('t(‘rminate process 1(1) which rncaii' 
lliat half an angli' (or any magnitude' exi^f^ 

S4. Pro\(‘ tin' con\-(‘rse of S3 bv I'.iic!i3'‘ 

% 

met ho<l. 


Triangles with Three Sides Equal 

It is possible to pri^x'e that two triangle' 
are congruent if the\' agi’ee in thi’ci' side". 
If we prove one pair of angles e<iual. the 
triangles will he congruent by the theorem 
s.a.s. 'Phe theorem ain)Ut the base angle' 
of an isosceles triangle pi'o\'es two angle' 
equal from the e(]ualit\' of the sides alone. 
We therefore draw the two triangle' 
that tluw ha\’e one side in c<^mmon. Thi' 
will enable us to draw a line forming two 
isosceles triangles. 


02 



120. THEOREM. If three sides of one triangle are equal respectively to three 
sides of another triangle, the triangles are congruent. (This lluoroiii is often 
abbreviated as s.s.s.) 



Given: In A d/>(’ and d/>(" 

A(' = A('' 

B(' - 

[AB = AB) 

Prove: aAB(' ~ Ad/iG' 
('ons.: Draw CC\ 


PH'toF 


Statements 

1. AC = dC" 

2. Am ^ An 

3. BC - BC' 

4:, Ap = Aq 

5. AC = AC 

6. AdSC ^ /\ABC 


Heasinis 

1. (liven. 

2. liase A of an isos. A are =. 

3. Given. 

4. Same as 2. 
o. Add. Ax. 

0. s.a.s. 


Illustrative Example 



Given: 

CB = FD 
AD = BE 
AC ^EF 

Prove: 

Ax = Ay 


Statements 

1. AD = BE 

2. DB = DB 

3. AB = DE 

4. AC = EF 
CB = FD 

5. AABC ^ ADEF 

6. Am = An 

7. Ax ^ Ay 


Reasofis 

1. Given. 

2. Identity. 

3. Add. Ax. 

4. Given. 

5. s.s.s. 

6. Def. ^ A. 

7. Sups, of = A are =. 


Explain Statement o as follows; "If three 
sides” (point out sides .U', CR, and BA) "of 
one triangle” (trace AABC) "are ecpial 
respectively to three sides” (point out the 
sides EF, FI), and DE) "of another triangle” 
(trace ADEF), "then the triangles” (again 
trace AABC and ADEF) ‘‘are congruent.” 


EXERCISES 



A D 



Given: 

AB .= DC 
AC ^DB 

Prove: 

^.x = Zt/ 
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SUPERIOR WORK 


A X B 

* 



Given: 

AB = DC 
AD=^BC 

Prove: 

AB 11 DC 





Given: 

AB = DC 
AD=^BC 

Prove: 
x = y 


A 



Given: 

AB = BD 
C AC^CD 
Prove; 

AE = ED 




Given; 

AB = DC 
AD = BC 
Prove: 

X = y 



c 



Given: 

AC = CB 
AD = DB 

Prove: 

x^y 



c 



Given: 

AC = CB 
AD = DB 
Prove; 

Ax = ly 



A 



Given: 

DB - EC 
DC ^EB 


Prove: 

^ II y 


Hint: First 
prove A ABC 

isosceles. 


A Nonincluded Angle 

121. We have used four ways of prov- 
iii^ two triangles congruent when three 
parts of one are equal respectively to 
three parts of the other. These parts 
must l)e one of the following combinations: 

Three sides (s.s.s.) 

One side and two angles (a.s.a. or s.a.a.) 

Two sides and the included angle (s.a.s.) 

Notice that if two sides and one angle 
are used to prove triangles congruent, tlie 
angle must be the included angle. la 
general, it is not true that two triangles 
are congruent because they have t\\o 
sides and a nonincluded angle of one 
equal respectively to the corresponding 
parts of the other. Draw a line at 
random from the vertex of an isoscele^ 
triangle to any point in the base. The 
base angles B and C are equal. h\ • 
The two triangles ABD and ACD ha\e 
two sides and a nonincluded angle of one 
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A 



eciual respe(‘li\'(‘ly to the coi'i-espoiidin”; 
parts of the other, hut the trianj^les are 
not eongruent. 

Although the proposition about two 


sides and a iionincluded angle is not 
generally valid, it does hold in some 
special cases. (Jne impoi-lanl ,-i)(‘eial case 
is that in which the iionincluded angle is a 
right angle. In that case, wa- ha\{‘ two 
right triangles in which the hypotiaiuse 
anfl a leg of one are eipial respi'ct i\'eh' to 
the liypotenuse and a leg of th(‘ other. 
To prove these triangles congriuait, we 
place them so that the\' ha\(' the e(|ual 
legs ill common. W'e then prove that 
the whole figure is an isosceli's triangle. 


If the hypotenuse and a leg of one right triangle are equa 
to the hypotenuse and a leg of another right triangle, the triangles are 

( 1 his tlu'ori'in is often ai>l)re\iated as h.h, meaning “hypotenuse, leg”. 


122. THEOREM. 

respectively 
congruent. 


A 



Stalcfucnlis 

1. ^BCA + ZACir = a St. Z 

2. BCB' a st. line 

Complete this proof. 


(liven: Rt. AABC and AB'C 

AB = AB' 

(AC = AC) 

Prove: aABC ^ aAB'C 


ruooi' 

lieuisons 

1. Whv'.^ 

2. Whv? 


Illustrative Example 


PROOF 


A X B 

Given: 

Z5 and ZD 
rt. A 

AD = BC 

Prove: 

X = y 

Dye 



1. B and D rt. A 
AD = BC 

2. AC = AC 

3. AABC^ AACD 

4. X- = ^ 


IC'aHotiH 

1. Given. 

2. Identitv. 

3. h.l. 

4. Def. ^ A. 


Explain Statement 3 a.s follows: “If the 
hypotenuse” (point to AC) “and a leg” 
(point to CB) “of one right triangle” (trace 
A.4SC. pointing out the right angle B) “are 
equal respectively to the hypotenuse” (point 
to AC) "and a leg” (point to AD) “of another 


Com.: Draw AC. 



6 . 


imlit triangle" (trace A.l/X' witli file I'ighi 
aiiale at Dk "tlu'n the triangles” (_again trace 
and AADC) "are congruent.” 


EXERCISES 

L 





Given: 

AB = AC 
AD ±BC 

Prove: 
x = ty 



Given: 

AB = DF 
BC ■= FE 
BCIAD 
FEIAD 

P-Tove: 
x = y 


SUPERIOR WORK 




A . X B 



Given; 

AB = DC 
BE = ED 
AC ± BD 

Prove: 

II y 




Given: 

BC LAC 
BDLAD 
BC = BD 

Prove: 

^x = ly 


D c 



Given: 

AC LBD 
AD = BC 

Zm = Zn 
Prove: 

DE = EC 



A 



Given.: 

DC = CB 
AB = DE 
ZC = 00° 
Prove: 

ZxA- Ay = 90° 



c F 



Given: 

ZC and ZF 
rt. A 

AC = EF 
AD =JBE 
Prove: 

Zx = Zy 



c 



Given: 
ZC=90° 
CD = CE 
AE = BD 

Prove: 

Zx = Zy 



E 



Given: 

AB L AD 

ED LAD 
AF = CD 
BC = EF 

Prove: 

^ 11 y 


A 



Given: 

AB = AC 
BE ± AC 
CD lAB 

Prove: 

Zx = Zy 


9G 



SUMMARY 


123. By the method of induction we argue 
that a general proptisition is time from a num¬ 
ber of particular facts. We usually discox'er 
these facts by ('xptM'imenting. By iht' 
method ot (h'duction, weargiu’ that a proposi¬ 
tion is true because it is a sjx'cial cast' of a 
more general i')ro])osit ion lhal ha^ bt'tai 
previously accej)! ed. 

If W(' obtain a proposition \iy induction, 
we cannot be al)st)lutely sure of it. Much 
depends on the numlier t)f expt'rimt'uts and 
the skill and accuracy with which tliev wert* 
made. On the other hand, if we reason t)ut a 
proposition correctly by tleduction, we may be 
just as sure of it as we are of the proptisitions 
on which it tlejxmds. We often ust* both 
methotls of thinking in tlie same i)robh‘m. 

The chit'f ctincern in tiiis chapter was to find 
out whicl^ conditions would make two tri¬ 
angles congruent. W'e discoveretl by induc¬ 
tion that if two triangles agree in three 
consecutive parts, they are congruent. We 
assumed this proposition and then proveil 
the remaining propositions aliout congruent 
triangles. They may be summarizeil by 
saying that two triangles are congruent if 


they agree in: 

(1) Two angle.''and 

(a) the includf'd si(h' (a.s.a.) 

[h] a i‘oi-rt‘>ponding noninchided side 
t.'^.a.a.) 

(2) I'wo silk'.-' and 

(a ) the included angle ts.a.".) 

(h) a. nonincludt'd right angh‘ d' k) 

(3) d'hiXH' siiles (s.s.s.) 


d\vo triangles may not be I'ongnu'ut vxou 
though they agree in two sides and a non- 
incliuled angle, or even though they agree in 
tliree angles. 

To prove two line segments or angles eipial. 
we often pro\'e that they are eorresponding 
parts of congruent triangles. 

We also piawetl the proposition that tlie 
base angles of an isoseeles triangle are eipial. 
aiul its eom’erse. We use these to pro\’e two 
angles etpial when two line segments ai't* 
given eipud, and \'ice versa. 


124. The following chart shows how the 
Iheorcms in this chapter depend on one another. 
With the aid of this chart, answer the (p(eslions 
on page 9S. 


DEPENDENCE CHART 
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] lii(‘h propositions support tlio thoorom 


S 's 


2. How many propositions support directly 
or indirectly the theorem li.h? 

o. W Inch theorems would lull if the propo¬ 
sition a.s.a. were false? 

4. Is the theorem about the base angles of 
an isosceles triangle necessary, or sufhci<‘ni, 
or both, for the proof of the theorem s.s.s.? 

o. Which theorems would fall if the sum of 
the angles ot a triangle were not constant? 


RECOGNIZING NEW TERMS 

Can yon dfscnhc each word or term below? 
Jf not, (JO haeh to the seetion indicated. 

induction § 104 
deduction § 104 
congniont triangles A) § 111 




Given: 

= Zn 

Zp=Zq 

Prove: 

Zx=Zy 




Given: 

AB I DE 
BC\ FD 
AF = CE 
AE st.line 
Prove: 
x = y 



REVIEW EXERCISES 


D 



Given: 

FE II AC 
FE = AC 
DC = FB 
DJ3 sL line 
Prove: 

^ II y 


7. Pro\'e that if two altitudes of an acute 
triangle are equal, the figure has two 
isos(^eles triangles. 




A 


D 


Given: 

BE--CE 
Zm = Zn 
Prove: 

Zx = Zy 


2. Prove that the altitude to the base of an 
isosceles triangle bisects the base. 

3. Prove the following proposition: Equal 
line segments drawn from the vertex of 
an isosceles triangle to the base cut off on 
the base equal line segments from its 
ends. 




A 



Given: 

BF = FE 
CF^FD 

Prove: 
AB=AE 


E 



Given: 

AB = CD 
EC = BF 

Zm = Zn 
AD st. line 
Prove: 

x^y 


10. Prejudice means prejudging. A person 
is prejudiced toward or against something 
if he judges it before he knows all the 
facts about it. The opposite of prejudice 
is called suspended judgment. Which 
form of thinking, inductive or deductive, 
makes greater use of suspended judg¬ 
ment? Give your reasons. 
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Useful Corollaries 

The following proixjsilions are corol¬ 
laries that vou mav use \vlien(‘V(4' it is 

« «. 

(■on\'(‘nient. 1’h(‘ fir."! thi’e(' ha\’e Ikm'Ii 
pi'ON'ed injarninlhf. In lik(‘ nianiHM' provi* 
the remaining eoi‘ollari(‘s. 

125. Corollary. A triangle can have 
but one right angle or obtuse angle. 

Infonnal Proof (indirect). Assinning 
that a triangle could have two right 
angles or two obtuse angles, their sum 
would alone be 180° or inoi-(a d'his 
would contradict the tlK'orc'in that t h(‘ 
sum of th(' Ihrcc angles of a triangh' is 
ISOA 

126. Corollary. The acute angles of 
a right triangle are complementary. 

l/iformol Proof, Tli(‘ sum of th(‘ an¬ 
gles of a triangle is 1S0°, and a right 
triangle has one angle of 00°. There¬ 
fore, the sum of the two remaining 
angles is 90°. 

127. Corollary, If one angle of a 
right triangle is 45°, the triangle is 
isosceles. 

Informal Proof, Since the acute an¬ 
gles of a right triangle are complementary 
(§ 126) and one of them is 45°, then the 
other acute angle is 45°. Therefore, the 
triangle is isosceles because if two angles 
of a triangle are ecpial, the sides opposite 
are eipial. 

128. Corollary. The acute angles of 
an isosceles right triangle are each 45°. 

129. Corollary. Every triangle has 
at least two acute angles. 

130. Corollary. An equilateral tri¬ 
angle is also equiangular. 

131. Corollary. Each angle of an 
equilateral triangle is 60°. 

132. Corollary. An equiangular tri¬ 
angle is also equilateral. 

133. Corollary. If one angle of an 
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isosceles triangle is 60\ the triangle is 
equilateral, 

134. Corollary. If two adjacent an¬ 
gles have their noncommon sides 
in a straight line, the)' are supple¬ 
mentary. 

135. Corollary. If two adjacent an¬ 
gles are supplementary, their exterior 
sides form a straight line, 

136. Corollary. The sum of all the 
angles about a point in a plane equals 
two straight angles. 

137. Corollary. If the adjacent an¬ 
gles formed by two intersecting lines 
are equal, the lines are perpendicular 
to each other. 

138. Corollary. In an isosceles tri¬ 
angle, the bisector of the vertex angle, 
the altitude to the base, and the median 
to the base are one and the same line 


segment. 

Informal Proof, (u) If a line segment 
l)isects th(‘ \or\ox angle, it divides the 
figure into two congruent triangles b)' 
s.a.s. Tlierefoi-e, it bisects tlie l)ase and 
is a median. Since it makes ecjual angles 
with tlie base, it is an altitude by the 
Corollary ($ 187). 


A 



(b) It th(' liiu* s(‘gm(‘nt is an altitudi^ to 

the base. ( ompkne th(‘ argument. 

(r) If the line segment is a median to 
the base, .... Complete the argument. 

139. Corollary. In an equilateral 
triangle, the angle bisectors, the 

medians, and the altitudes are the 
same line segments. 

140. Corollary. All the angles of a 
rectangle are right angles. 



SUPERIOR WORK 


vSl. ■(}) Draw a quadrilateral. Find the 
sum of tile four angles by measuring the 
antrlos with a protractor, or by cutting out the 
four angles and placing them alongside one 
another so that their vertices fall on the same 
point. 

(/>) Now prove deductively that the sum 
obtained is correct. Divide the quadrilateral 
into triangles by drawing a diagonal, or by 

joining some point within the quadrilateral 
to all the four vertices. 

S2. Draw a pentagon (a 5-sided polygon), 
a he.xagon (6-sided), a heptagon (7-sided), and 
an octagon (8-sided). Find the sum of the 
angles in each polygon by one of the methods 
suggested in the preceding exercise. Use the 
St raight angle as a convenient unit for measur¬ 
ing. Copy the table below and enter the 
results of your experiments under the proper 
headings. (For the present, do not fill in the 
last two columns of your copy.) Do ml mark 
this book. 


The Sum of the Angles of a Polygon 


Number 
of Sides 

Name of 
Polygon 

Sum of Int. ^ 

Sum of Ext. ^ 

Degrees 

St. A 

Degiees 

St. A 

3 

Triangle 

180 

1 

/ ' 


4 

Quadrilateral 


_ f _ 

— 

_ 

5 

Pentagon 

— f — 


_ f _ 


6 

Hexagon 

— f — 

- ? - 

_ f _ 

_^_ 

7 

Heptagon 


- f - 

_ f _ 

_^_ 

8 

Octagon 

—?— 

;— f — 

_ f _ 


10 

Decagon 

—?— 

—?— 

_ f _ 

—f— 

12 

Dodecagon 

—?— 



—f— 

n 

n-gon 



—f— 



a decagon and a dodecagon. By induction 
generalize your results for an n~gon. Com¬ 
plete the following proposition: The sum of 
the exterior angles of a polygon equals — f —. 



S4. In the following problems try to 
discover some relationships that follow from 
the given facts. Although you have had 
enough theorems to prove these relationships, 
it is not necessary that you prove them all at 
this time. If, after some effort, you cannot 
discover or prove any of the relationships, put 
them down in your notes for continued study. 
Begin by drawing your figure as accurately as 
you can. 

(a) The bisectors of the angles of a 
parallelogram form with one another a 
quadrilateral. What can you find out about 
this quadrilateral? 


( 6 ) 

A 



Given: 

AB = AC 
BD = CE 
Prove: 

Something 
about pt. F 


From your experiment try to predict the 
sum of the angles of a decagon and a 
dodecagon. By the method of induction, 
find the sum of the angles of an n-gon. Com¬ 
plete the following proposition: The sum of 
the angles of a polygon equals — f —, 

S3. Draw a triangle and find the sum of the 
exterior angles x, ?/, and z by one of the 
methods you used in Si and S2. Enter this 
result in the last two columns of the table you 
made for S2, Repeat the experiment with 
polygons of four, five, six, seven, and eight 
sides and enter your results in your table. 
Now predict the sums of the exterior angles of 


(c) The bisector of an exterior angle of a 
triangle and the bisector of a nonadjacent 
interior angle form an angle with each other. 
How is this angle related to the other non¬ 
adjacent interior angle? 

{d) The figure shows a concave quadri¬ 
lateral. How are the angles Wj x, and z 
related? 






(r) The hisectoi's of two ext('rior anj^los 
of a trianjj;le are jM'olon^ed until 1 law meet 
and form an angle. How is this angle re¬ 
lated to the third exterior angl(‘ of the 
triangle? 

(j) A\hat relationship is there l)etween 
the hypotenuse and the leg of a right Iriaiigh* 
that form an angh^ of ()()°? 



A 



Given: 

DE II BC 

Zm = Zn 
Zp = Zq 

Prove: 

Something 
about pt. F 


(.//) What relationsliip is tluu'e between 
the hypotenuse' of a riglit triangle ami llu' 
median to it? 

S5. (a) Change yV to a decimal, carrying 
the long division to 15 places. Does the 
decimal repeat? 

(6) Reasoning hy induction, would you 



enougli? 


(c) Can you reason by de'duction that 
the decimal must repeat after a maximum 
number of places? 

S6. Theorem. If, from aii}^ point in a line 
pei'peaulicular to a plane, line segments are 
drawn ending in the plane at eciual distances 
Irom the foot of the perpendicular, then these 
line segments are equal. Prove this theorem 
(see page 27, S4). 


P 



S7. (a) Prove the converse of the theorem 
in S(>. 

(h) In the figure above, if OA = OB and 
PA = PB, does it follow that PO is perpen¬ 
dicular to plane m? Explain. 


RECOGNIZING TYPES OF THINKING 


141. Rc'peat each stalemcul below, com¬ 
pleting it by using one of ihe following words: 
uu/urhon, lufluetive. c/r/'/erZ/o//. nv 

1 . d'h(‘ conclusion ot ! I’casonina is 
more gi^neral than the prt)posii ions from 
which it is deri\'ed. 

2. Science makes greater use of —/ — 

thinking. 

3. A number ot tacts each stI'engthening 

the same conclusion is an (example of - — 

t hinking. 

4. A number of facts arranged in order, 

each leading to the next, and to a final con¬ 
clusion is an exam])le of thinking. 

5. proposition properly arrived at by 
—— can tmly be overthrown if wo discai'd 
the underlying propositions. 

li. .V proposition properly established by 
—— can be overthrown without disturbim’ 
the facts that lead to the proposition. 

7. .\ proptjsititm arrived at by —— is not 
certain but only probable. 

8 . The —^— method depends on the ac¬ 
curacy of the experiments. 

9. Idle twopoint postulate depends on 
—— t hinking. 

10 . The i)arallel po.dulate de])ends (jn 
—— thinking. 

11 . “John, Henry, and Mary did it. Wdiy 
can’t 1?" This is an example of —— think¬ 
ing. 

12. “Of course, you may think as you do. 
This is a free country.” This is an example 
of —thinking. 

13. — proof is generally long. 

14. An advantage of proof is that 

the facts appear in a more organized form. 

15. thinking makes pixssible a m(ji’e 
onlerly arrangement of knowledge. 

10 . The p(jstulate of knowledge, that 
nothing happ(‘ns without a cause, is the basis 
of —— proof. 

17. W hen the cause for a certain (jccurrence 
becomes known, then the thinking becomes 


18. The underlying assumptions used in 
—?— proof depend on —— thinking. 

19. Aristotle, an ancient Greek philosopher, 
reasoned that heavy objects fall to the grcjund 
faster than light objects. 4 his is an example 

^ thinking. 


ot 
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-'I ‘ Ktliloo. an Italian scientist, studied the 
vp. I d lit hdlinji bodies by dropping them ir(,»ni 
lie:' Leaning Tower of Pisa. This is an 
• xriT'npIe of —tliinking. 

“1 bi tliinking the coiielusion is 


'■oniaiiiod in the pri ijinsil ions Ironi which it is 
d'‘!i\-t‘,l, 

22. A ba''(‘ball team leads the league bv 10 
i:ame'< with 12 games left to play. 'rh<‘ 
roiiclusiun 1 hat thr 1 eant will win t lie pennant 
mav be likencil to / thinkin*'' 

23. It ilu' same t(aun wins 3 more games, 
the conrln>i,)n ma>' be likened to -—/— 
tliinking. 

24. When a court applies a law to an 
indi\ idual case, it is an example of /— 
t tiinking. 

2.'). The reasoning that led us to adopt the 
Pill ot Ivight> in our C'onslitiition is an exam¬ 
ple I it /— t liinking. 


TEST 




Given: 

AE = EC 
BE = ED 
Prove: 

Zx = Zy 


2 . l^rovp tin* following proposition: Tf an 
alt it tide ot a triangle is also an angle 
bisector, the triangle is isosceles. 



A 



Given: 

AB = AC 

Zm = Zn 
Prove: 

Zx = Zy 


4. Prove the following proposition: Cor¬ 
responding altitudes of two congruent 
triangles are equal. 




Given: 

AE = ET) 

Zm = In 
Prove: 
x = y 



Given: 

AC = BD 
ABIBC 
DCIBC 
Prove: 

Zx = Zy 





Given: 

AB = AC 
BD^DC 
Prove: 

Zx = Zy 


A 



Given: 

In A ABC 

Zm = Zn 
ZC = 90° 
Prove: 

AD = DB 


Help: Prove AACD and BCD isosceles. 


9, A BCD is a parallelogram. In proving 
FE = AY/, a stuflent proved the follow¬ 



ing triangles congruent: 

(1) AABE ^ ACDE 

(2) AABD^ A BCD 

(3) ABEF ^ ADEH 

Arrange the statements in their logical 
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ordor. (livo tho reason lor (‘adi --tale- 
ment. 

10. In the figure, the ai'iiudrs to the legs of 



I lie iso^eeh's 1 riniigle .MU' inl»‘rs(Mi at 
//. To pru\(' that a hue froiii A through 
H is also an allirude, a .'indent proved 
the following main stattanenis; 

(1 ) -- /\fu-f-: 

(2) /T.l/>7/ ^ zl.W7/ 

(d ) i_. /^//1 ’ iM isrelo' 

(t) i^Aur ~ ^Acr 

Arraiigt' th(‘ ,'.t at emeni ^ ai ihrir logical 
<irder. (ii\'e ll)(‘ rea>on litr each >iale- 


intait. 


103 




The Problem 





CONSTRUCTIONS 


What Is a Problem? 

142. ^ (Ht surely had a problem in 
V'‘Ui' nwii hir :ii[d \'()U lia\‘(‘ had to (i“'uro 
''Ut ili(‘ 'nhitmit. AFn^l pi’ollUans arise 
w \\(‘ Want 1(1 do .-(Uiiel hiii^' iait df) not 
lui'iw h"\\'. i h(‘r(* are sptaaal kinds of 
proMcms in which eertain facts are f^iven 
ami fiihcr facts must ho found; prohlems 
in ai'ithnictic and in algei^ia are usually 
('t this kind, 'riicn, in other problems, 
wc lire !j;i\'cn all tlit* facts and the con- 
clu'ifiu. hut we nc'ed to find the ixaisoniuir 
that leads to the conclusion. Most of our 
prohleiiis in iroonielI'y thus far have been 

of ! hi- t y^jc. 

Locus 

143. l-'or some problems in ^eoinetiy 
we need to const met certain figures. 
Such problems are constiTiction prob¬ 
lems. In a construction proldem we 
must lorfdr points in a certain position. 
For example, we may wish to locate 
pfjints that art' two miles from scIjooI, oi’ 
I)oints that ai'c one i)lock fj’oin Alain 
St re(4. Fsiially, w(.‘ fiml that sucli points 
ar'e located on a certain figure, and we 
call tliis figure a locus. F{K'Us is a i^atin 
woitI foi' plorf' or lorolion.. 

144. Definition. The locus of points 
is a figure that contains all the points 
that satisfy a certain condition and no 
others. 


The plural of locus is loci. 

For example, the equator is the locus, 
or location, of the points on the surface 
of tlie earth that are equidistant from the 
North and South poles. This statement 
has two separate meanings, which are 
given below: 

(1) All the points on the earth that 
are eejuidistant from the poles are on the 
equator. 

(2) Conversely, all the points on the 
ecpiator ai’c eejuidistant from the poles. 

The Circle as a Locus 

145. Definitions. A circle is a closed 
plane curve of which every point is the 
same distance, called the radius (plural, 
radii), from a point within, called the 
center. 

A part of a circle is called an arc. 

Concentric circles are circles that 
have the same center. 

From the definitions of a locus and a 
circle, the following corollary can easily 
be proved. 

146. Corollary. A circle is the locus 
of points in a plane that are a given 
distance from a given point. 

In the figure, 0 is the center of the 
circle and OP is the radius. Every point 
on the circle is a given distance OP from 
the given point 0, and the circle contains 
all such points. In other words, the 
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circle the locus of the points tliat arc a 
given distance OP from point (). 


(d) Is 1 j>ck S; I'ct'M lie 1( M'us ()1 a point oiu' 
l)lo('l; from Main Si rori ? 


7th Ave. 


An arc is denoted as AB. The wljole 
circle is denoted as QO and sometimes 

as qABPA. 

Locus as the Path of a Moving Point 

A locus of points has ht'en tleserihed as a 
figure made up of all the points in a 
certain position. This means that the 
figure is completed and that the points 
are stationary. Such an idea of locus is 
stationary or sidtic, 

A locus may also l)e thought of as a 
figure that is being formed hy a moving 
point. The idea of a locus as the path of a 
point tliat moves according to some rule 
is dynamic. 

147. Definition. The (dynamic) lo¬ 
cus of a point is the path of a point 
that moves while obeying some law. 

Thus we may think of a circle as the 
path of a point that moves so that it is 
ahva^’S the same distance from the center. 
When we draw a circle, we use this idea of 
dynamic locus. 

148. Definition. Equal circles are 
circles that have equal radii. 


EXERCISES 

1. What is the locus of a point on the sur¬ 
face of the water two miles from a 
life buoy? 

2. Is an arc of a circle the locus of a point 
that is a fixed distance from its center? 
Why? 

3. Answer the following questions by re¬ 
ferring to the street map at the top of 
the next column: 


6th Ave. rr 

— cn 

6th Ave. r 


4th Ave. 




{(>) W hat is llu' lotais nl' a piunl oiu’ block 
from 1 he intt'rst'ct ion itf Main Street 
and Fifth Axemie’^ 

(r) ^\ hat is the locus of a point tliat is 
just as far from the conu'r of Sixth 
A\ eniu' and Main St riH'l as it is from 
tlu' corner of Fourtii Ax’emu' and 
Main St rt‘e1 ? 

(d) \\ liat is tlu' locus of a point that is 
the same distance from Lock Slret*t 
as it is from Front StretM? 

(c) A police car j)a1rt)ls so that it is mid¬ 
way l)e1we('n Main and High streets. 
^\ hat is tlu* locus ol tlu* ])atrt)l car? 

(/) It is proposed to cut a new street of 
which every point would be the saint* 
distance from Seventli Avenue as it is 
from High Street. What would be 
the location (locus) of this street? 


Constructions Based On Postulates 

149. In the experiments in Chapter 4, 
we made certain drawings. We were not 
limited as to the kind of tools we could 
use in these drawings. We used a 
measuring scale, a compass, a protractor, 
a cardboard triangle, scissors, paper fold¬ 
ing, and so on. In making the construc¬ 
tions of this chapter, however, we shall 
use only two tools: the straightedge (not 
a graduated ruler) and compass. The 
reason for this is that we wisl) to base our 
constructions on two postulates: 
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(1) A straight line eaii he drawn 
ilii'ough two given points. 

(2) A eirele ean l)e tlrawn if its 
('enter and radius are given. 

In the two-point postulate we assumed 
that one and only one straight line (*an he 
drawn through two given points. All 
that we are now assuming is that we have 
the tool to (Iraw such a straight line. 
This tool, of (‘ourse, is the straightedge. 

The second postulate means that, given 
the center and the radius of a circle, we 
have tlie instrument for drawing the 


circle. This instrument is a compas.s. 
The compass enables us to locate all the 
points a given distance from a given point. 

\\ hen we speak of geoynetric comiruc- 
tion, we mean a figure that is made only 
with a straightedge and compass, and 
when we are to make such a construction, 
we refer to it as a problem. Notice in 
these construction problems tliat what 
we are asked to do is \\-ritten beside the 
word Required, which is often shortened 
to Req. The word Coyisiruction is often 
shortened to Cons. 



150. PROBLEM. Locate a point that is equidistant from two given points. 



Oiven: Pts. A and /i. 

Req.: To locate a pt. equidistant 
from A and B 


Solution 

1. ith A and B as centers, and the same radius, draw two arcs intersecting each other 

at P and P'. ^ 

2. Then P, as well as P', is equidistant from A and B. 


Because we can draw an indefinite num¬ 
ber of pairs of equal circles witli A and B 
as centers, we have an indefinite number 
of points as the solution of this problem. 
We wish to find the locus of these points. 
If we construct a number of tliese points, 
as shown in the figure below, wc may dis¬ 



cover the answer to our problem by in¬ 
duction. We may guess that the locus is 
a straight line. 

W'hat can we find out by the deductive 
method about a straight line that con¬ 


nects two points of this locus, t.e., two 
points each equidistant from A and 5? 

Let C and D be two points each 
equidistant from A and B. Then 
AACD ^ ABCD (s.s.s.) and /.m = 



The bisector of the \'ertex angle of an 
isosceles triangle is the same as the 
median and the altitude to the base 
(§ 138). Consequently, CD is the per¬ 
pendicular bisector of AB. 
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We arrive at the following important theorem. 


151. TWO-POINT THEOREM. Two points each equidistant from the ends of a 
line segment determine the perpendicular bisector of the line segment. 



Cliven; .!(’ -- ('B 

Al) - I)B 

Prove: Cl) [\\v ± hiseetor (»f J/> 



Write out the proof. 

Help: By pro\ing A('l) ~ BCD, show 
lat Z(’ ijs bisected. Then use Corollarv 


§ 13s to pro\'e that ('D contains the 
median and the altitude of the isosceles 
I riangle AB( \ 


152. Corollary. Any point that is equi¬ 
distant from the ends of a line segment 
is on the perpendicular bisector of the 
line segment. 

This corollarv tells us that all the points 
eciuidistant from the ends of a line seg¬ 


ment are located on the perpendicular 

l>is(*(‘tor of the line segment. Before we 

can say that the perpendicular bise(*tor 

is tlie locus of such ])oints, we must 

prove the following con\'erse of this 

corollarw 

« 


153. CONVERSE THEOREM. If a point is on the perpendicular bisector of a 
line segment, then it is equidistant from the ends of the line segment. 

Draw a figure and write out the proof. 

154. LOCUS THEOREM. The locus of a point equidistant from two given 


points IS the perpendicular bisector of 
points. 

Note that this locus theorem contains 


Bisection of a Line Segment 

The two-point theorem can be used 
directly to l)isect a given line segment. 

In a construction problem, we first 
draw the given figure and state that it is 
given. If no figure is given, we merely 
write, ‘'Given:—Then we state what 

is required. 

We next make the construction and 


the line segment connecting the two given 

the Corollary § 152 and its Converse § 153. 


describe it, making sure to use only the 
two postulates of construction (§ 149) or 
constructions that have been proved be¬ 
fore. It is a good plan to make dotted 
all the straight lines that were not given. 
We then write the conclusion which 
should agree with what was required. 
Finally, we prove that our conclusion is 
correct. 
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155. PROBLEM. 


Bisect a given line segment. 



Gi\’en: Line segment AB 
Req.: To bisect AB 


Condruvlioh 

1. Locate two points C and Z), each equidistant from .1 and B. 

2. Draw CD cutting AB in P. 

Conclusion: AP = PB, 


PROor 


Statements 

1. C equidistant from A and B 
D equidistant from A and B 

2. LD tlie _L l)iscctor of i-l/i or,/IP = PB 


Reasons 

1. Cons. 

2. Two-Point Theorem (§ 1-51). 


The point D need not be the sam( 
distance from A and B as the point C 
However, it is ciuicker to locate C and L 
with the same setting of the compass. 

If the construction method has beer 
pi'eviously used, it is not necessary tc 
describe it in detail again. Thus, in th€ 
construction al)ove, it is merely statec 


tliat we locate C and D eejuidistant from 
A and B. The method for locating such 
points was described in § 150. 


Although at times it is permissible to 
omit the description of the construction 
or the proof, always include in your 
construction three statements telling wliat 
is given, what is required, and the con¬ 
clusion. Never erase the construction 
lines. On the contrary, make them easy 
to see. Tliese lines are the evidence tliat 
you have solved the problem geometri¬ 
cally: that is, bv the use of the two 
postulates of construction alone. 


EXERCISES 

1. Divide a given line segment into four 
equal parts. 

2. Construct the three perpendicular bi¬ 
sectors of the sides of a given acute tri¬ 
angle. Make them long enough to meet. 

3. Construct the three perpendicular bi¬ 
sectors of the sides of a given obtuse 
triangle. Make them long enough to 
meet. 

4. Construct the three medians of a given 
triangle. 


5. Construct a cpiadrilateral whose vertices 
are the midpoints of the sides of a given 
quadrilateral. 

6 . Which oi tlie following five statements 
have the same meaning? 

(a) Any point on the perpendicular bisec¬ 
tor of a line segment is eejuidistant 
from the ends of the line segment. 

(b) Any point equidistant from the ends 
of a line segment is on the perpendic¬ 
ular bisector of tlie line segment. 

(c) If an altitude of a triangle is also a 
median, the triangle is isosceles. 
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{(I) The por])oii(li(‘ular his(*(‘tor f»f t 
l'as(‘ ot an i>osc(‘lcs Iriaii^lc i);i-s<*s 
through (lie \ art('x of ihc t nankin. 

{('} If llu' iXTiX'n.licular hisoclur of a 

of a IriaiiMio pass(‘s llirou^li llu* 
opposite' vortex, the trianj>ie is isos- 
eeh's. 

7. Prove the followino- propositions: 

(a) If two is(isceles triangles have a 
common i)ase, then tlie line drawn 
through the vertices of the triangles 
is the perpendicular bisector of the 
common base. 

{b) The diagonals of an eeiuilateral 
(luadrilateral bisect, each otlua- at 
rigiiT angles. 

8. (n) Pr(jv(* that the point where two 

perpendicular bisectors of tin* sitles 
of a triangle meet is etiuidistant from 
tlie thre(' vertices of the triatigle. 

(/>) Construct a circle that passes tltrough 
the thi'f'e \'ertices of a gn'en tiaangle. 


Construction of a Perpendicular 

(ri\'eii a lni(‘ .1/) and a ])oint P, we 
wish to ('onstiaiet a ptapeiidiiadar to AB 
that will pass through B. 

• r 


\ 


A 


c 


D/ 


B 


156. PROBLEM, 
point. 


The perpendicular to AB through P 

will he the perpendicular hisc'ctor of 

many line segments on AB. The first 

step, therefore, is to locate a line segment 

('!) on the line AB whose ends are ecjui- 

distant from P. This (*an he done hv 

% 

simply drawing an arc with C as its 
center, cut tins AB in (' and I). We then 
construct the perpendicular l)isector of 
CD. Since P is already ('([iiidistant 
from C and D, we need locate onlv one 

ft 

more point equidistant from C and I). 

Construct a perpendicular to a given line through a given 


P\ 




d/b 




Given: Line AB and pt. P 
Req.: To (-ons. PE j_ AB 
T. he const ructi(m is th(* sanu* when P is 
on AB or when it is outside of AB. 


Coristnicfiori 

1. ith P as a center and a radius large enough, draw an arc cutting 

2. Locate E equidistant from C and D. 

3. Draw PE. 

Corichision: PE ± AB. 

PROOF 


AB in C and D. 


Statements 

L P equidistant from C and D 

2. E equidistant from C and D 

3. PE the perpendicular bisector of CD 
or PE ± AB 


Reasons 

1. Cons. 1. 

2. Cons. 2. 

3. Two-Point Theorem {§ I.')!) 


Aote: Sometimes it may be necessary to prolong the given line. 
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EXERCISES 

1- the three altitudes of a given 

acute triangle. 

2. t'oTisfrurt the thrf'o altiludes of a. gi\'eii 
ohtus(‘ 1 1 'iangUa Pi’dloiig tlu‘ alt il tides 

until they 

« 

3. C'onstruct the complenuait of a given 
angle. 

4. C’onstruct a quadrilateral, making three 
of the angles 90° eaeii. 

5. From the midpoints of two sides of a 
given triangle, construet perpendieulars 
upon the third side. 

6. C'onstruet an isosc(‘les right triangle, 
having given one leg. 

7. C'onstruet a scalene right triangle and 
then constI'lict a circle passing through 
its tliree vertices. 

8. You are gi^-en an angle and a point any- 
w'iiere in the same plane. With the 
given point as the ^•ertex, construct 
another angle wliose sides are perpen¬ 
dicular to the sides of the given angle. 

SUPERIOR WORK 

51. C'onstriK't a right triangle, having 
given one leg and the hypotenusca 

52. From two ^■ertices of a given triangle, 
construct perijcndiculars upon the median 
from the third \'C’r1 cw. 

53. Construct a ti'iangle wlioso sides are 
perpendicular to tlu* sides of a given triangle. 


S4. Construct a cpiadrilateral in which two 
opposite angles are right angles. Then 
(‘onstruot the perpendicular bisectors of the 
four sides and prolong them to meet. 

S3. 'I'iirough a gi\ ('ii point iiol on a given 
liiH', construct a parallel to the given line. 
Help: First construct a transversal through 
the given point perpendicular to the given 

lino. 


Bisection of an Angle 


157. A device that is often useful in 
(li.seovering the method for solving a 
problem is to assuync that the problem 
has been solved and to examine or 
analyze the completed solution. This 
way of attacking a problem is called 
analysis. W'e take the solution apart so 
that we mav studv it further in detail 
From the completed problem, we think 
back step by step and discover the 
method of solution. We then put the 
parts together again in theii‘ usual and 
logical order. Tlie process of putting the 
solution together is called synthesis or n 
synthetic solution. 

In the following problem, the use of 


analysis and synthesis is illustrated. 


158. PROBLEM. Bisect a given angle. 

Analysis. Assume that AD bisects the 
given angle A. Since we know a numl)er 
of facts al)out an isosceles triangle, we 
draw tlic isosceles triangle AB(\ with 
the given angle A as the vertex angle. 
From our Corollary § 138, we know that 
the bisector of the vertex angle and the 
altitude to the base are the same. The 
problem of constructing AZ), therefore, 
is the same as the problem of constructing 
an altitude of a triangle—a problem that 


we liave already solved. We shall there¬ 
fore construet an i.soseoles triangle with 

A 



the sides of tlie angle A as the legs, and 
then construet the altitude to the base. 



.4 


Synihetir Soluiion 



(liven: Z.l 

Ro(|.: To l)ise(‘t Z .1 


1. With A as a center, (li*a\v 

2. Draw BC. 

3. Cons, altitude AD. 
Couchision: Zx ^ Zy. 


an are eutting (he sides in B and C. 


r!UH)F 


Statements 

1. AT? - AC 

2. AD the alt. 
AABC 

3. Zx = Zy 


to the base of tlic isos 


Rea.sons 

1. Cons. 1. 

2. C’ons. 3. 


3. In an isos. A, the alt. to the l>ase 
bisects the vertex Z (§ 13S). 

The line BC is d rawn only when we want to prove the construction. (])therwise it 
should be omitted, as it is not needed to locate the point P. 


EXERCISES 

1. Bisect the three angles of a given triangle 
and make the bisectors long enough to 
meet. 

2. Bisect the four angles of a given quadri¬ 
lateral and make the bisectors long 
enough to meet. 

3. Divide a given angle into four equal parts. 

4. Bisect each of two given adjacent supple¬ 
mentary angles. 

5. Construct an angle of 45°. 

6. Bisect two exterior angles of a given 
triangle and also the nonadjacent interior 
angle. Make the bisectors long enough 
to meet. 


Analysis. Assume that CP||A/?. Draw 
isosceles ACEF. How are the angles x 
and y related to each other? Tsing the 
method suggested by this analysis, give the 
synthetic solution of the pi ol)lem and prove it. 



Copying a Triangle 


SUPERIOR WORK 


Si. Through a given point C construct a 
parallel to a given line AB. 



To construct a triangle that is con¬ 
gruent to a given triangle, we copy the 
three sides as shown in the figure for § 159. 



159. 



PROBLEM. 


Copy a given triangle. 



(liven: AABC 

Req.: To eons, a aA'B'C' ^ aABC 


C'onsfnutinn 

1. Cons..-LR' ^ AB. 

2. W ith A' as eentcn- and AC as a radius, 
d. ^\ ith B' as center and BC as a radius, 
4. Draw AA'' and B'(^\ 

('onrlusinti: aA'B'C' ^ A-IRC. 


draw an are. 
draw another are 


eutting the first are in C, 


Slnfcmc/iffi 


PROOF 

Reasons 


1. Air = AB 

2. AT = AC 

3. B'r = BC 


1. Cons. 1. 

2. Cons. 2. 

3. Cons. 3. 



A.17TC' ^ A.4RC 


4. s.s.s. 


Copying an Angle 


160. PROBLEM. Given one of its sides, construct an angle equal to a given 
angle. 


Analijsis. (liven ZA and a rav .47). 
we wish to eonstruet an angle .4' e(iual to 
ZA with ray .4 7) as one side. 

^^'e have seen that in order to prove 
two angles e(iual, we often had to prove 
two triangles ('ontaining these angles 
eongruent. This is the case here. In 
order to copy ZA, we copy the whole 


triangle ABC, In practice it is easier to 



make AB = 7C, so that we can use the 
same setting of the compass. 


Sij/ithrfir Solution 




Given: ZA and ray A'D 
Req.: To cons. ZDA'C' ^ ZA 
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Constriicliou 

1. Cons. isos. aABC. 

2. Cons. aA'B'C' ^ aABC. 

Conclusion: Zx = Zy, 


l^UnoF 


Slatcmenls 

1. aABC ^ A.17CC' 

2. Z.r = Zy 


l\('(IS(f/fS 

1. C'ons. 2. 

2. I)cf. ~ 


The lines B(’ and B'C' need be drawn only wlien reciuired to pro\e the eonstruetion. 



Constructing a Parallel 


161. PROBLEM. 


Through a given point construct a parallel to a given line. 



(liven: AB and pt. C 

lieq,: To cons. C’P / AB 


Construction 

1. Through C, draw any trans. DE. 

2. Cons. ZDCP - ZDEB, 
Conclusio}i: CP I AB. 


Statements 

1. ZDCP = ZDEB 

2. CP II AB 


PROOF 


Reasons 

1. Cons. 2. 

2. Corr. A are =, 



EXERCISES 

1. Given the sides, construct a triangle. 

2. Construct an equilateral triangle, given 
one side. 

3. Construct an angle of 60°. Use as few 
construction lines as possible. 

4. Construct an angle of 30°. 

5. Construct a triangle, given two of its 
sides and the included angle. 

6. Construct a triangle, given two of its 
angles anti the included side. 

7. Construct an angle equal to the sum of 
two given angles. 



Construct 
angles and 


a triangle, given two of its 
a nonincluded side. 


9. Construct a line that bisects one side of a 

given triangle and is parallel to another 
side. 


10 . 

11 . 


Construct a parallelogram. 


Through a given point 
given triangle, construct 
other two sides. 


on on(» side of a 
parallels to the 


12- Construct two parallel lines, and bisect a 

pair of interior angles on the same side of a 

transversal. Make the bisectors long 
enough to meet. 
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SUPERIOR WORK 

Si. I "11-1 niri an oqiiilatcral ([Uadrilatcral. 
J .' ii I 'III' -iiIr and one dia^’itnal. 

1 "ii-tnua a liuadiilaloral in wliich two 
ani:}«'- are supphaniMitary. 

S3. C "n-iruct a iriaimlc. y;i\-on 1 wo of ils 


1 u • 


and a IIImini'linU’d oliinst^ an”;l('. 

S4. 'iii-t lUfl a dO^-dO'^ trian;^l<‘, 

‘.:i\ (‘11 1 lu‘ hvp()t(‘nu>r. 


A Point Equidistant from the Sides of 
an Angle 

162. Definition. The distance from 

a point to a line is the length of the 

perpendicular from the point to the 
line. 

It can l)c proved (liat the perpendicular 
is the shortest tlistaiiee from a point to a 
line (§ 3S7). 


163. THEOREM. If a point is equidistant from the sides of an angle, then the 
line through that point and the vertex of the angle bisects the angle. 



\\'rite out the proof. 


(oven: P ctiuidistant from OA and OB 
(that is, ±PA = ±PB) 

Pro\ e: Zx Zij 


164. Corollary. If a point is equi¬ 
distant from the sides of an angle, it is on 
the bisector of the angle. 

This corollary suggests that tlie l)i- 


.sector of an angle may be the locus of a 
point etjuiclistant from the sides. To 
prove this is true, we must first prove the 
converse of the corollary. 


165, CONVERSE THEOREM. If a point is on the bisector of an angle, it is 
equidistant from the sides of the angle. 

Draw a figure and write out the proof. 


To summarize Corollary 1()4 and its Converse 165, we have the following locus 
theoiern. 


166. LOCUS THEOREM, The locus of a point equidistant from the sides of an 
angle is the bisector of the angle. 


EXERCISES 

1. Provp that the point wIkto the bisectors 
of two an^h's of a Iriangh* meet is e(|iii- 
di.stant from tlie sides of tlu* third angle. 

2. Pro\f that tlie his(‘(*lors of tlie tliree 
angles of a triangle meet in a point. 


3. Construct the location of a point that is 
e(|uidistant from three sides of a given 
quadrilateral. 

4, Prove that if the bisectors of three angles 
of a (luadrilateral meet in a point, then 
that point is c(|uidistaiit from the four 
sides of the quadrilateral. 
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5, (‘oli^tnicl the locil- (»t ;i |i(iii[i 

t'i'oin tlic i'uy (.'!) an l Iroiii (Ik- -iraij^lil 
.1 Ik 



n 


CONSTR UC I ion fMtOBLtMS 

1. (’on>l I'lict an aii^lc ol' 

2. (nici ;tii aiijila ol 22 *,'^. 

3 . ( on.-(! ucl liall t Ik* coin plan K ‘111 ol a 

ali^la. 

4. (oiisti ud a t I'iaiijilo, one ."idc, 

inakinti lla* aniilc opposilc tlii> >iilc 
and aiiol her atijih* 

5. ( onsi ruct a hexafion (a l)->ided poK ^oii^ 
Miakinji ti\'e ol' the angles 12(1'^ ouch. 

6. From a point within a i ri- 

anulc. ron>triiet pcipcndicnlars to the 
t hn*n sidi's of the t riangle. 

7. Irom a j*i\(*n point not on a ^ivi-n line. 
(■()nstnict a line niakiny; a <ii\cn anulc 
with t h(‘ i:i\'en line. 

8. l)i\ide a y;iven (Hiudrilateral into four 
right irianglo. 


SUPERIOR WORK 


SI. I)ra\v a line thnmgh (' in a direction 
pei'peinlicular to AH without prolotii^inji AH. 


C 


S2. l^e.-^enlic and pi 
shown. 


i \ '» 


! li^‘ rvi(‘lion 


I 


I • 


Ci\'eu: 


Pt. P Hot on AB 


i ■■ 


1 


H 




I 

'/ 


r 




Fo coil-. 


Pc 1 AB 


S3. l)esei'ih(‘ and p)'o\i* the eon^l riici ion 
liown. (All the arcs wci'e drawn \\iih i 
ani(‘ radius .) 


C 


X 


I 


B 


Given; 

Pt. B on AB 

Picq.: 

To r()i\<, BC ± AB 

witliout 

prolonging AB 


S4. 1 )e^eril»e and pro\ e t Ik 
const riK.t ion: 


following 



y 


0 


B 


Given: 

AB and 

pt. c 

Req.: 

To eon.‘=. 

CP II AB 


A 


B 


S5. Construct a triaiigh*. ha\ing iii\'en two 
."ide,-. ami the angle* o])posite the* shortei' (jf 
these* sides. Js the triangle* d(*termined? 


CLASSIFICATION 


Sorting Things 

167. We can learn facts more easilv 

and nunemiter th(*m longer if we arrange 

tltein in an ordt'ilv \\a\'. W hen wt* do 

• « 

this wo fhissijij or make a ilns.sijinillun. 
1 lie ineehanie, the >Ioreket*i)er, the otiiee 
Worker, the housewife, or aiixoiie who 


wants goejd organization elassities hi.s 
materials. To classify means to sent into 
groups a riumher of ohjeets that liave 
something in eommon. 

()t)j(*ets Usually have more than one* 
thing in eommon. d'herefore, thev can 
Ik- classitied in more than one wav. 



• i 


lio 



will have a (UiVerent purpose. For 
t xaiuple, inerelmndise mav he classified 
:i'rordiiiii to its use, such as kitchenware 
or sporting jjoods: or accordino; to the 
material of which it is made, sucii as 
aluminum or silverware; or according to 
pric(>, such as five-cent articles aiu! ten- 
cent articles. 

In geometry, triangles are classified 
according to their sides as scalene, 
isosceles, or equilateral triangles; or 
according to their angles as acute, obtuse, 

or right triangles. Theorems mav be 

% 

classifiod accordiiijr to the figures with 
which they deal, such as triangles, 
quadrilaterals, or parallelograms; or ac¬ 
cording to the methods used to prove 
them, such as congruent triangles, parallel 
lines, or indirect proof. 

In the solution of problems it is some¬ 
times lielpful to classify theorems ac¬ 


cording to their conclusions. This type 

of classification will be discussed later 

(§ 200 ). 

In the following paragraphs we shall 
classify polygons according to some spe¬ 
cial properties. By classifying what we 
already know about these figures, we 
shall discover what new theorems we 
need and can prove. 

The Angles of a Polygon 

Keep in mind that we know something 
about the angles of a triangle, and that a 
triangle is a special kind of polygon. 

We begin with the exterior angles of a 
polygon. We shall show that it is 
possible to fit these exterior angles into 
the space about a single point in the 
plane. In this way we can see that their 
sum is two straight angles—no matter 
how many sides the pol 5 ^gon has. 


168 . THEOREM. The sum of the exterior angles of a polygon is two straight 
angles. 



Given: Polygon ABCD ■ • ■ with ext, ^ 

Vy * • * 

Prove: Zx + Z?/ + ^2 + ■ • ■ = 2st. 
Cons.: Through any point 0, draw 
rays || to the sides of the polygon. 


Stateinenis 

1. Zx' = Zx", Zx" = Zx 

2. Zx' = Zx 

In the same way, 

Z?/' = Zi/, Z2' = Z2, ■ . . 

3. Zx' + Zi/' + Z 2 ' + ■ • • = 2 A 

4. Zx-|-Z?/q-Z 2 -|-**' = 2 st, A 


PROOF 

Reasons 

1. Ils, coiT, A are =. 

2. Subs. Ax. 

3. Sum of all the A about a pt. =2 st. ^ 
(§ 136). 

4. Subs. Ax. 
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EXERCISES 


1 . (a) What is the relationship between an 

exterior angle of a polygon and the 
adjacent interior angle? 

{b) If the interior angles of a ixdygon are 
eciual, what can you say about the 
ext erior ang 1 es? WI ly ? 

2. (a) How many degrees are in (‘uch 

exterior angle of an equiangular 
quadrilateral? e(|uiangular pentagon 
(o sides)? equiangular hexagon ((i 
sides)? e(iuiangularoctagon (8 sides)? 
(Hpuangular t riangh*? 

(/>) How many degrees are in eacli in¬ 
terior angle of the figures named in 
(a)? 

3. (a) How many sides does a polygon hav(‘ 

if each exterior angle is 2U°? 40""'^ 

36 ^? 

{b) How man}^ sides does a polygon have 
if each interior angle is 150°? 170°*^ 

156°? 


{a) Is it possibl(‘ 1(1 draw a poh'gon ill 

which cacii extcfioi aiigh' 

80°? 

{b) Is it possible' to di'aw a. jioh'gon in 
whi<-h ('aril inle'rior atiglr is 1(12°'^ 

130°? I70°? 

(d) What is llu' sum ot all ilia iiil ('in ir 
am/ tlu' exlf'i'ior angh's oi an octagon? 
decagon (10 sides)'.' dodecagon (12 
sides)’.' /?-gon (a polygon of // side's)? 

(b) What is the sum of th('interior an‘d('s 

alone in oacli figure named in [a}'! 


The Interior Angles of a Polygon 

From the c'xercises above .\o>i haxc 
now arrived at the proposition that the 
sum of (lie interior angles of a j)oly<;-on is 
as many straight angles as the polygon 
has sides less two. The form that follows 
will show you how to write out a proof 
about t) things, where n is any numbei'. 


169. THEOREM. The sum of the angles of a polygon of n sides equals (n - 2) 
straight angles. 


\ 

\ 



Given: Polygon 

w O 

sides 

Prove: Zx 

St. A 

Cons.: Prolong 
polygon. 



\BCD • • ■ liaA’iiig n 


= (n - 2 ) 


» • 


each side of the 


Stulements 

1. Zx + Zm = 1 st. Z 

+ zp = 1 St. z 

+ Zq = 1 St. Z 

• • • • 

2. Zx + Zy + Zz ^ - 

+ Z + z p + Z g + ■ ■ • = st. ^ 

3. Zm + zp + Zq + ■ ■ ■ = 2 St. A 

4. Zx + Zy + Zz -= (a - 2) St. ^ 


PROOF 

Rcamns 
1. Def. st. Z. 


2. Add. Ax. 

3. iSuin of the ext. Z of a polygon = 2 
st.Z(§lG8). 

4. Subt. Ax. 




THE PARALLELOGRAM 


Necessary Conditions for a Parallelo¬ 
gram 

170. From experimental work, as well 
as from exercises that we proved, we 
realize that if a figure is a parallelogram, 
it is ttecessfirij that these four conditions 
be true: 


(1) The opposite sides are parallel. 

(2) The opposite sides are equal. 

(3) The opposite angles are equal. 

(4) The diagonals bisect each other. 
From the definition of a parallelogram, 

we know that the first condition is true. 
AVe shall now prove that the other three 
conditions are also true in every parallelo 
gram. 


171. THEOREM. The opposite sides of a parallelogram are equal. 


Ax B 



Given: OABCD 

Prove: AB = DC and AD = BC 

Cons.: Draw .4C. 


Write out the proof. 


172. THEOREM. 


The opposite angles of a parallelogram are equal. 



(Jiven: OABCD 

Prove: ZA = ZC and ZB = zD 


FllOOF 


Sldtemenls 

1. AB(^D a O 

2. AB 11 DC 

3. ZA + ZD = 180° 

Complete the proof. 


Reasons 

1. Given. 

2. Def. O. 

3. lls, int. A sup. 



173. THEOREM. The diagonals of a parallelogram bisect each other. 

A B 

Given: OABCD 
Prove: AE = EC^ BE = ED 

C 

Write out the ])roof. 




Sufficient Conditions for a Parallelo¬ 
gram 


174. The words iiecessdrtj and sulHcicnt 

are used in mathematics in the same wav 

% 

as in ever>'clay language. Learn liow to 
use them correctly, and you will find 
them useful in classifying your facts and 
in thinking about them clearly. For 
example, in the simple propositioii tliat 
vertical angles are equal, the equality of 
the angles is a uccessary condition for 
vertical angles. On the other hand, the 
condition that the angles are vertical is 
si{llirient to make them equal. 


A necessary and sufficient condition 
that two triangles l^e congruent is that 
they agree in all their parts. This, in 
fact, is our definition of congruent tri¬ 
angles. JA’ery definition expresses a nec¬ 
essary and sufficient (‘ondition. On the 
other hand, the condition that two tri¬ 
angles agree in three parts taken at 
random is necessai'y if the triangles are 
congruent, but it is not sufficient to make 


them congruent. 

In a parallelogram certain conditicns 
are necessary, ^^*hat conditions ai‘e suf¬ 
ficient to prove that a (luadi'ilatei'al is a 
parallelogram? In other words, what is 
the least amount of information that we 
must have in order to prove that a quadri¬ 
lateral is a parallelogram? From our 
definition of a parallelogram, we know 
that two pairs of parallel sides are .suffi- 
cient to make a quadrilateral into a 
parallelogram. Are aruj two conditions 


of the four types listed on i)age 118 as 
necessary also sufhcient? 

In order to .set up a plan of study, we 
list all tlie possible coml)inatioiis of these 
conditions, taking two at a time. Not 

all of the.se twelve combinations are 
sufficient. 

1. Two pairs of opposite sides parallel. 

2. Two pairs of opposite sides eciual. 

3. Two pairs of oppo.site angles ecpial. 

4. Two diagonals bi.seeting each other. 

5. One pair of oppo.site sides parallel; 
.same sides equal. 

6. One pair of opposite sides parallel; 
other pair of sides ecpial. 

7. One pair of oppo.site sides parallel 
one pair of opposite angles equal. 

8. One pair of opposite sides parallel, 

one diagonal l)i.sected by the other 

diagonal. 

9. One pair of opposite sides ecpial; 
one pair of opposite angles ecpial. 

10. One pair of opposite sides ecpial; 

one diagonal bisected lyy the otlier 

diagonal. 

11. One pair of opposite angles ecjual; 
the diagonal through the vertices of these 
angles bi.sected by the other diagonal. 

12. One pair of opposite angles equal; 
the diagonal through the \'ertices of these 
angles lu.sects the other diagonal. 

Combination 1 is sufficient because of 
the definition of a parallelogram. AVe 
shall now prove that the next four 
combinations are also .sufficient. 


175. THEOREM. If the opposite sides of a quadrilateral are equal, the figure 
is a parallelogram (Combination 2). 

Draw a figure and write out the proof. 
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176. THEOREM. If the oppo.site angles of a quadrilateral are equal, the figure 
is a parallelogram f (ion )>). 


A X B 



(: Z .1 - Z r 

IH ^ ID 

MiDDiiO 


BBOOF 


Sldfefficnts 

1. Z. 1 + Z /i + Z C + £ D = 2 s(. A 

2. Z.l - £(^ 

£B ^ z /; 


Bed sons 

1. Sum of the A of a polygon = 0 / 
St. ^ ($ 169). 

2. (Jiveii. 


ZD 

3. z.l + {zB) -f- 

or, 2 • Z.l + 2 • 

4. ZA + z/; = 1 





ZB 

6. Z.l + [ZD) = 

7. x' II 1 / 

8. ABCDiiO 


Z.l 


(^C) + 

Z/> = 2st. ^ 

3. 

Subs. 

Ax. 

ZD = 2 

st. A 




St. Z 


4. 

Diw . 

Ax. 



»)• 

Int. A sup. 

1 st, Z 


6. 

Sul)s. 

Ax. 



7. 

Same 

as 0 . 



s. 

Def.O. 



177. THEOREM. If the diagonals of a quadrilateral bisect each other, the 
figure is a parallelogram (('omlniiation 4). 

Draw a figure and write oul (he proof. 


178. THEOREM. If two sides of a quadrilateral are equal and parallel, the 
figure is a parallelogram (Combination o). 

Draw a figure and write out the proof. 


Do you see that stating tlie (‘onditions 
helps us to discover j^ropositions aliout 
the parallelogram? 

EXERCISES 

1. Prove tiia.t all t he sides of a rhombus art' 
eiiual. 

2. Pro\-(' that an ta[niialeral quadrilateral 
is a rhoiul'us. 


3. Pro\e that perpendiculai's to i*ne 
parallel lines included by flc 
art* t‘qual. 



Pro\t‘ that 
lateral art* 
rectangle. 


if tliu*e anu 
right angh‘s. 


nf 

tlie hgtire 


\ 


5. Pro\ t' that if run opposite angle- 
parallelogram art* su[>plemciitan ■ ' 

ligui'e is a reel angle. 
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6. Coinplolf tlio following slaK'nn'tils l>y 
supplying tlic (■t)i'r(’cl nimilirr; 

(a) A necessary condition for a tiuure 
to he a rec1a!igie lliat it i-nntain 
—right angl(‘^^i. 

(/)) A sufficient condilio?i f<ir a puadri- 
la t oral I o ho a laa-l angle i> I ha I il eon- 
lain / right angle('^). 

(r) A suttici(‘nt condition for a paralh'lo- 
grain to h(‘ a rc'ctangle is that il cun- 
tain / - I'ight anghgs). 

7. ('oini)lete th(^ following statennait hy 

using th(‘ wui'd necessary, or or 

both: 

A —— condition for a quadrilateral 
to be a rhombus is that the four sides he 
equal. Justify your statement. 

8. Describe and prove the method indi(‘ated 
for constructing a line parallel to a givaai 
line tlu’ougli a gi\’en point. 




Given: 

AB and pt. C 
Req.: 

To cons. 

CP 11 AB 


This construction is usuallv more aocu- 
rate than the construction in § Kil. 
Why? 

9. Draw a figure to illustrate that Combina¬ 
tion t) in § 174 is not sufficient to prove 
that a quadrilateral is a parallelogram. 
What kind of figure may result from these 
conditions? 

10. Prove that Combination 7 in § 174 is 
sufficient for a parallelogram. 

11. Prove that Combination 8 in § 174 is 
sufficient for a parallelogram. 


SUPERIOR WORK 

51. Draw a figure to illustrate that Com¬ 
bination 11 in § 174 is not sufficient to make a 
parallelogram, 

52. (a) What is a necessary condition that 
the diagonals of a rectangle (but not of a 
parallelogram) must satisfy? Prove it. 

(b) Prove that this condition is sufficient 
to make a parallelogram into a rectangle. 


HONOR WORK 


HI, lh-o\a* lhai ('unilI iuii u in ^ 174 is 
sufficient for a parallelugiam if ihe etiual 
angh*> arc* n<»T acut{*. 

H2. Prove that Cniahinat inn HI in ^ 174 
i-' not sufh<'icnt tor a p:ii'nll<'lugt;un. 


Iti thi> and pic’rcding vf.ii lia\'c 

-'>lve4 pi'ulil(‘ms coiicta’iiiiig all tlu* I'omiiinafi'iii'- 

ill S 174 excc'pl (‘(iiiibiiiatii'll I'i. A piuhhaii 

cniu'criiiug (’uiiiliinatiuii 12 will Ik' fiuinil on naL>e 

HWl. II2. 


Corollaries about Parallelograms 


The following are u.'^eful corollaries 
al)out parallelograms. A'ou have already 
proved .'^ome of them as exercises. Prove 
the remaining ones informally. (See 
page qq.) 

179. Corollary. A rhombus is equi¬ 
lateral. 


180. Corollary. An equilateral quad¬ 
rilateral is a rhombus. 

181. Corollary. The diagonals of a 
rhombus are perpendicular to each 
other. 

182. Corollary. If the diagonals of a 
parallelogram are perpendicular to 
each other, the figure is a rhombus. 

183. Corollary. K three angles of a 
quadrilateral are right angles, the 
figure is a rectangle. 

'184. Corollary. Line segments in¬ 
cluded between parallels and perpen¬ 
dicular to one of the parallels are equal. 

185. Corollary. All the altitudes of a 
trapezoid are equal. 

186. Corollary. In a parallelogram 
all the altitudes to the same base are 
equal. 


itJ/. u^roiiary. I'araliel lines are 
everywhere equally distant. 

188. Corollary. A diagonal of a par¬ 
allelogram divides the figure into two 
congruent triangles. 
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Rectangles and Related Figures 


189. THEOREM. The diagonals of a rectangle are equal. 



(iiven: {ZlABCD 

l^’ove: A(' = HI) 


rRoor 


Sldtemenis 

1. A BCD a □ 

2. ABCDaO 

3. C and I) rt. A 

4. ZC ZD 
AD - B(^ 

(). !)(' = /)r 

7. A*l/)r' ^ A«r7) 

8. dr' = BD 

To prove this theorem and flu^ next 
one, select a pair of ov(Mlapping triangles 
that ha\'e oiu' sid(' of the reelanirle in 


B(^dso//s 

1. (liven. 

2. ])ef. □. 

3. All zi of a □ are rt. A (§ 140). 

4. All rt. A aie --. 

T). Opp. sid(*s of nO are =. 

<i. Id(*ntitv. 

7. s.a.s. 

5. I)(4'. ^ A. 

common and proN'e tluan cotiLniufi' 
Mow many siieh |)airs ar(' there? 


190. THEOREM. If the diagonals of a parallelogram are equal, the figure is * 
rectangle. 

A B 



Stalcme/ifs 

1. A BCD a O 

2. AD = B(' 

3. AC = BD 

4. DC - /)(' 

5. aadc ^ aBCD 

6. ZD = zC 

7. ZD + ZC = 180° 

8. ZD = 90° 

9. ABCD a □ 


ABCD 


(liven: 


l’ro\*e: 


OAB(l) 
A(' = BD 
AB('D a □ 


PROOF 


Bcd.'^ons 


(liven. 

Opp. sides of a 

(liven. 

Identit\'. 


are = 




Def. ^ A. 

Ils, int. A are sup 
Div. Ax. 

Def. rj. 






195^ CONVERSE THEOREM. If ,he base angles of a frapeaoid are equal 4 , 

trapezoid is isosceles. * ’ 


Dmw a fio'urp and write ont the proof. 


EXERCISES 

1. C iimpi(ae the lollowiiig statements hy 

one or both ot the words in paren¬ 
theses and adding; wiiat(‘V('r statement is 
needed: 

{a) A (necessary, siiffieient) condition for 
a parallelooram to t)e a rectangle is 
that the diagonals .... 

(b) A (ne(‘essary, sufficient) condition for 

a trap(‘zoid to be isosceles is that the 
lias(* angles b(‘ —/—. 

(r) A {m'(‘essary, sufficitait) condition for 
one angl(‘ of a. right, triangle to he 
bid is tliat the hypol(anise 

(d) A (n('C(‘ssary, sufficient) condition for 
t wo angh's of a t riangh^ to be .SO'" and 
1)0° is that on(' side be twice anotlna* 

(c) The (addition that, the diagonals be 

equal is (necessary, sufficient) for a 
rectangle. 

(/) A (necessary, sufficient) condition for 
a trapezoid to l)e isosceles is tliat two 
opposite angles be 

ig) A (necessary, sufficient) condition for 
a quadrilateral to be an isosceles 
trapezoid is that the opposite angles 
he —?—. 

(//) A (necessary, sufficient) condition for 

two line segments included between 

two parallels to be equal is that they 
be parallel. 

2. Add whatever is necessary to complete 
this statement: For a quadrilateral to be 
a rectangle it is sufficient that the 
diagonals .... 

3. C:hang(‘ the following statement into two 
theorems and write the proof of eacli: A 
necessary and sufficient condition for a 
trapezoid to be isosceles is that the 
diagonals he equal. 

4. Complete the following statements: 

(a) If two sides of a quadrilateral are 
parallel, and a pair of opposite angles 
are supplementary, the figure is 
either a(n) or a(n) —. 

324 


(h) If two sides of a quadrilateral are 
pai’allel and the diagonals are e(jua!. 
the^figure is either a(n) —oralm 

» ■ 

5 . Provo the tlieorem that the base angles 
ot an isosceles trapezoid are equal and 
its converse (§ 195) by making the con- 
struetion indicated in the diagram. 



SUPERIOR WORK 

51. (a) In general, how many conditions 
determine that a quadrilateral is a parallelo¬ 
gram? a rectangle? an isosceles trapezoid? 
a rhombus? a square? 

(b) State some of the conditions that 
determine the last four figures. 

52. A necessary condition for a median of a 
triangle to be half as long as the side to which 
it is drawn, is that the side be the hypotenuse 
of a right triangle. 

We have already proved that this condition 
is sufficient (§ 191). Now prove that it b 
also necessary. 


B 



Given: 

AE^EB^ 

EC 

Prove: 

ZC = 90° 


180* 


//c/p: /Lm + /m' + Z/i + Zn' = 

S3. Complete each of the following state¬ 
ments by using the words necessary and or 

sufficient: 



(a) A —/— condition for a citizen to he 
president of the Unitetl States is that he he 
35 years old. 

(b) Universal suffrage is a / condi¬ 
tion for a democracy. 

(c) A —/— condition tor a nation to 
avoid war in for that nation to tiatc war. 

(d) For two angles to he e()iial it i.-, ~ 

that they be right angles. 

(e) For a quadrilateral to he a trapezoid 
it is — f — that two sides he parallel. 

(/) For a trapezoid to he isosceles, it is 

f that a pair of opposite angles he sup¬ 
plementary. 


1.0CU.S t’ROPO.SI riON.S 

A Point at a Given Distance from a 
Given Line 

196. In § 146 it i.s stated that the 

loeu.s of points at a given distance from a 

given point i.s a circle. From Corolla r\’ 

% 

187 we conclude that the locus of points 
at a given distance from a gi\(‘n line / 
con.si.sts of two lines a and b parallel to I at 
the given distance from it on either side. 


a P 



k 



197. LOCUS THEOREM. The locus of a point a given distance from a given 
line IS made up of two lines parallel to the given line at the given distance from it. 



A Point i^uidistant from Two Inter¬ 
secting Lines 

We have proved in § 166 tliat the 
locus of a point equidistant from two rays 


forming the sides of an angle i.s the 
bisector of the angle. Since two inter¬ 
secting lines are made up of four such 

rays, we may arrive at the following more 
general theorem. 



198. LOCUS THEOREM. The locus of a point equidisUnt from two intersecting 
lines u made up of the bisectors of the angles formed by these lines. 



What is the relationship between the 
lines that make up this locus? 



A Point Equidistant from Two Paral¬ 
lel lines 

In the last locus problem, we may think 
of the point of intersection of the two 
hnes I and m as moving away indefinitely 


far along the bisector a. Two things 
happen: The lines I and m approach a 
position where they become parallel, and 
the angle bisector b disappears. Thus 
the following theorem results. 
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199. LOCUS THEOREM. The locus 

of a point equidistant from two parallel 
lines is another parallel midway be- 
tween them. 


m 


a 



EXERCISES 

1. C^)n.stl•u(•t the locu.s of a point, that i.s a 

distance /,' from a given line /. 

2. Construct the locus of a point that is 

Pfiuulistant from two given intersectiiw 
linos. 

3. Construct two parallel lines / and m. 
Then construct the locus of a point equi¬ 
distant from / and m. 

Classifying Theorems by Conclusions 

200. A\lion we use the inefliod of 
analysis to solve a problem, we begin 


with the conclusion and work backwaids 
for this reason we are now classifying our 
fundamental theorems and other useful 
propositions according to their conclu¬ 
sions, Here we shall put into one group 
all tlie theorems that prove two angles 
e(|ual, into another group all the theorems 
that prove tw'o lines parallel, and so on. 
A good mechanic arranges his shelves in 
this way, each shelf containing the tools 
to do a certain job. 


table I. Proving Line Segments Equal 


3. 


X 


y. 


X 


y 


Def. ^ A 


5. 


If 2 of a A are =, 

sides opp. are =.<* 
_§119 


/V 

Vx 





Two-Pt. Theorem. 


X 


y 


X 


7 * 


A pt. on 1 bisector of 

a line segment is equi- 


§161 distant from ends.§163 


X 


y' 


X 


A pt. on bisector of Z 
is equidistant from 
sides ofZ. § 1^5 


y 


y. 


X y. 


Opp, sides of 
are =. 



Biags. o 
each other. 


bisect 
§173 


Diags. of Q are — 

Sl85 




X 


If base A of trap, are =, 
trap, is isos. 



X 


y 
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Median to Ii 3 ^poteniise of rt. 

A = I h3'potenuse, « 

§191 


H 3 ’potenuse of 30°—CO rt. 
A = 2 • shorter leg. §192 


120 



TABLE II. Provinff Angles Eaual 




A pt. equidistant from 
sides of Z is on bisector 
ofZ. §163 


0pp. A of 


TABLE III. Evaluating Angles 


l!s, int. ^ same 
side of trans. sup. 

§60 


Sum of of a 
A = 180° 



§62 


Ext. Z of a A = 
sura 2 remote int. 

_i63 

8 . _ 




Two-Pt. Theorem. 

§151 


If hj'potenuse = twice 
one leg, included 
Z = 60°. §193 





FABLE IV. Proving Lines Parallel 




Corr 


i arc =, 


•VJt. iiit 



<'54, 1 



§57 sup., I|s same line are !l. same line are ' 

---_ §551 ffi 

r- - -rr-i --- Id, -c 


§69 


If opp. sides ai'e =, 
quad, is ZI7 

< 175 ' 



If opp^ J diags. bisect each Two sides are = ami 

quad. IS Z3^ other, quad, is £IZ !|, quad, is O 

_§177 ■ §178 


TABLE V. Provi ig Triangles Congruent 





s. a. s. 




§113 


a. s. a. 


§1H 


s. a. a,* s s s 

L_ §116 

TABLE VI. Loci 


120 


h. 1. 


§122 


k 



Locus of a pt. 
given distance 
from given pt. 

§146 


Locus of a pt. 
equidistant from 
ends of line 
segment, 

§147 



Locus of a pt. 
given distance 
from given line 




§197 


Locus of a pt. 
equidistant from 
2 intersecting 
lines. 

§198 


Locus of a pt. 
equidistant from 

2 [| lines. 

5199 


TABLE VII. Con'structions 


x^y 


/\ . 


Bisect a line segment. Cons. ± to given line 

Sion through given pt. , 


§1S6 



/ V 


Copy a A. 




/ 

/ 


/ \ 

Bisect an angle. 


§158 


§159 


Cop 3 ^ an angle. 


1 


Cons. [( lo given line 
tlirough given pt. , 







1 hr following t al'h' rout aiiis r(‘rlain i)r()vi!pj; ])ri)|)i>-it ions, 
coiastructions that are often helpful in 


I ABLE \III. LIseful Auxiliary Constructions 


1. (a) 



Using diagonals 


Breaking Down Figures 



Building Up Figines 




Drawing parallels through the 
vertice.^ of a triangle. 


o. 




Using paralhU 



Forming a parallelogram I)}- 
prolonging a median its own length 


EXERCISES ABOUT TRIANGLES 


Illustrative Example. If a point within a 
triangle is equidistant frv)ni two sides of the 
triangle and also fi\an the ends of tiie third 
side, then the triangle is isosceles. 



A C 


Analysis. Since we wish to prove 
AB = /'C, wv* refer to Table I, w'hich lists 
the main theorems for proving line segments 
f'flual. By compai'ing our figure with those 
in the table, w(‘ Hnd that No. 2 is the most 
promising; that is. w'e can prove AB = BC 
it we can show that Z A = Z C. This ^ve can 
do if we can show that Z m = Zand 

Since our problem now' is to prove angles 
equal, w^e scan Table 11. We soon discover 
that No. 8 will enable us to prove that 
= Zn; also that No. 7 will help us to 
prove that Zp = Zq, if we can prove 
AAPI) ^ M'PE. 


Finally, we look over Table \’ for I'lr 
method of proving our li-iangles congruen:. 
We find that No. 5 tits our case. 

Dcformalizalion. We now re\'crso the steps 
of the analysis and give the synthetic proof. 
The synthetic proof tlnit follows has been 
dcjonnalizt'd. This means that some of the 
lormal steps that are obxdous are omitted. 


B 



Given: 

PD U AB 
PE ± BC 
PD - PE 
PA = PC 

Prove: 

AB = BC 


SYXTHETIC PROOF 


Stafcmvnls 

1. AAPD ^ Z\CPE 

2. Zp = Zq 

3. Z m — Zn 

4. ZA = ZC 

5. A^ = BC 


Reasons 

1. h.l. 

2. Def. ^ A. 

3. Base A of an 
isos. A =. 

4. Add. Ax. 

o- If 2 of a A 

are =, the sides 
opposite are =. 
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( nfnursr 1 . ]^y liltoi’changinp; ono of the 

statements with tiie eonelusion. we 
lmi^ oittaiii a eon\'erse. In the figure, we 
have ^iven that the point P is equidistant 
Ironi the ends ol the base of the isosceles 
:1AHC. We wish to prove that P is equi¬ 
distant from tlie leas. 



Analysis. From Table I, Xo. 5. we see that 
we can pro\'e .r = y if ^ve can prove that P is 
on the Ihsector of ZB. We therefore draw 
BP. Xow. from Table V, triangles .1 BP and 
B('P will be congruent by s.s.s. 

\\ rite out the synthetic prcxjf. 

( onvf'f'Sf' 2. W e shall pro\'e another con¬ 
verse: A point that is equidistant from the 
legs of an isosceles triangle is also e(iuidistant 
from the ends of the base. 


B 



Analysis, d'o prove AP = PC, we may 
try to prove ZsAPC isosceles or /\APIJ^ 
ACPE. There is not sufficient data to do 
either. Since P is equidistant from AB and 
BCy it is on the bisector of ZB. So we draw 
BP and we know that it is the bisector of Z B. 
In an isosceles triangle, the bisector of the 
vertex angle is the perpendicular bisector of 
the base (§ 138). Now, from Table 1, No. 4, 
we have a = y. 

1. (a) Prove: If, through any point in the 

bisector ol an angle, a line is drawn 
parallel to one side of the angle, then 
an isosceles triangle is formed. 

(b) Form and prove two converses by 
interchanging each of the two given 
statements with the conclusion. 

2. (a) Prove: If, from any point in the base 

of an isosceles triangle, perpendicu¬ 


lars are drawn to the legs, they form 
equal angles with the base. 

{h) State and prove the converse in 
which the conclusion is that the 
triangle is isosceles. 

(c) Pro\’e the following converse: If. 

from a point in the base of an isosceks 
triangle, lines are drawn makiiiii 
e(iual angles with the base, and one of 
these lines is perpendicular to a hic 
then the other line is perpen(lieiit:!r 
to tlie other leg. 

(d) Pro\'e the following extension of (ai: 
It, from any point in the prolongation 
of the base of an isosceles triangle, 
perpendiculars are drawn to the legs 
(one or both legs extended), they 
form equal angles with the base. 

3. (a) Prove: If, from any point in the hw 
ol an isosceles triangle except the 
midpoint, a perpendicular is drawn 
to the base meeting the legs (one ol 
them extended), then another isosce¬ 
les triangle is formed. 

(h) Foi'in and prove two converses ol 
the preceding proposition. 

(c) Extend the proposition in (a) to read: 
If, fi’um any point in the prolonga¬ 
tion of the base of an isosceles tri¬ 
angle, a perpendicular is drawn to the 
base, meeting the legs extended, then 
another isosceles triangle is formed. 



(a) 

(^>) 

(0 


Prove; If, from the midpoint of the 
base of an isosceles triangle, perpen¬ 
diculars are drawn to the legs, they 
are equal. 

Prove the converse in which the con¬ 


clusion is that the triangle is isosceles. 
Prove the converse having as 
conclusion that the base is bisected. 


3. (a) Pru\'e: The altitudes to the legs of an 

isosceles triangle are equal. 

(/>) Prove: If two altitudes of a triangk 
are etpial, the triangle is isosceles. 

6. Prove: The medians to the legs of an 
isosceles triangle are equal. 

7. Prove: The bisectors of the base angles 
of an isosceles triangle are equal. 

8. (a) Prove: The altitude to a leg of an 

isosceles triangle makes an angl*' 
with the bas(* which is one-halt as 
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liir^e us the vertex an^le. {Help: 
Bisect the vertex an^le.} 

{b) Prove the two coin’erses of this 
proposition. 

9. (a) Prove; If, from tlie ends of one side 
of atriangle. perpendiculars are drawn 
on the median (prolon»;ed) to that 
side, these perpendiculars are equal. 
{h) Prove the converse in which tlie two 
perpendiculars are given equal. 

10. (fl) Prove; The bisector of the exterior 

angle at the vertex of an isosceles 
triangle is parallel to the base. 

(b) Prove the two converses of this 
proposition. 

11. Draw an isosceles triangle with .-1^ 
and BC as the legs. Choose any 
point M on AC. Ivxtend BA a dis¬ 
tance AN equal to AM. Di'aw a 
line from N through d/, cutting BC in R. 
Prove: ZBRN - 3 • ZAh 

12. On the legs AB and BC of an isosceles 
triangle, lay off .4D = CE. Draw AE 
and CD intersecting in F. Prove that 
BF bisects Z B. 


SUPERIOR WORK 


SI. If, on two sides of a triangle as bases, 
equilateral triangl(*s are constructed, then the 
line segments joining tlie vortices of the 
equilateral triangles with the vertices of the 
original triangle are equal. 


53, (a) Prove that if Iwo tria.ngles are 
congriuMit, their ('oti(‘sp(iiidiiig uuMlians are 
equal. 

{b} The general convi'rse of this projx)- 
sition is that ii two triangles agree in two (d 
their parts, and also in a eon'('sponding 
median, tliey nrv congriuait. Draw some of 
these cases and write a proof for each. 

54. (a) Prove that if two ti'iangles are 
congruent, their corresponding angle bisectors 
are e(|ual. 

(b) Investigate the converses of tliis 
proposition as you did in S2 and S3. 

some personal qualifications 
according to two or three vocations that 
retpiire them. 

S6. Theorem. It a line is perpendicular to 
two intersecting lint''; at their point of inter- 
s(H*tion, it is perpendicular to the plane of the 
lines. 



CJiven: 
at 0 


In plane m, D.l and OB intersect 

SO _L OA 
SO ± OB 



Given: 

AD = DB= BA 
BE = EC = BC 

Prove: 

DC = AE 


S2. (a) Prove that if two triangles are 
congruent, their corresponding altitudes are 
equal. 

(b) The general converse of this propo¬ 
sition is that if two triangles agree in two of 
their parts, and also in a corresponding 
altitude, they are congruent. Depending 
on the parts of the triangle that are 
associated with the altitude, there are a 
number of cases. Draw some of these cases 
and write a proof for each. 


Prove: SO T plane m 

Cons.: In plane /a, draw any line ON. 
Also in plane m, draw a line cutting OA, OA' 
and OB in pts. A, P, and B. Prolong SO, 
making or = Draw SA, SP, SB T \ 
TP, and TB. ’ ' ’ 

Analysis: To prove 0*S' T plane m, we 
must prove it perpendicular to any line such 
as ON in the plane m through the foot of ON 
(page 27, S4). By construction, 0 is equi¬ 
distant from S and T. If we can prove that 
P is also equidistant from S and T, we can 
use the two-point theorem to prove that ON 
is the perpendicular bisector of ST. 

Write out the synthetic proof. 

Using a carpenter’s square, how can you 
test whether a tent pole is upright? 





S7. (<M ( ni _L -1/> 

Plane nt hiseets A B 

Pre\'e; Any poinl B in plane m is ecjui- 
di>Tani from A and B 



Write ont the proof. 

{b) AA hat is the locus of points in space 
that are equidistant from tAvo given points? 

(c) What is the locus of points that are 
equidistant from the faces of a dihedral 
angle? (See page 27, S3.) 

58. d'\V(j line segments from the vertices of 
a triangle to the opposite sides cannot l>isect 
each uXhev. (Prove this indirectly.) 

59. A tiansversal (*uts two parallel lines in 
R and S'. The bisectors of two interior angles 
on tlie same side of the transversal cut the 
parallels again at B and iM. B and il/ are 

joined. Prove that the quadrilateral RMBS 
is a rhombus. 


EXERCISES ABOUT QUADRILATERALS 

Illustrative Example. If, from two op¬ 
posite vertices of a parallelogram, line seg¬ 
ments aie diawn to the midpoints of two 

opposite sides, then these line segments are 
parallel. 


A B 



Given: 



AB 11 

DC 

(1) 

AD II 

BC 

(2) 

AE = 

ED 

(3) 

BF = 

FC 

(4) 

Prove: 


EB 1 

DF 

(5) 


Analysis. Since we are trying to prove 
lines parallel, we study Table IV (page 128). 
No. 9 will enable us to prove EB || DF^ pro¬ 
vided we can prove ED = BF. Referring 
to Table I, we see that No. 6 will prove 
AD = BC. We need only divide this equa¬ 
tion by 2. Write out the synthetic proof. 


A X B 



Given: 



EB I, 

DF 

(5) 

AD II 

BC 

(2) 

AE = 

-- ED 

(3) 

BF = 

-■FC 

(4) 

Prove: 


AB II 

DC 

(1) 


ronm-f<r ]: Anniysh. The proof of this is 
similar to the nrisinal. BeKin with ED ml 
BF as t he op[)osit.e sides of OEBFl), anrl 
multiply the equation bv 2. 


B 



Given: 

AB 
AD 
AE = 
EB 
Prove: 
BF = 


DC{\) 

BCi2) 

ED{Z) 

DF{o) 

FC (4) 


Converse 2: Analysis. This time we have 
two parallelograms. From them, .1/) = B<' 
and ED = x. Subtracting, we obtain AE = ij. 



Cliven: AB || DC (1) 

EB II DF (5) 

AE = ED (3) 

BF = FC (4) 

Prove: AD || BC (2) 

Converse 3: Analysis. In Table IV, No. 9 
looks promising. To use this, however, we 
must prove AB = DC. We have given two 
sets of parallel lines. These should form a 
parallelogram. We therefore prolong them 
as shown in the figure, and we see that the 
sides BH and MD of OBHDM are equal. 
From the congruent triangles we may no" 
prove that AB = MD and DC = BH. 

Write out the synthetic proof. 

1. (a) If, from two opposite vertices of a 
parallelogram, perpendiculars are 
drawn to the diagonal connecting th® 
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other two vertices, then the perpen¬ 
diculars are eciual. 

(6) Prove the converse in which the 
conclusion is that a pair of opposite 
sides of the quadrilateral are parallel. 

2. Prove: A line segment through the point 
of intersection of the diagonals of a 
parallelogram, terminating in the sides 
of the parallelogram, is Ihsf'cted hy the 
diagonals. 


3. (o) 


B 



D 


Cl iron: 

AB II DC 
AD II BC 
DE = FB 
Prove: 

AE II FC 


{li} Pro\’e one or more coiu eiscs. 


4. (a) 

A. B Given; 

AD = 90° 
Z C = 90° 

AB = 90° 
ED = FC 

Prove: 

AF = EB 

{b) Prove one or more converses. 



8. Prove: If tlio tiisi'ri.irs nf a pair of liasi' 
angles ot an is(i:..(a'li's liapczoid nK'et on 
the oppo.site base, then ihai base equals 


the sum of the legs. 


SUPERIOR WORK 

SI. Tliedi agram is a nu'chanica! classihca- 
tion of <iuadi’ilaterals in t(M'ms n\ ilnca |■(‘!a' 
lioiiships Ix'twef'ii tlu’ir diagonal''. I'lom it 
W(‘ «'an s(‘(‘ that the condiliim lhal iht' dia'm- 
Hals his(‘cl each oliuM’ is huih inaa'ssaix' aiul 
sutlieieiU toi’ a (|Uadiilal eral lo he a ])aial!elo- 
gram. tor liiat column (ilu/w supports the 



Diago¬ 

nals 

perpen¬ 

dicular 


Parallelo- 


T 


gram 


Diagonals 
bisect 
each other. 


Diago¬ 

nals 

equal 


Quadrilaterals 


Given: 

ZD = 90° 

ZC = 90° 

ZB = 90° 

AM = MB 

Prove: 

DE = FC 

{h) Pn)\ e one or more converses. 

6. (a) A point that is equidistant from two 

consecutive vertices of a rectangle 
is equidistant from the other two 
vertices. 

{b) Prove one or more converses. 

7. Prove: The line through the midpoints 
of the bases of an isosceles trapezoid is 
perpendicular to them. 
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parallelogram. The condition that the di¬ 
agonals are equal is necessary for the rectangle, 
because if that column were removed the 
rectangle woulfl topple. However, it is not 
.sufficient, since it is not the sole support of 
the rectangle. 

Determine all the necessary and sufficient 
conditions implied in the diagram, and prove 
each of them. 

52. (a) If two opposite angles of a quadri¬ 
lateral are right angles, then the bisectors of 
the other two angles are parallel. 

(h) Prove one or move converses. 

53, (a) The bisectors of the angles of a 
quadrilateral form another quadrilateral, in 
which the opposite angles are supplementary. 

(b) What kind of quadrilateral is formed 
by the bisectors of the angles of a parallelo¬ 
gram? of a rectangle? 


(a) 


A B 





CONSTRUCTION EXERCISES 


Illustrative Example. Localo a point tluit 

i- f ijuiillstant from two <>;iveii lines aiul also 
Iroin 1 wi) ^‘i\'('n points. 

'I'o sol\'(' this problem wc^ must conslnict 
ilio locus of a point otiuidistant from two 
^i\('n liiK's [ ami /a, ami the huats of a point. 
|■lluilli^tan1 from two ^iveii ])oints .1 ami B 
i/M ^ BH). 'The int(MS('cl ion (>f llic'se two 
loci i> the ])oint we ar<‘ seeking;. 

('dsi J. Till (i/ri /i Ijfiis Inlrr:<r(‘l 





(liv(‘n; Lines / ami nt am i)ts. A and B 
[{(‘(j.; d'o locate a point B equidistant from 
/ and a/, also fr<jm A and B 

('oncliision: P or B' the retiuired point. 
hiHciiHHion: Under what c()nditions am the 
l)i’ol)l(‘m not he solved at ail, and under wliat 
conditions will tlie problem ha\'e one or more 
solutions? If the jxM'pendicular bis(‘ctor is 
parallel to one of th(‘ angle bisc'ctors, tliere 
will !)(■ but oiK' point of int('rs(*clion. If the 
IX'rpendicular bist'clor is no! parallel loan 
angle bisectoi- (the gtaieral case), there will 
b(> two poims of interscclitni. Finally, if tlie 
perpendicular bisector coincides with one of 
the angle bisccoji’s, tliere will be an infinite 
nurnlaa- of i)oints t hat will sat isfy the probhan. 
There must always be at least one solution. 

The discussiim may be summarized as 
f(jllows: BossiUle Solutions: 1, 2, or infinite. 


tVi.sY’ //. The Given Uties Are Parallil 



(liven; / 1[ )n and pts. A and B 
l\eq.: To locate a i)oint B equidistant from 
I and a/, also from .1 and B 

Conclusion; P the required point 
Possible Solutions: 0, 1, or infinite. 


1 . TiOcate a point that is a given dis'-inm 
from a giv('n point and another gi\(’ii 
ilistance from a gU'eti line. 


(liven: Pt. (), line /. and distances I: ami /,' 
Petp: To loca.l(‘ a p1. that is a distance t 
from 0, and IS from / 




3. 

4. 

5 . 

6 . 

7. 

8 . 
9. 

10 . 


(li\'{'n thriH^ points. Locale another 
point that is a gi\'en distance from one ot 
the three gi\'(‘n points and equidistant 
from the other two. 

Loc-ate a point that is a given distance 
from a given point and equidistant trom 
two given lines. 

Locate a ])oint that is a given distance 
from a gi\'en line and equidistant trom 
two gi\'en j^oints. 

Locate a point that is a given distance 
from one of thr('e given lines and cqui- 
(listant from the other two. 

Locate a point that is eciuidistant from 
tavo given points and also eciuidistant 
from two other gi\'en points. 

Locate a point that is equidistant from 
two given lines and also ecpiidistant trom 
two other given lines. 

Locate a point eciuidistant from thicc 
given points. 

Lcjcate a point that is equidistant fmm 
thi'c'e given lines. 

Locate a point that is a given distance 
from each of two given lines. 


SUPERIOR WORK 

SI. Given two points A and withp^^ 
obstruction between them so that it mi 
possible to lay a straightedge from one pon^* 
to the other, de^■ise a construction lor di.u' 




ing two linos Ihrougli .1 and /> llial will lall 
in one straight lino. 





Given: 

Line m 

Pts. A and B 

Rcq.: 

To cons, the 
shortest di.stance 
from A to m to B 


Analysis. Find a point B' so that ni is the 
perpendicular bisector of BB'. Since /// is 
the locus of a point equidistant from B ainl 
the patli APB is the sanu' length as tlu‘ 
padi APB\ Now, we know tlial the slu)rt(*sl 
distance from A to B' is a straight lino. 
Therefore, we can locate the point on m. 

(а) ?vlake the construction. 

(б) A ray of light follows the shortest 
path from *1 to a mirror ni and then to B. 
Can you find any relationship between the 
angles that the rays AP and PB make with 
mirror /n? 

S3. An aviator has enougli fiu'l to Hy a 
coorse Irom *1 to At wlial poini in the 
coarse m\ist he turn oh so that lie will have 
enough fuel to reach an alternate airport /i? 





e must find a point P on AT that is etpii- 
distant Irom B and C. This point is the 

mtersectionof ACwiththelocusofPR = PC. 

A pilot leaves an airpoit with enough fuel 
to fly a course of 300 miles in a direction of 
IdO (page 41, So). How far from his start¬ 
ing point must he turn oft, so that he will 
uive enough fuel to reach an airport 250 


Mak 




miles dirori ly (‘;i --1 i >1 l ji. ■ i i ]'^l ;i i ij)i n r’ 

JU) allow aiire Im w iiid, t 

NIak(‘ the ritrl luii Itt m'mK', ii.''ing a 

prt)l raetdr and ;i >iiii:iiile '^calo foi' iIk' dis¬ 
tances. In whal dii't'ciieti nui>i ihe pilot 
lu'ad (o get to the second airpoH'.^ 

S4. An a\'ialor l('a\'e> ;in eii'ciult canT'i' 
that is sailing due noi'ih at 23 knots (23 
nautical mphi. lie llic's ;U l.'>0 knoi> with 
only (Miougii fiu'l for il hoins. Ih' i> ordf'ted 
to scout a coursi' of 320'^ a> long a- pos>il)l(‘ 
iK'fore r(‘turning to tlu- carrier. Aftf-r how 
many hours must lu* turn and in whal dirin*- 
lion IS tlu" 1(4 urn leg ot the journev? I s(‘ 
|1 h‘ metiiod of th(' pr('\'ious probhan. 


SUMMARY 


201. A j^roblem is a task to be perform(‘d 
wluai the method tor doing il is unknown. 
In a construction problem, wo must lirsl 
locale certain ])oints. The location of points 
is called the locus of the i)oints. A locus ma\' 
also be thought of as the path of a point liiat 
moves aeeurding to a eerlain restriction. 

All geometric eonstruetions dei)end on two 
postulates; (1) a straight line can he drawn 
througii two i)oints: and (2) a eii'cle can he 
drawn ii the center and the I'adiiis are given. 
The only instrument s we are i)ei‘mitt(‘d to use 
in constructing a straight line and a circle are 
the straightedge' and the compass. 

'rite two-pe)int theorem slate's that twe) 
points, each ('(piidislanl from the' enels of a 
line segme'nl, de'terniine the i)erpe'iulieular 


hiseedur of tlie line segment. The locus of 
|)oints eeiuidistant from twe) gi\-en points is 
Ihe perpeiidieailar hise'cte)!' e)f the line se^gineait 
eoniu'cting the twe) given points. The' two- 
point theorem is used to construct the 
perpenelicular bisector of a gi\'en line seg¬ 
ment, and to construct the perpetuheailar to a 
given line through a gi^■en poini. An angle' 
is bisected hy making it the \ erlex angle of an 


isosceles triangle and then ce)nstructing the 
altitude to the base. A triangle is copied by 
copying the three sides. To vopy an angle, 
the triangle is completed and then copied. 
To construct parallel lines, one of the corre¬ 
sponding angles is made a copy of the other. 

Classification helps to recall theorems, to 
select theorems for pr()\'ing pr()i)lems, and 
to tliseover lU'w tlieoix'ins. 



In a i:)olygon, each interior angle is the 
supi)lement of the adjacent exterior angle. 
The sum of the interior angles and the exterior 
angles of a polygon of n sides is therefore n 
straight angles. Of these, the sum of the 
exTerior angles is always two straight angles, 
wliile the remaining [n — 2) straight angles 
is the sum of the interior angles. 

In every parallelogram it is necessary that 
tlie oi)posite sides be parallel and equal, that 
the opposite angles be etiual, and that the 
diagonals bisect each other. Usually two of 
t hese conditions are all we need to know about 
a ciuadrilateral to prove that it is a parallelo¬ 
gram; that is, they are sufficient to make a 
quadrilateral into a parallelogram. We 
proved four of these cases as theorems: 

A quadrilateral is a parallelogram if: 

(a) The opposite sides are equal. 

(b) Two sides are equal and parallel. 

(c) The opposite angles are equal. 

(d) The diagonals bisect each other. 

In a rectangle it is necessary that the di¬ 
agonals be equal Conversely, to prove that 
a parallelogram is a rectangle, it is sufficient 
to know that the diagonals are equal. 

In an isosceles trapezoid the base angles are 
equal; and, conversely, if the base angles of a 
trapezoid are equal, the trapezoid is isosceles. 

Locus propositions include the locus of 
points at a given distance from a given point 
or a given line, and the locus of points equi¬ 
distant from two given points or two given 
lines. 

Analysis is a device that often helps to dis¬ 
cover the solution of a problem. To analyze 
a problem, assume that the problem has been 
solved and then work backwards. After 
discovering the solution, arrange it in its 
logical order—beginning with the hypothesis 
and ending in the conclusion. Putting the 
solution together in this way is called 
synthesis. 


center § 145, arc § 145 
concentric circles § 145 
construction (cons.) § 149 
distance from a point to a line § 162 
analysis and synthesis § 157 
classification § 167 

necessaiy and sufficient conditions § 174 

TEST 

1. (a) Construct two equilateral triangles 

with a common side. 

(h) Pro\'e that your figure is a rhombus. 

2. (a) Prove that the diagonals of a rhombus 

are perpendicular to each other. 

(b) Prove that a point on one diagonal 
of a rhombus is equidistant from the 
ends of the other diagonal. 

3. (a) Construct a 30°-60° right triangle 

and the altitude on the hypotenuse. 
(h) Prove that one segment of the 
hypotenuse cut off by the altitude 
equals one-fourth of the whole 
hypotenuse. 

4. (o) Construct an isosceles trapezoid. 
lb) Prove that a point equidistant from 

the ends of one base of your trapezoid 
is also equidistant from the ends of 
the other base. 

5. (a) Construct a rectangle in which the 

diagonals form a 60° angle. 

{b) Prove that each diagonal is tmee the 
shorter side of the rectangle. 

6. (o) Construct an isosceles triangle. 

From any point in the base, construct 
two parallel lines to the legs. 

(b) Prove that the sum of your line seg¬ 
ments within the triangle equals 
either leg of the triangle. 

7. Construct a pentagon in which one angle 
is 60° and the other four angles are equal 
to one another. 


RECOGNIZING NEW TERMS 

Can you describe each word or term below? 
If noty go back to the section indicated. 

problem § 142 
locus § 144, § 147 
circle (O) § 145 

radius (r) § 145 



A F B 



Given: 

/yABCD 

Zm = 
Prove: 

ae = fc 
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9. Construct a point that is capiidi^hint 
from tlu' sides of an an^le and a Kiveii 
distance from one side of the angle. 
Discuss the solution. 

10. State the 9 reasons for the statements in 
the proof: 

A 

Given: 

AB =AC 
BD = CE 
Prove: 

C DF = FE 

Cons.: 

Diaw 

DH 1, AE. 

E " 



Stalenu 

Ills 

IS 

fisiins 

1. 


= An 

1. 

) 

% 

2. 

Am 

^ An 

‘> 

} 

3. 

AH 

~ Z m 

• > 

• ). 

! 

4. 

HI) 

= Dll 

1. 

) 


1)11 

- CF 


) 

h. 


= z /■; 

(■). 

} 

7. 


= A r 

1. 

1 

4 

S. 


s. 

f 

% 

y. 

DF 

= FF 

y. 

> 


137 





Pari Tico 

Patterns of 1 hinking 
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Dynamic Thinking 

The Circle 


ANGULAR MEASURE OF ARCS 


Types of Thinking 

202. In Part One it was shown what 
kind of argument is accepted as proof in 
geometry. It was then learned that 
geometric knowledge is in the form of 
assumptions and theorems. From such 
basic assumptions al^out space as the 
parallel postulates and the two-point 
postulate we proved, through reasoning, a 
number of propositions—some directly 
and some indirectly. This type of think¬ 
ing we call deduction. Sometimes we call 
it poshilational thinking, because it is 
based on postulates. We saw how indue- 
tion^ another type of thinking that de¬ 
pends on experimental evidence, often 
helps us in solving problems and dis¬ 
covering new theorems. We also dis¬ 
covered that by forming the converse of a 
proposition, by illustrating it, and by 
forming more general propositions, we 
were able to organize and classify our 
facts. This basic and general t 3 ^e of 
thinking runs all the way through 
geometr}'. 

In Part Two we shall study how some 
special types of thinking best fit the 
particular things we study. In this 
chapter we shall use dynamic thinking to 
study the circle and the various straight- 
line figures connected with it. To think 
about a figure dynamically means to 
study it, not as completed and stationary, 


but as a figure that is being formed or 
changed. It is a geometry of figures in 
motion rather than one of figures at rest. 
We have at times used this type of 
thinking previously, but in the study of 
the circle we shall use it even more. We 
shall be able to discover and understand 
many things about a circle by moving 
straight lines across it. The invention 
and use of the wheel many years ago was 
the first step toward producing motion on 
a large scale. As we merely look at a 
circle, we often think of it as being drawn 
by turning a compass, or we imagine the 
whole circle turning. Both historically 
and mechanically, therefore, it would 
seem that the study of the circle is a good 
place to think of figures in terms of 
motion. 

Moving a Line Across a Circle 

203. As a straight line moves across a 
circle, it first touches the circle at one 
point, the point of contact or the poi^ 
tangency. In that position we call it a 
tangent. As the line moves on, it cuts the 
circle in two points and becomes a aecartf* 
We call the part of the secant within the 
circle a chord. If the chord pass^ 
through the center of the circle, we call 
it a diameter, 

204. Definition. A tangent to a 
cle is a straight line that touches the 
circle in only one point. 



205. Definition. A secant of a circle 
is a straight line that cuts the circle in 
two points. 

206. Definition. A chord of a circle 
is a line segment that connects any two 
points on the circle. 

207. Definition. A diameter of a 
circle is a chord that passes through the 
center of the circle. 


Dynamic Model 

208. The model shown in the figure is 
useful in studying the motion of lines and 
angles across a circle. You can easily 
make such a model by joining two rods 
AB and CD loosely with a small bolt E. 



Paint a circle on a wooden board (or 
cardboard) and cut a right-angle slot in 
it as pictured. Now mount your rods on 
the board by inserting the bolt through 
the slot. Adjust the model so that the 
bolt moves freely along the slot and so 
that the angle between the rods may be 
changed smoothly. 


Angular Measure of an Arc 

209. When the bolt E in the model is 
at the center of the circle, we call the 

141 


angles !)et\vo(Mi tlio rods ventral anglc<^. 
Ill § 41 a degree was defined as an angle 
that is of a straight angle. The arc 
that a central angle of one degree inter¬ 
cepts on a circle is called a one-degree arc. 
An arc is said to contain the same nuinlxM* 
of degrees as the central angle that inter¬ 
cepts the arc. Another way to say this is 
that the degree measure or angular measure 
of an are is the degree measure of its 
central angle. 

210. Definition. A central angle is 
an angle formed by two radii. 

211. Definition, The degree meas¬ 
ure of an arc is the degree measure of 
the central angle that intercepts (cuts 
off) the arc. 



ZO a cenlTal Z 
^ ZO and AB have 
tlie same degree 
measure, written 

zo^/b 


An arc nas aiso Linear measure 




length. When we think of the length of 
an arc, we shall compare it with a seg¬ 
ment of a straight line, but we are not vet 
ready to do this. In this chapter we are 
interested only in the degree measure or 
angular measure of an arc. If two arcs 
are in the same circle, or in equal circles, 
and they have equal degree measures, 
we shall call them equal. Later (§ 364), 
we shall see that such arcs have also 
equal lengths. 

213. Definition. In the same circle, 
or in equal circles, equal arcs are arcs 
that have equal angular measures. 

214. Corollary. A diameter bisects a 
circle. 

How large are the central angles? 

215. Definitions. A semicircle is one- 
half of a circle. 


A minor arc is less than a semicircle. 
A major arc is greater than a semi¬ 
circle. _ 

III lilt' Hgiire .!/> refers to a minor are. 
W lirii wi' r(‘f(M’ To a major ai'(\ we use tlii'oe 


I'11 (“i". a> .[( H. 



216. THEOREM. In the same circle, or in equal circles, if two arcs are equal, 
their chords are equal. 



PROOF 


Shift me nls 

1. 0.1 = o.r 
OH = oir 

2 . ZAOH = ZA'Orr 

:h laoh A.ro/r 

4. AH = A'H' 


liidmiifi 

1. I)<4. O. 



As you have loai'iied, a definition eon- 


lains a 


proposition and its cotn'erse. 


State the part of the definition used in 
eaeh of Steps 1 and 2 above. 


217. CONVERSE THEOREM. In the same circle, or in equal circles, if two 
chords are equal, their arcs are equal. 

Di-aw a figure and write out the proof of thi.s theorem. 


EXERCISES 




Given: 

Zi3 = zC 

Prove: ^ 

AB = AC 




Given: 

ABC - BCD 

Prove: 

AB = CD 
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3 . 


9 . 



G ivcm; 

.-LC = CD 
Prove: 

AC = BD 




Given: 

AC = BD 

Prove: 

.1 B = CD 




Given: 

AB A'B' 
, BC = B'C 

Prove: 

^B =ZB' 


Given: 

C the center 
of O 0 

AB :: CO 

Prove: 

*4C = CD 



Given: 

& 

AD 

Prove: 

ZA 


= CD 
= BC 

= ZC 


G. In a circle, a certain chord cciuals the 
radins of the circle. Find the nuinher of 
desirees in the minor arc of the chord. 


7. 


A Diameter and a Chord 

218. Set one rod ('!) of vour (Knainic 

• t 

(i^2()S) as a diainetcM*, will) tlio 
l)i\’<>t K away from the cviUei'. As 
vou turn the otliei’ rod .1/^ about /A do 
the parts AK and KB of the chord 
chanjie in size? Tr\’ to discovc'r in wl at 
position AB and BB will become (aiuah 
State this as a o-eiun-al ])t'opo<itioii. 




Given: 

a diam. 
of O 0 
ZA = 40° 
Prove: 

BC= 


Given: 

DC the 1 

bisector of AB 
Prove: ^ 

AD =^DB 


D 



As you turn the chord AB, do the arcs 
AC and CB change in size? In what 
position of the chord will these ares be 
eciual? Can you say the same al)out the 
ares AD and /^/?? 

These ol)servations lead ns to the 
following fundamental theorem. 
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219. THEOREM. If a diameter is perpendicular to a chord, it bisects the chord 
and its arcs. 


X '' 


V" 








v. 

?/ ' 


X' A’?/: 


riiven: 




DC a diam. of 

/>r 1 AH 
AH HH 

MJ = (li 


00 


AD = DH 

Con.^.: Draw radii 0.1 and OR 


moor 




OA = OB 
OB _L A B 
AE = EB 

I m - Zn 


4. AC = ('H 

5 , /.in' - /lA 

(». aT) = iTii 


Hvnmns 

1. Def. O. 

2. (liven. 

3. In an isos. A, the alt. to the ba«, the 
median to the has(», the l)isoetor of the 
verl(^\ / are sana* line segment (§ 13S). 

4. 1 )(‘f. = ares (§ 213). 
o. Sups, of = A are =, 

(). I )(4. = ares. 


We arrive at a converse of a proposi¬ 
tion by interchanging a condition in the 
hypothesis with a condition in the con¬ 


clusion (§97). In the theorem above, 
we (’an do this in many ways. The fol¬ 
lowing is one important converse. 


220. CONVERSE THEOREM. The perpendicular bisector of a chord 
through the center of the circle, and bisects the major and minor arcs. 


X' 


J: ' /B 
X vy 


(liven: AE = EB 

DC ± .1 B 
Prove: DC a (Warn 

,{C = CB 

AD = DB 


Write out the proof. 

Note that DC is broken near the center 


0. The reason for this is that DC is ^ 
given as a diameter. 


\\ e shall now compare two chords in distance from a point to a Kng has 
the same circle with their distances from defined as the length of the p^pend 
the center. Recall from § 162 that the from the point to the line. 
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221* THEORE\l. In the siifne tirtle, or in ec|U(il circles, if two chords a.re ec|Ucil, 
they are equally distant from the center* 

< ii\on : In i> 

( tiMid .1 /; , .17;' 

nt-: 1 . 1 /; 

0/7 _L .17;' 

l'to\o: O/-’ 0/7 

l>r;iu O.l and 0.1 

Write out the [iroof. 


222. CONVERSE THEOREM. In the same circle, or in equal circles, if two 
chords are equally distant from the center, they are equal. 

Draw a lij'ure and write oul tlie 



/; 







EXERCISES 

(а) Iliiw many circle^ can f»e drawn 
through two given ixjint^*' What 
the locus (jf tlie centers ot lhc.>c 
circles? 

(б) (liven the radius, construct a circle 
that passes through two given points. 
Discuss the number of piissihle 
solutions. 

(liven a cinailur ar(‘, construct the center 
of the circle of which the arc is a part. 

Biset^t a given arc. 

In a given circle, construct a chord that 
will l>e bisected by a given point. 

Prove the following converses nf the 
theorem about a diameter perpendicular 
to a chord: 

(а) If a diameter bisects a chord (not 
another diameter), then it is perpen¬ 
dicular to it. 

(б) If a diameter h'lsei'ts one arc of a 
cliord, it Is pt^rpendicular to the chord. 

(r) If a line bisects the major ami minor 
arcs of a chord, then it is perpendicu¬ 
lar to the ehurd. 

(d) If a Une bisects a chord and one cjf its 
arcs, then it is perpendicular to the 

chord. 

(c) If a Une is perpendicular to a chord 
and bisects one of its arcs, tlien it 
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(liioiiiili till- ccntiT lit the 

emle 

6. Pru\<' thill tin* >c^inciji-‘ nt ;i I’hiird [be¬ 
tween t\s i) ci>nccnti ii’ i iiclc' arc j'ljiial. 

Hint: I>i uw u diiitnctcr |jcrpcndiculai‘ 
to the chord. 

7. A chord i)iolongcd e(|Uai distanccri in 
both dircclii>ns. and the new ends are 
joined to the center of tlie circle. Pro\e 
tliut the twt> aii'^ witliin the t.riaiigh* are 
*M|uaI. 

8. Prove: Jf two eipiai chonls intersect, a 
diameter through the point cW* intersec¬ 
tion hi.sects iht* angle l>etween the chonU. 

9. Prove: If the center i>f a circle is on the 
bisector of an angle, iJie circle **uts equal 
chords, if any, frcmi the sides of the 
angle. 




Given : 

AB :: A'B' 
Diam . DC ± AB 
Prove : 

il ' = BB' 


A Line through One End of a 
Diameter 

223 . Set I lie nxls f»f vour dviiaiiue 

ft • 

inndel (§20S) in the position to illustrate 
riieonMM §2l!l. Now niov(* tlie holt K 
to the |)oint (' on the eirele. As the line 
s(‘jrinent AK heeornes Z(*ro, wliy does Kli 
also heeonu* zero? W hat liapiwns to the 
points .1 and H'! What h(»eornes of tl»e 
s(»eant lhron^!:h .1 and li'* 

This l<*ads us to the fctllowin^ theorem 
which we shall provt* indirectly 


D 



WV shall sliow that if tJ>r prtipi»4tii« 
wen* fills#* it would eontradirt our 
aUait a diameter {N*rpendinjlaf U a 
chord. 


221 . ' 

the circle. 



A line perpendicular to a diameter at one end is tanfcaC 




D 



<livi*n: AH ± dinm. f /> at C 
IVove: AH tan. U* 




I'lilher AH is tanj^ent to 0O or not 

• l.-fsi/rn- that AH is not tat\Kfnt to G<>. tlini it Mill rut IIh' nnlr in rnmm ittim 
point /* 


riiis roiitrailirts tlir tlu'on'in tliat a iliaiiM'trr |i<'r|M-nilirular to a 
hist'cts it 





4. rhen'fon', AH is tan^cimt to OD 


225. CON\ ERSE THEOREM 1. If a line is tangent to a circle at llie e»d ^ • 
diameter, it is perpendicular to the diameter. 


n 



Ciiwn; tH lait. fi* at f’ 

' a diam. 

Pnn^; /M^ ^ AH 


U«» 


t 


I 














ISDIREi'T rUooF 


]. Either DC _L AJ> or not 

2. Assume that DC is not per])en(li(ailar to AB, then we ean draw CD _L Al> 

3. Draw radius OF making Zm = An and eliord CF 


4. aOCE isos. 

5. OF 1 CF 

G. Xo\\' tan. AB and chord CF, twost^pa- 
I'ate lines through the same pt. (\ are 
both J_ to OF —which is impossil)le 
7. Therefore, DC J_ AB 


4. Def. O. 

o. In isos. A, the bisectoi' of tiu' 

Z is A to the base (13S). 

(>. Throu^b a ^iven pt., oidy one L can 
be drawn to a gix'en line (§ lOO). 


226. CONVERSE THEOREM 2. A perpendicular to a tangent at the point 
of contact passes through the center of the circle. 



(.liven: AB tan. to OO at (' 

CF A AB at (' 
Prove; <AE passes through O 


IXDIUFCT rUOOF 


1. Either ('F passes through 0 or not 

2. Assinnc that CF does not pass tlirough D, then we can draw anotlier line tlirouj 

0 and C 

Complete the proof. 


y 


227. CONVERSE THEOREM 3. If a diameter is perpendicular to a tangent, 
it passes through the point of contact. 

Draw a figure and prove the tlieorem indirectly, following tlie method of the pre¬ 
ceding theorem. 


EXERCISES 

1. (a) Prove: If a cii^'le is drawn with one 

end of the liypotenuse of a right tri¬ 
angle as a center, and the adjacent 
leg as a radius, then it will be tangent 
to the otlu'r leg. 

(b) Prove: The tangents drawn to a 
circle through the ends of a diameter 
are pai*allel. 

2. (a) Prove: If two circles are tangent to 

the same line, then the radii to the 
points of contact are parallel. 


(b) lllusirate (a) by drawing the circles 
in sex'oral positions. 

3. (a) The diameter of a circle is one leg of 
an isosceles triangle where the angU' 
opposite the diameter is 45°. Pro\-(‘ 

that the circle is tangent to the otlu'r 
leg of the t riangle. 

(6) One end of a diameter is connected 
to a point in a tangent through the 
other end of the diameter in such a 
way that an isosceh's ti’iangh' is 
formed. Prove that the angle bo- 
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th(‘ tan^oiil a.nd the sc'cant- 


i. 1 r"in an (’xlcinal point, a tan»;(Mil is 
drawn to a ('irclc. l^'oxa* llial tlio mid¬ 
point ot tli(’ liiH' so^naait (‘onneciinjr the 
I'xlornal point with the (a'nter of llie 
riiclr is (Miuidistant from tlu' (‘('nter and 
lh(' point ot ('oiitact. 

5. A (piadrilatei'al is fornK'd l>y two 1 anjitaUs 
to a circle a.nd the radii to th<‘ points of 
contact. Prox’c that tlu' an^le l>et\veen 
tlie tan^(‘nls is tlu' sni)])lf'm(ait of the 
atijih* hct w(‘(‘n t h(‘ radii. 





A line s(*<i;m('nl is tan^iait to a circle with 
its midpoint as tlu' ]:)oint of contact. 
'1 he (‘lids ot tin' line sejiinenl are joined to 
th<' centei’ of the circle. Ih-ove that the 
arc within tlu' trianj»ie is l)ise<‘ted hy the 
point of contact. 

In two concentric circles, a chord of the 
larjier circle' is tanji;ent to the smaller 
cireUx Prove that the chord is bisected 
l)\’ the point of contact. 

If a tangent makc's an angle of 'Mf with a 
chord through the point of contact, then 
the chord equals the radius. 



D 



Given: 

MN tan. to 

O 0 at C 
AB II MN 
DC a diam. 

Prove: 

ic = ^ 


10 . (a) State in words the proposition proved 

in IA\. 0. The diameter acts onlv as 

% 

an auxiliary line in the proof. !)<» 
not mention the dianu‘t(*r in vour 
pi'oposil ion. 

(h) ('opy the ligur(' in l']\. 0. On (liis 
ligurt', omit the diamt'ter !)<’ hut 
draw anotlu'r seeant parallel to AJi 
cutting the eirele at .1' and If. 
Psing the |m)position you stated in 
(a), pnne A A' = BIf. 

(c) Stale one general iii'opo.sition tlial 
covers all the eases in (a) and (If)- 
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11. The axis of the earth, if prolonged far 
enough, would almost pierce the North 
Star, Polaris. If an obser\-or wishes to 
find his latitude EP (the angular distancr 
from the e(|uator), he need only measure 
tlie angle that the line of sight to Polaris 
makes with the horizon HR. This angle 
is calk'd the nldliif/r of Polaris. Prove 

that this angle SPR e(iuals EP in degrees. 


S 



Rotating a Straight Line 

228. If a straight line is turned abouta 
point from one position to another, it 
moves over a pair of vertical angles. If 
at the same time the line also moves over 
certain arcs of a circle, we think of these 
ares as l)eing intercepted by the vertical 
angles and belonging to them. Wc will 
soon learn that there is an important 
relationship between the angles and the 
ares that are traced by rotating a straight 
line. 

In the following diagrams, A rn and ni , 
A ft and /d, and so on, are pairs of vertical 
angles. Xame the ares over which a line 
moves while turning through each pair of 
vertical angles, ^'ou can determine thi> 
by placing your pencil on one side of the 
angles and turning it alnnit the vertex 
through the vertical angles. Or you can 
use your dynamic model (§ 208). 



Translating a Line 

229. Definition. To translate a line 
means to move it so that it remains 
parallel to its original position. 

^ Now let us prove that if we translate a 
line across a circle, it moves o\'er ecjual 


aics. Like most proofs in gcometrx', this 
pi oof will ha\e to tlo with a stationar\' 
and completed figure. In other words, 
we shall prove that the arcs on a circle 
hetw'een two stationary positions of a 
translated secant are ecjual. 


230. THEOREM. If two parallel lines cut a circle, they intercept equal arcs 


D 



Given: AB I A'B' 


Prove: .-IG' 
Cons.: Draw 


BB' 

iani. DC ± AB 



PROOF 


Statements 
1- W ± A'B' 

2. .4C' = /iC 

^ = BV 

3. A A' = 

I^iaw figures and prove that tliis theorem is also valid if one or both of the parallel' 
tangents. 


Reasons 

1. A line ± to one of 2 ||s is ± to the other. 

2. A diani. _L to a chord bisects the chord 
and its arcs. 

3. Subt. Ax. 


s 
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C'PB' also equals the sum of thoir arcs 

.17/ and ('^B\ 

We can also see that as tlu' j)oint P 
moves farther from the (*(‘ 11101 * of tiu' 


circle, the decreasing arc l)B Ix'coim's 
zero when P is on tlie circle: and, (*ontinu- 
in^ to decrease, it will hecome noi^ativo 
when the vertex P is outside the (*ircle. 

We have, therefore, a simple way to 
measure the arcs that ar(‘ int('rcept(al hv 
vertical an«;les. \\'e think of the sides of 
the angles as having been translated from 
the center of the circle. In that (*ase, 
the sum of the angles was ecpial to the 
sum of the arcs. This fact remains true 


anywhere in 


th(' circk' l)(M*ause the trans- 


lat(Ml secants, in mox ing ovw ('(jual arcs, 


will (*ause oiu' are to lose' wlmtcnau' tlu' 
otlier arc has liainod. Finallw if the 
\'ert('x is outside the ('ircle, wv mfu'c'b' 
think of the history of the angk\s in t('rms 
of motion; that is, as the \’ertex roito' out 
of the circle, one arc must have decreastal 
through zei’o and has become negati\'e. 

Th(‘ following theorem summarizes 
what W(‘ ha\'e diseo\'ered b\' mo\’in<:' a 

1. 


pail* ot verti(‘al angles across a (*ircle. 


We call the sum of the arcs an olgcbroir 
sum, because one of the arcs may be 
negativ(x 


232. THEOREM. If the sides of two vertical angles cut or touch a circle, then 
the sum of the angles equals the algebraic sum of the arc degrees that the angles 
intercept—the smaller arc being negative if the vertex is outside the circle. 


STATIC PROOF (OPTIONAL) 

In §231 you have a dynamic proof of 
the theorem giving the relation between 
vertical angles and their arcs on a circle. 
The proof covers all cases and helps you 
to visualize these cases as one whole unit. 
If you wish to wi’ite out a static proof of 
this important theorem, the following 
outline will help you. 

Case L The vertex is inside (or on) the 
circle. 



AC +DB 


Case II. The vertex is outside the 
circle. 



^ y — "C y' — A'C (Case I.) 
= AC - AA' = AC 


EXERCISES 

Find the number of degrees in the angle x or 
the arc x in each diagram. 



x + y ^ 
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19 


20 


In each of the preceding 18 exerci^e^. n 
place the given numerical value hy (/- 
two numerical ^■alues are given. repla<e 
the smaller value by ij and the larger 
value by Find the simplest equatien 
connecting your letters, and sobe I"*" 
X in terms of tlie other letter or letter- 
Thus in Ex. 1, replace h0° by y an* 
90° by Then .r + ^ « T 

X = 2z — y. 

Complete the following statement; h 
vertices of a <[uadrilateral are on a ^ 
then the ojq)osite angles ol the quaiti 

lateral are —— 



INSCRIBED AND CIRCUMSCRIBED FIGURES 


Inscribed Polygons and Angles 

233. Definition. A polygon is in¬ 
scribed in a circle if all its v ertices are 
on the circle. 


B 



234. Definition. A circle is circum¬ 
scribed about a polygon if the polygon 
is inscribed in the circle. 

The angles of an inscril)ecl polygon are 
called inscribed angles. 

235. Definition. An inscribed angle 
is an angle that is formed by two chords 
meeting on a circle. 


(Abbreviation: An angle equals thi 
average of its arcs.) 

238. Corollary. An inscribed angle, 
or an angle between a tangent and a 
chord to the point of contact, equals half 
the intercepted arc in degrees. 



Z.r hAH 

tm 

z// ^ i . Cb 


239. Corollary. Angles inscribed in 
the same arc are equal. 



ZB an inscribed angle. 
zB intercepts AC. 

IB inscribed in ABC. 


B 



Zx and Z/y both inscribed in .1/^C/). 

Zx' - Z/y 


236. Definition. An inscribed angle 
is said to be inscribed in the part of the 
circle that it does not intercept. 

237. Corollary. If the sides of an 
angle cut or touch a circle, the angle 
equals half the algebraic sum of the arc 
degrees between the sides and between 
the extensions of the sides of the angle 
one arc being negative if the vertex is 

outside the circle (§ 232). 


240. Corollary. An angle inscribed 
in a semicircle is a right angle. 




241. THEOREM. The opposite angles of an inscribed quadrilateral are sup 
plementary. 



(liven: 

Prove: 


Inserihed quad. AHd) 

z/1 + zr' = is{p 

IB + ID = 1S(P 


PROOF 


Statements 

1. Z.l ^ 

zr ^ ^BAD 

2. ZT + IC ^ + BAD) 

= ^ O ABC DA 

= ^ ■ 300^ = ISO^ 

In ihe same way, ZB + = 


180 


Reasons 

1. Inscribed Z = J its arc (§ 238). 


2. Add. Ax. 


EXERCISES 


1. (a) What is the relationship between the 
angles x and y in the figure? 



(/>) Why do the bisectors of all the angles 
inscribed in th(‘ same arc m(»el in a 
point? 


M c/ X Jv 

—— Given: 

y y AC = CB 

Prove: 

MN II AB 

Write a general word statement of this 
pro])osition, 


N 


3. Prove: If a quadrilateral with two ecjunl 
adjacent sides is inscribed in a circle, the 
diagonal through the angle between the 
two equal sides biseets the opposite anyth’ 
of the quadrilateral. 



Given: ^ 

AB = rD 

Prove: 

ZAED = IADC 


5. Pro\’e; A trape^zoid inscribed in a circle 
is isosc(*l(*s. 

6. Prove: (a) A parallelogram inscribed in 
a circle is a rectangle. 

(6) An equilateral quadrilateral in¬ 
scribed in a circle is a square. 

(r) If two consecuti\*e angles of an in¬ 
scribed quadrilateral are e(|ual. the 
(piadiilateral is either an isoseele^ 
t rapezoid or a rectangle. 
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13. i/p 



Given; 

5, C, D and ^ 
on tlic circle 
Prove: 

Zx = Zy 


8. Provo; Two chords perpendicular 1o n 
third chord at its ends ai'c e([ual. 

9. Pro\'e: If two lines that intercept ecpial 
arcs on a circle do not meet inside the 
circle, then they do not meet at all. 



A 



Given; 

AC tan, 
to G 0 at C 

DC a diam. 
Prove: 

Zx = Zy 




Given; 

AB and AC 
tan.to O 0 

at B and C 
ZA = 80° 
Rcq.: 

To fiml zD 


{!>) In i)art (a), ha Z A = //. h'ind a 
r(‘lat ionship h(‘l\\ (‘en .r aiul //. 


14. If one side ()f an e(iuilat(Mal trianjile is a 
diam(‘t(‘r uf a cii'cle. then the cii'cle 
hist'cls the other two sides. 

15. Fi'om two \'ertices of an acute inscribed 
ti-ianjile, altitudt's are drawn and ex- 
temhal to (ait off an arc on a circha 
Pro\'(‘ that this arc is liisc'ctc'd l)V the 
I bird \-cr1 (‘x of t he t rian^h*. 

16. 

Given: 

ABCD an 
inscribed quad, 
with AD 
prolonged 
Zm = Zn 
Prove: 

A ABC isos. 



D Given: 



SUPERIOR WORK 

SI. From the same point on a semicircle, 
two chords are drawn so that the arc of 
the shm-ter chord is one-third the arc of the 
longer chord. A radius intersecting the longer 
chord is drawn to the end of the shorter 
chord. lh’ov(‘ that an isosceles triangle is 
formcHl. 



Hint: What angle in your figure equals 
Zn? Express the measure of this angle 
in terms of its ares. 


S2. 



S Given: 

Diam. CD 

PR T CD 

Prove: 

/ RMS = z CPS 


1.55 




c 



Given: 

A ABC inseriliod 
in G 0 
Prove: 

Zrr + == 3- Z^ 


S4. Pi'iU'e this thoor(‘in. It ttu^ opposite 
an^iles ol a (luadrilatcaal are supplementary, 
ilieii a eirrle may he eircums{-rihe{l ahout the 
(liiailrilatei’al. {C’on\'('i'se of § 211.) 



Draw a eirch^ passing tiirou»:h tite vertices 

i ' imiii-(‘et proof, show thal 1) 
cannot lie off the cii'cle. Prove that Zw and 
Z/> arc* (‘ach supi)lementary to /LB and are 


tiierefort' (Hpial to each other. This wilt 
cotilradicl the lh('on'm about an cxlcrinr 
anyh' of a 1 rianj^le. 


S5. (o) Pixne that two vertices of a tri- 
anjile and Mie feet of the altitudes from rhea- 


v(‘rtices lie on a circle; that is. a c 
drawn through d, />, !), and E. 


can i)(‘ 


C 



{h) In the figure, ADEF is called the 
pedal 1riai)glf‘ of AABC because it is foi'ined 
l)y joining the feet of the altitudes, Prove 
that 1h(‘ altitudes of an acute triangle hisoct 
tlu' angle's of the i)etla] ti’iangle. 

Ilittl: Vvi)m (a), you can pro\'e Z.r = Z.h 
Similarly, ]>i-ove Z/y = Zd. 

(c) Why do the altitudes of the triangle 
m<‘et in a point? 


Construction Problems 


242, PROBLEM. Construct a perpendicular to a given line segment at one end, 
without prolonging the segment. 



Given: Line segment AB 

T\) eons. CB ± AB 


Cof/slrurdon 

1. With any convenient pt 
AB at I). 

2. Di'aw diain. DC. 

3. Draw (LB. 

Conclusion: CB L AB» 


0 as the center, and OB as a radius, draw a circle cutting 


Make tliis construction and write out the proof. 
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243. PROBLEM. Through a given point on a given circle, construct a tangent 
to the circle. 


Draw a diameter to the given point, 
and then construct a line peipendicular 
to the diameter tlirougli the gi\’en point. 
If the metliod of the preceding pi'ohlem 


for constructing 
it will not he 
diameter. 


a perpendicular is used, 
necessary to extend the 


244. PROBLEM. Through a given external point, construct a tangent to a given 
circle. 



.1 Assume t hat. AP is the 

retpiired tangent from the gi\'en point A 
to the circle (). ^uuv APO is a right 
angle, it can he inscribed in a semicircle 
with AO as the diameter. The inter- 
.section of this semicircle with the gi\'en 
circle locates the point P, 


Oiveii: oO and pt. A outside 
Keep: To cons, a tan. to QO from 
pt. .1 


Consiractioji 

1. Draw AO. 

2. Cons. O'j the inidpt. of AO. 

3. With AO as diam., draw O0^ cutting 
OO at P and P'. 

4. Draw AP and AP'. 

Conclusion: AP or AP' is the req. tan. 

Make this construction and write out the proof. 



Inscribed Circles 


245. Definition. A circle is inscribed 
in a polygon if it is tangent to all the 
sides of the polygon. 


246. Definition. A polygon is cir¬ 
cumscribed about a circle if the circle 
IS inscribed in the polygon. 
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-I4". THEOREM. The tangents to a circle from an external point are equal 
and make equal angles with the line joining that point to the center of the circle. 



(li\'rii: 
and (' 
Ti’ove: 


AH and AC tail, to OO at B 


r - // 

= Z//' 


Di.-tw r!..- ,;idii M/; Mild (' and write out I lie proof. 


248. PROBLEM. Inscribe a circle in a given triangle 



(li\cn: AAUC 

Ke(|.: To inscril)c a O in AABC 


( n/isl rurhon 


X 


!. ( oil', the 1 li '■eri ()r< < it Z . I and Z inoel ing at (). 

2. f'.Mi-. Oh l_ AC. 

A. With O ;i- I he eent er and Oh ;is a radius, <lra\\' a eirele. 
< 'n>n f>/x/n/i: -^O i- iii-eriiiecl ill aAH(\ 


moor 


Sfnh 7fi( e/.s 


1. 0 oquidi-tant trom d. 1T, and IW 

2. A(\ Ah, and liC Ian. to OO 


1. Ihsectcn’of Z is locus of pt. equidi^?taiit 

from sides of the Z (§ !(>()). 

2. A _L to a (ham. (or radius) at one end 
is tan. to the O (§ 224). 


EXERCISES 


Pj-o\e: If twai parallel tangents are cut 
hv a tliird tangent to t he sana* eii’eh*. and 
the points of intersecl ion are joineci to the 


center, llu'n a I'ight triangle is formed. 

ih'ovce 4'h(‘ midpoint of an arc is equi- 
flistani from its chord and the tangeii 
at. on(» end of 1 h(‘ chord. 


loS 


3. 



Given: 

AB and AC 

tan. to O 0 
Prove; 

DB II OA 


4. (a) Construct a trianjile with two angles 
30° and 60°, and inseriiu' a eircle in it. 
(6) Find the number of degrees in each 
are between the points of tangeney 
in (a). 



Construct a circle tangent to three sides 
of a given (luadrilateral. 



Pro\’e the following ])roposition; 

Throron. 'Phe sum of t\N'o opposite sid(*s 
of a (juadrilateral in which a circle is 
inscril)ed equals the sum of the other two 
sides. 


A 



Given: 

O 0 inscribed 
in quad. ABCD 
Prove: 

AB + CD^BC + AD 


PROOF 

Stat(‘?nents Reasons 

1- a = a' 1. Why? 

b = b' 
c = c' 
d = d' 

Complete the proof. 


SUPERIOR WORK 

SI. State and prove the converse of the 
theorem in Ex. 6 above. Use the indirect 
proof. Draw a circle tangent to three sides 
of the quadrilateral. Now, assuming that DC 
is not tangent to the circle, draw CE which is 

tangent. 

From the original theorem, 

AB + CE = AE + BC 
It is now given AB + CD = AD A BC 


Subtract ihes(' two O([uations and show that 
an impossibh' ridationshij) concerning tiie 
sides of A DEC would result. 



Tell which of the following special ciuadri- 
laterals can have inscribed circles: a rhombus, 
a s<]ua.re. a parallelogram, an isosct'h's 
trapezoid, and a kite (a (luadrilattaal formed 
by the legs of two isosceles triangles on each 
side of a common base). 


S2. If two stationary tangents from a com¬ 
mon point are cut by a movable tangent to 
the same circle, then the perimeter of the 
triangle thus formed is constant. {P is any 
point on arc BC.) 

Prove: x + ?/ + ^ = /c 



S3. In the figure above, the circle is said to 
he an escribed circle or an excircle of the tri¬ 
angle. 

Dejiriition. An escribed circle of a triangle 
is a circle that is tangent to one side of the 
triangle and to the prolongations of the other 
two sides. 

(а) On what lines is the center of an 
escribed circle? 

(б) Construct two escribed circles of a 
given triangle. 

(c) Prove that the line connecting the 
centers of your escril^ed circles passes through 
a vertex of the triangle. 
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The same principle is used in na.vi«:ation. 
If the part APB of the circle is danj^erous to 
sail, how can a mariner determine whetlier he 
is in or out of the danger zoiu^ by nunisurinji; 

tli(‘ ‘‘danger auji;le'’ APB'^. 

S 6 . An aviator at P measures An and Z/>, 
nsintj; three points P\, P 2 , and P-.u which he 
identifies on his chart. [Make tlu' constrtic- 
tion, showing: how he could locate Ids un¬ 
known position P on the chart. (This is 
known as the three-point problem.) 



Help: Three points Pi, P 2 , and P 3 are 
given; also Z a and Z b. Construct the locus 
of P so that Z PiPP -2 = Z a; and the locus of 
P so that Z P.PP, = A b. (See § S249.) 

The diagram shows a ‘‘three-arm” pro¬ 
tractor. By setting the measured angles 
Q and b, the required point can be located 
huickly. Explain how. 

Ky bolting together three thin sticks, show 
how the three-arm protractor is used. 


S7. l)t . Ihllu'i' pail' of opposite 

sides ol an iiiscriiK‘d (|iiadtilaierai ar(' said to 
l)e antiparalh'l with r(‘speet to the other two 
sides. 

In the figure on top of page Idb AJi and 
PI) are anliparallel with n'sp(H't to Al) and 
B('\ .l/^aiid AT' ai(‘ant i])arall(‘l with i'(*sp('ct 
to .1 B and ('I). 

(u) Pr<j\e: If tlu' bisector of a gi\(‘n 
angle cuts two lines making tin* interior 
angles on the sanu' sid(' of ih(‘ t i‘ans\ ersal 
(lh(‘ lti.<ector) e([ual. lluai tin' two limvs arf‘ 
antiparalh'l with respect to the sides of th(‘ 
gi\'en angk\ 

{b} In your figure for (a), there are two 
triangles that ha\’e tlu' gi\'en angh' in com¬ 
mon. Imagine that one of these triangles is 
turiH'd through 180° about the angle bisector 
as an axis. Draw the new figure and pro\ e 
that two lines which were originally anti- 
parallel ha\'t' now become parallel. This is 
why the term anliparallel is used. 

Note that there are no absolnieltj anti- 
parallel lines. They must be related to other 
lines vso that we mav know what rotation will 
make them parallel. 


Two Circles 

250. Definitions. A common exter¬ 
nal tangent to two circles is a line that 
is tangent to two circles on the same 
side of the line. 

A common internal tangent to two 
circles is a line that is tangent to two 
circles on opposite sides of the line. 
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In the figure, eirch's <> mikI U' iniriMTi 

each other in ,1 and B. -l/> is thr ('(Hu- 

mon cliorcl and called (he Inn <»/' 

% 


cciilci's. From the l\\n-l\>int 1 henrein 


(^lol), we see tied is llu' |>ei-|)en- 


dicular bisector ot . 1 B. 


253. Corollary. If two circles in¬ 
tersect, the line of centers bisects the 
common chord at right angles. 

As the two eii*eh‘s mo\(‘ about, (he 


points A and B approach each otlua' m) 
that one of the two positions shown in the 
figure will result. In tlu' first position 
SX becomes a common internal langtait, 
and the circles are tangent externally. 
In the second jiositiou N.\ Ixa-onu's a 
connnon external tangent, and tlu' ciiadiss 
aie tangent internally'. 



254. Definition. Two circles are tan¬ 
gent to each other if they are tangent to 
the same line at the same point. 

We see that as the circles approach 
tangency, tlie common chord AB ap- 


])n)aches zero and the midpoint be- 
(*omes the point of contact. Now, tlie 
line of (‘enters always passes throngli (’ 
and continues to do so as T becomes the 
point of tangency. 


255. THEOREM. If two circles are tangent to each other, the line of centers 
passes through the point of contact. 

Given: ®() and O' tangent to ea(*h 
other at C 

Prove: The line of centers 00' passes 

through C 

Cons.: Draw OC and O'C. 

PROOF 

Statements Reasons 

h There is a common tan. il/iV through 1 . Def. tan. (D (§ 254). 

C 

2. lOCM and ZMCO' rt. ^ 2. Why? 

3. OCO' a st. line A\ hy.^ 

This proves indirectly that the line of centers 00 passes thiough C. 
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EXERCISES 

1. (^7) It two (‘irclo8 arc eiiual, ]>r(tve tliat 

the external tangents are parallel. 

[b) If the external tangents to two circles 
are not parallel, prove that they are 
equal l^y prolonging them to meet. 

2. (a) II two circles are tangent to each 

othei', and from any point in the 
common tangent thrf)ugh tinar point 
of contact two other tangents are 
drawn to the circles, these tangents 
are equal. (There are two cases.) 

[b) If two circles are tangent to each 
other externally, the common in¬ 
ternal tangent bisects the common 
external tangent. 

3. {(}) In two concentI'ic* ('ircl(‘s, two e(|Ual 

<*hoi-ds of th(‘ smaller circle, wlien 
l)rolonged, will form (Niual chords of 
the larger circle. 

(/>) Pro\’e: If the diamotei' of one circle 
is the radius of another circle, the 
circles are tangent to each other 
internally. 

4. Prove: If two ec[ual circles are tangent 
('xternally, and the ends of two parallel 
diameters are joined, then a rhombus is 
formed. 

5. In eacii case, the circles are tangent to 
each other. 




Prove: 

(in angular 
measure) 




Prove: 

Zx =zy 




Given: 

© 0 and 0' 
tan. at C 
Prove: 

OA II O'B 


7. (a) 



Find the 

number of 
degrees in 
arc z. 


(b) .r, y, and ^ the angulai* measures of 

the arcs. Write an eciuation givinj;; 
the relationship among .r, y, and 





Prove: 

(in angular 
measure) 




Write an 

equation 

connecting 

the angular 

measures 
.T, 2/ and 2 



8. 


S2. 



Given: 

= ©OandO' 
intersecting 
st. line BC 
Prove: 

AD = AC 




Given: 

/ Intersecting 

CC'and 
DD' st. lines 
Prove: 

CD ]1 C'D' 



Given: 

Diains, AC 
and AD 
Prove: 

CD passes 
tlirougli B 


S3. As two circlf's nio\'f‘ towaid (^acli oTlu^r, 
tluw pass throu^li fi\<‘ po>iii(His: (li one 
is (*nlii-elv outside tlu' oilier eiicle; 
(2) they are tangent externally; Cp they cut in 
two points: (4) they are tangent internally: 
and (3) <jne is entirely insidi' the other. 

State the necessary and sufhci('nt condition 
for eacli position in terms of the numlxa- of 
common ext(M-nal and intei-nal tangents; also, 
in terms of the relationship Ix'tween lh(‘ line 
of centei's and 1 he radii. 


10. (c) 



Given: 

® 0 and O' 

tan. at C ^ 
Common int. 
tan. CD 
Common ext. 
tan. AB 
ZACD--=4:0^ 
Req.: 

To findZx 


(6) Prove: If two circles are tangent 
externally, and a common external 
tangent is drawn, then the three 
points of tangency are the vertices 
of a right triangle. 

Hint: In the diagram above, I’eplace 
10° Oy y nnd prove .r + y = 90°. 


SUPERIOR WORK 


54. (a) If two cii-ch's have two external 
lang('nts, then the four points of tangency are 
cyclic (they ar(^ on a circhd. 

(/>) 11 two circles have two int(*rnal 
tangents, then the four points of tangency are 
cyclic. 

55. Problem. To construct a common 
external tangent to two circles. 



AnaUjHiH. Let AB he the retpiired tangent. 
Draw radii 0,4 and O'B] also draw OY' 
parallel to AB. 

ABCyC is a rectangle and ,10 := BO'. If 
we draw an auxiliary circle with 0 as the 




Given: 

© tan. internally 
BD tan. to 
inner O 
Prove: 

lx = ly 
Help: 

Draw B'D' and 
prove it || BD. 


center, and a radius etiual to OA — O'B. 
O'C will he tangent to it. This suggests that 
we begin by constructing an auxiliary circle, 
and then construct a tangent to it from O'. 
yiake the construction. 

This figure and the next one are used in 
problems in which the length of a common 
tangent is computed. Finding the length of a 
i)elt connecting two pulleys illustrates such a 
problem. 
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Sf). ProUJcni. T('t consf I’uct 
inici’iial lang:fiU lu two (.-iirh's. 


a fomiiKHi 



Tf Olio ])air of opposite a.n^les of a (juafln- 
iaieral are oqual, and t lie diaj*;on;Ll t hnumli liir 
vertices of tliese angles Insects the otiirr 
diagonal, then the figure is a pai’allelograin. 
See diagram al llu* hotlorn of column 1. 

Help: (drcumscribe circles about tlu- 
triangles ABC and AJ)C. 


The anal\'sis is similar lo ilial in So. 

lime* the radiim ot lli<‘ aiixiliarv circle 

% 

.s///a ot the radii of the given circles. 
Make the construed ion. 


Tills 
is tlu‘ 


HONOR WORK 


HI. (dv('n; Si. line PP' passes through 
mu' point of in1(‘rse(dion of the two circles 
Pro\-e: ZA is constant as (and /'') 
mo\-es on tlie circle 



H2. (a) Prove: If a side and th(‘ande 
opjiosite tills side ol one ti'iaugle an* (*(|ual 
res])ec1 ively to the coiresponding parts of 
another triangle, then the circles circum¬ 
scribed about tht'se triangles are e'lual. 

(If) Pro\'e that Combination 12, §174, 
is sufficient for a tiuadrilateral to be a paral¬ 
lelogram: 



SUMMARY 


256. Afany I lu'orems about circles iveie di'- 
co\'ered and some were proxu'd by ino\'iiii: 
lines and circles across otu* another. The 
most important of these tlu'orems states that 
we may measure a pair of vertical angles by 
the algebraic sum of tlie are degrc'f's that they 
intercept. These angles may be thought ni 
as having come* fi'om the cenit'r of the cii-clc 
wlH're (by the d(*finilion of the angulai' 
measure of an arc) tin* sum of the angles 
(‘(juals the sum of tin* arcs in degree's. Tlii^ 
remains true everywhere i)ecause the triin>- 
lated sides cause one arc to lose what(‘\‘er the 
other ar(* has gained. When the \'f‘rtc\ ui 
tiu* angles is outside the circle, one arc has 
become negati\'e. 

h^rom our sttidv of the circle we now have 
the follo\\ing main tools for proving i)roposi- 
t ions: 

1 . d'o ])r(.)\’e line s(*gments e(|ual, show that: 

(n) They arc* chords of a circle* with eciual 

arcs. 

(/>) dduyv are the parts c»f a cliord tormed 
by a diameter perpendicular to the chord. 

(r) Theyv are chords ecjually distant irom 
the center of the same circle: also the 
converse. 

(c/) 'They are common external or com¬ 
mon internal tangents to two circle's: or 
taiigeiUs to a circle from an e'xternal point. 

2 . 4'u pi'o\ e that arcs in the* same circlcai'c 
eepial, show t hat : 

(o) 'Phew ha\'e eejual ciiords. 

(6) d'lu'V are inchule'd between the end" 
of a chord and the diameter perpendicular 

to the chord. 

(e) They measure eejual angles. 

(e/) They are ine'huled between parallel 
lines. 


ICO 



3. To prove angles equal, sliow tluil; 

(a) They are measure<i Ijy e pial ares. 

(b) They are included hei^een two 
tangents to a circle and a line to the center of 
the circle, all from the same point. 

4. To prove that an angle is a I’ight angle, 
show that: 

(а) It is inscribed in a semicircle. 

(б) It is formed by a tangent a.ml a 
diameter to the point of coni act. 

5. To prove that two angles ai‘e s\ipple- 
mentary, show that llu\v ar(‘ th(‘ oi)p()site 
angles of an inscribed (.luadrilateral. 


RECOGNIZING NEW TERMS 

Can you describe each word or term belowf 
If notj go back to the section indicated. 

tangent (tan.) § 204 
point of contact § 203 
point of tangency § 203 
secant § 205 
chord § 206 
diameter (diam.) § 207 
central angle § 210 
angular measure of an arc § 211 
equal arcs § 213 
semicircle § 215 
major and minor arcs § 215 
translation § 229 
circumscribed circle § 234 
inscribed circle § 245 
circumscribed polygon § 246 
inscribed polygon § 233 
inscribed angle § 235 
common internal and external tangents 
§250 

line of centers § 252 
tangent circles § 254 




It a circh* is 


inscribed in an 


isosceles triangle, the point of contact on 
the base is the midpoint of the base. 



(/>) State the proposition that results as 
the chords in (a) become zero. 


5. Given: ZBEC = 20®, ZEHD = 15® 

.AE = 80®, CD = 70® 

HA and HD are tans. 

All the lines are straight. 

Find the number of degrees in the follow¬ 
ing : BC, Z BA C\ Z BMC, Z F, El), Z EBC, 
LEAC, lAEB, ii, AAHC, 



REVIEW EXERCISES 

(а) Prove: If the diagonals of an in¬ 
scribed quadrilateral are equal, the 
figure is an isosceles trapezoid or a 

rectangle. 

(б) If two opposite sides of an inscribed 
quadrilateral are equal, and one angle 
is a right angle, the quadrilateral is a 

rectangle. 


6. (a) Write the relationship among the 
number of degrees in x, y, and z. 
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SUPERIOR WORK 



Write the rclationsliip 
between .r and /y. 


7. Pr()\'o: 1 he nndjxjint oi ^ (diord is 

disianl Iroin IIk' ('iids of a.ny olltcr chord 
])arall(‘l to 1h(‘ l)isect(*d chord. 




Given: 

PC tan.to 

G at C 

Zm = Zn 

Prove: 

A PCD 

isos. 

Help: 

ZCDP = 

ZA+Zm 


9. A rij2;lit triangle is inscrilK‘d in a circle. 
At. the \'('i'lc\ of one a.cut(‘ anjile, u tan- 
j2;ent is ilra.vn aiul the l)isector of th(‘ 
otlier aciUe ani^h' is prolonji;ed to meel the 
tanjrent. Prove tliat the figure contains 
an isosc('l('s t 


SI. (a) d'wo angles of a (|iia'lriiat(.|;il ai. 
[if and 110^. What can you say ahaiit t'h, 
(luadriiatei-al? 

{h) The sides of a quadrilateral takdi !!■ 
order are 4, (i. 7. and d. W'hat can vni| - 
ahout 1 h(’ (]uadrilateial? 

(e) State tlu' follo\vin<i- as Iwn -epaf 
proposit ions and justify each: 

It tlie sum of t w'o opposite (sidc'«. aia::!'’' 
a. quadrilat(‘ral (‘quals the sum ot i 
two (sides, angles), then a ciiclc raa 
(inscrilx'd in, circuniscrilxMl about ) i lie (pcel 
lateral. 


4 I 


r n! u ‘ 


S2. (d\'en: A I) and HP, alts, of in^criK'd 
AAH(\ met't tlu' Gf^ in /*’ and // 

Prove: Ffl II l)E 

Ifrlp: Draw a ('irch* through H. I). K. 
and . 1. 



to. Draw a radius ptajx'iidicular to a di- 
amcMer. Fi-om tlu' einl of tlu* radius, 
dv aw a. cliord int(M'sectiii<*' the dianu‘t(‘r. 
At the other end of tin* clu)rd. <lraw a 
1an»;ent. intersecting the diainel(‘r pro- 
lonj^etl. Prove that tlie fij’.ure contains 
an isose(‘les ti'ianiile. 



(li\ en : Inscrilx'd AA H(' 

.\ (' tan. to tlu' circl(‘ at f 


MX H(' 

Prove: ZHMC = ZAX(' 

Help: Jh’o\'e ZMAC = ZM\(\ and drax 
a circl(‘ through M, A, X, and 


11. Prove the following: 

(a) If an inscribed polygon is equilateral, 
then it is equiangular. 

(b) If an iiiserit)(*d //-gon is etiuiangular 
and n is t)dd. ii is etjuilateral. 

(c) If a circle is divided into any luunber 
of equal parts, and the points of 
division are joiiu'd in succession, then 
a regular polygt)n (equilateral and 
equiangular) is formed. 

12. Piawe that if two chords are not tli- 

ameters, they cannot bisect each tUher. 

(Use the method of rcdurlio ad absiird}{ni.) 


N C 



S4. Prove: If tim diagonals ot an iri" 
scribed (puulrilateral are perpendicular f*’ 
each other, then the line through their in*cr- 
section that is pert>endicular to one '•idc "I 
qtuuirilaieral bis('ct> the o])pO'ite >ide- 

ItiS 





S5. (a) Prove: If tlu* dia,m(‘1(‘r of oiu' 
circle is the radius of another ciicUa duai a 
chord of the larger circle from the point of 
contact is bisected by the smaller circle. 



(b) In the tigure, llie chord rotates about 
the stationary point .1 on 1 lu^ circle. Find 1 he 
locus of the midpoint i\ 


56. In our study of arcs, it was not the 
actual lengths of th('s(‘ ai'cs that W(’ (*on- 
sidered, but the angular nuaLsina's. ''I'liis 
statement, ot course, nu'ans tliat ai'cs ha\'ing 
the same angular imaisurt' ma.>’ differ grcaitly 
in length. \\ e sluill see lat('r that tins can 
happen only in circles of une(iual radii. 

The apparent motion of the sun is through 
an arc in the sky. The end of the hour hand 
moves through an arc on the dial of your 
tvateh. For the same inter\'al of time, how 
do the angular measures of these ares com¬ 
pare? When local standard time is 12 o’clock 
noon, in what direction is the sun? Now 
complete the following rule that will enable 

you to use a watch set to local standard time 
as a compass. 

Point the liour hand to the sun. South 
is the point on your dial .... 

57. Problem. Given their centers, con¬ 
struct three circles tans-ent to one another. 



^■^nalysis. Let A, B, and C be the given 
^-'enters and a, h, and c the sides of /\ABC. 

AB = c={a~x) + (b~x); x = ^{a+b-c) 

^lake the construction. 


S8. Probh ni. ('(lU^i niio 
aiigh^ wiiose \'crtices are 

parallel lines. 


all c(iirilah'ral 1 ri- 
011 (liri'c gi\en 



Amihfsix: lA^'t ABC be the rtaiuiri'd ('([iii- 
lateral triangle. C'irciimscrihe a circh' about 
it. I low larg(' is Z .1 />/i? 

S9. Prove*: ddie bise'ctors of the aimh's 
formed iw i)rolonging tiie opposite sides of an 
inscribed (nuulrihiteral are perpendicular to 
each other. 



//c/p; Prove the following; 

o + /> + c + (7 = a' + // + r' + {(' 


510. Construct a triangle, given one side, 
the size of the opposite angle, and the length 
of the altitude to the given side. [A, a, /u,. 
See § S249.) 

511. Construct a triangle, given one side, 
the size of the opposite angle, and the length 
of the altitude to another side. {A, a, hb.) 


The Sphere 

S12. The intersection of a plane with a 
sphere is called a circle of the sphere. 

A great circle of a sphere is one whose plane 
passes through the center of tlie sphere. 

A small circle of a sphere is one whose plane 
does not pass through the center of the 
sphere. 
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Parallf l circles are circles whose planes are 
parallel. 

[a) Mow can yovi pass a great circle 
through two points on the surface of a sphere? 

(/)) How many great circles can pass 
through two given points on a spliere if these 
points are the ends of a diameter of the sphere? 
if thev are not? 

(ri How many small circles can pass 
tlirough two points on a sphere, if the two 
points are the ends of a diameter? if they are 
not? 

(<]} Tlu'ough a given point, how many 
great circles can he drawn parallel to a great 
circle? to a small circle? 

(r) In how many points do two great 
circles intersect? How are these points 
related? Wliy? 

S13. d'he axis of the earth is the diameter 
about which the earth rotates. The ends of 
the axis are called the poles. 

(«) flow many great circles can pass 
through the north and south poles of the 
earth? 'I'liese circles are called meridians. 

ih) How many meridians can pass 
through a point, not a pole, on the earth’s 
surface? Why? 

(c) Is the ec|uator a great or a small 
circle? All the circles on the earth parallel 
to the equator are called circles of latitude. 
Are the circles of latitude great or small 
circles? 

id] How many circles of latitude can 
pass through a given point on the earth’s 
surface? Why? 

(e) If you travel directly east, what kind 
of circle are you following? 

(/) What is the name of the circle that 
you follow when you go directly south? 

S14. In the figure, N and S are the North 
and South poles of the earth, EQ is the 
equator, 0 is (Irconwich, ICngland, A is any 
other point on the earth, and circles NGRS 
and NAPS are meridians. 



(a) The latitude of a point is the part of 
the meridian between that point and the 
equator. What is the latitude of G? of A? 
Are they north or south of the equator? 

(h) The longitude of a point is the part of 
the equator between the meridian through 
that point and the meridian through Green¬ 
wich. What is the longitude of point A? 

Is it east or west of Greenwich? 

(c) The longitudes of two points are 
40^ E. and 15° E. What is the difference in 
longitude (abbreviated DLo) between these 
two points? 

(d) Remembering that the earth rotates 
through 360° longitude in 24 hours, what is the 
difference in time between the two points 
in (c)? 

(e) At the North Pole, which direction 
is east? north? south? 


HONOR WORK 

Air Navigation Problems 

H257. Vectors. An aviator is headed 
in the direction EH at 90 miles per hour, 
and the wind is blowing in the direction 
EW at 30 miles per hour. The diagram 
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.^Iiows the ill OIK' lioiir. 'I'Im- line 

Kll and KW injx'i'senl the 
\clociti(‘s. A \(‘l()eity ha> Kuth -pi'ctl 

and (lii'tH'tion. 

It is (‘If'ai’ from tlu* diagram that the 
dii'cct ion Kll in ^\hi^dl the plane is 
licadf'd is not the course' o\-('i' tlu' ground, 
H\' lh{‘ tini(‘ tlu' plane has aiaix'ed at the 
point II in th(‘ aii', the whole ina.-s ol air 
ill which lh(' ])lan(' is (lyin^‘ will have 
iiio\('d a distance of dO niih's in the dire'e*- 
tiun of y>’ll . d'li(‘rt'tor(*, the ]>lane wi 
acluall\' h(‘ at K with i'('sj)(*ct to t he eart h. 
Ill other words, the n^sult eif this flight 
is the same as if the plane' had flow n wit h a 
velocity of KP in still air. 

V 

We could ari’ive at the same conelusion 
hv supposing that the plane were' sus- 


peinled m the air like a halloon toi‘one 
hour, durina' which time the air would 
carry it to U . d’h(‘ plane' would then (1\' 
lor OIK’ hour in '■till air a di>Iance of dO 

miles, thus arrieina at P. KP i," called 

* 

t li(‘ /nn f: of t he |)lan('. 

1 he* traedv KP i> the i'("'ultant of the* 
\'elocity ot the plane in still air and the 
wind \'e‘loc!t\'. It is >ee‘n frenu the' dia- 
a;ram that the I'csiillaiil i- the’ diagonal eif 
a parallelogi'am that is de'le‘iniine‘(l 1)\- 

Kll and A’ll' a> od('>. Kll and All' are 

cal lee 1 I'rrlors 1 loca u>i' t he\' ha \'e hot h maij- 
inludc and (hrcrlu)/!. Feirce' is another 
example' e^f a \’ector, he'cause't he' diie'cl ion 
ill wliiedi it acts is as important as its size*. 
d'h(' follo\\ing is a ge'iieral theorem ahoul 
adding vectors. 


H258. THEOREM. The resultant of two vectors is the diagonal of the parallelo¬ 
gram determined by them, 

III pi‘aeti(‘(*, it is not n('ces>ary to work 
with the wdioU^ paralh'logram. Since the 
Jiartsof AIl'AA are duplicated in /\HEI\ 
we need use oidy one of these* triangh's. 
lWKP is called the icind (rianglr. Th(' 
letters IT, A, and P are standard notation. 

II denotes ivind: E, earth: and A, plane. 

The vector KP is read "pkui<? with 
U'speet to earth.” ddiis ^'eetor contains 
the ground speed and the true e(}ursc. 

The vector KW is read “wind with 
respect to ('arth.” ddiis means the wind 


hu'ce and 1 he wind diri'ction. d'h(' \'eetoi 
\\ P is read “phtne with rc'spi'ct to wind 
(air)." d’his memis the aii>peed and tin* 
heading. 

The angle* helwi'i'ii the lu-ading 117^ 
and th(' trui* course KP is calk'd the dnfl 
aia/le. It >hows th(* niimher of dc'grei's 
to the light or left that the plane is 
drifting away from the course in which 
it is headed. 

In navigation problems we ai-e gix'cn 
enough <lata to determine the Alt7!,7'*. 


Illustrative Example. A phun* with an 
airspeed of 00 miles per hour is headerl in the 
direction of 00°. 'I'lie wind is 30 miles per 
keur//'u//( 330°. Find tlie true coui’se ('IC)j 
the ground speed and the drift angle. 

Since the navigator ean always riaid the 
airspeed on his instrument [lanel. he h(*gins 
hy drawing the eirele with 11 as the centi'i' 
and 117^, the airspeed (to a suitahle M'ah't, 
as the radius. lie then draws the hi'ading 
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117' iinil tli(‘ wind E\V. This 

% 

liiin lo (■oni]>l('te ihe triangle WEP. 

The rennirod answ('rs aix' found by measur¬ 
ing the diagram. Tlie eoui'se is found by 
measuring the a,ngle frf)m tli(‘ north line to 
EP. It is 7()°. Tl,(' length of EP, Db miles 

g.er hour, is llu' gi-ound speerl. The drift 
angle is \{'E to the /•o/A/. 

HI. Tlu' wind is do mikes per liour from 
2(>0°. A fii(M' is head('d in t h(‘ dir(H*1ion of 340° 
with an a.irspe('d of 110 miles pt'r hour. Find 
tlie true course, the ground speed, and the 
drift angle. 

H2. The wind is 80 miles per hour from 
200°. If the airspeed is 100 miles ))er hour, 
what heading must a jdane have to make good 
a course of 70°? What is the grounrl speed? 

TEST 

1 . In the following diagrams, many angles 
looL' etiuah In each diagram, nanu* a 
Itair of angles tlud you can proiw e(iual 
from the given facts. Do not copy the 
diagrams. 



AB and AC arc AC is a 

tangents. tangent. 



2. Prove: If a line is tangent to an arr at i 1 ^ 

midpoint, then it is parallel to the choni 
of the arc. 

3. Prove: If two tangents to a circle irnm 
an external point form an angle of iltr, 
then the chord joining tlu* point.- <>1 
contact efpials either tangent. 

4. Donsti’uct a rhoml)us and insciihc n 
circle in it. 

5. (li\'(‘ t lie mf'asures of the angks m, ii, p, 7 . 
and /• in terms of the arcs. 




Given: 

OD 1 AB 
Prove: 

= Zij 

7. (a) Find a rt'lal ionship among tin- mine 
ber of degrees in .r, 1 /, and z 





Find a 

relationdiip 

between A 
X and y> 
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8. {(?) WluU can yoti >av alunii ih,' point'^ 

/^ (i. !i\ N. an.l 7’? 



Zr = /LQ = ^11 

{h) It a circle is drawn with AH as a. 
diameter, wliat points lie on if* 


C 



B 

AD and BE altitinles 


('■) It a rii'rli' is ( 
<liannM(M-. w IklI 


liawn wiili (T 

p<HillN |i(‘ mi if/ 




9. A dianit'ter and a tanaeni at ont' cn<J of 
tilt' dianif'lt'r ari' two ^ld(^s (it ;l tiianylc. 
At the* point wlu'n' tlu* tim’d sah' cuts ihc 
cirnlta anollu'i- tan^mit is drawn. Proxm 
that tlu'liist laii.mMii is 1 lisom I'd. [Unit: 

C'oniu'ct the two points of contact.j 



Ilrip: Show that AH and ('!) ari' oppo- 
sit(' sidi's t)f a EJ. 
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Dimensional Thinkin« 

o 

Area and Proportion 


AREAS 


Measuring Magnitudes 

259. I'lic ni(‘asur('s (itaalc'd lo d(‘scrilK' 
a maj 2 ;iiilTi<le arc' called its (linicNSKm^. 
I low Diaiiv dinieiisioiis ai’O needed lo 
measure a line? time‘.^ inoiu'v’^ It is ap¬ 
parent that only one dimension is lua'ded 
to measure* t'aeh of these* thin<>;s. 'To 
measure most thinj^s, hetweveu-, several 
dime'usions are reeiuii'eel. ddius, llu* (*\- 
tent of em|)loymc*nl is often ('xpre'sseal in 
man-he)urs. ddiis m(*ans the* produ<*( of 
a numher of me*n anel tlu' numix'r of 
hours they worked. 


Area of a Rectangle 

When we me'asure' the* size* of a smface, 
we say we are* measuriu”' its e/mu 'To 
express an are'a in numhers, we first 
e*hoose a unit of e/m/. 

260. Definition. A unit of area is a 
square whose side is the unit of length. 

Thus, if the unit of length is one foot, 
then the unit of area is a s(]Uare whose* 
side is one foot, ddiis unit of area is 
called one stiuare foot. If the unit of 
U'ligth is one inch, then tlie unit of area is 
a sepiare whose side is one incli. ddus 
unit of area is called one seiuare inch. 
Describe the terms “sepiare yard” ami 
“square mile.” 

261. Definition. The area of a sur¬ 
face is the number of unit squares that 
the surface contains. 


262. Definition. Equal figures are 
figures that have equal areas. 

If a rc'ctangle is / units long and ir unit' 


wide, tlu'ii we can divide* it into niiii 
s/juare's. d'he number of these >(|n;ii'' 
will Ik* hi'. With any rectangle given, i^ 
ma\' not be ])ossibl(' to nu'asiwe each dik 
in units of h'nglh. We shall >(*(■ l:itci 
that lh(*i(‘ ai’c line s(*gm(*nts that cnnin'i 
b(* compai'i'd directly with tin* siaiabi 
unit of h'ligth. We shall n('\'ci'tlidc" 
assume* that the* numb(*r of unii siinaU' 
that will lit into any re'ctangh' is the niini- 
bei- of linear units in its length time" tlic 
numlx'r of line*ai‘ units in it'< wit 


1 ft. 

r 





t — 

1 

1 



$ 


i 

i 

1 


^ n^lir 


263. Postulate. The area of a 
tangle equals the product of its base and 
its altitude. 

The Trapezoid 

264. The model shown in the hgum 
can easily be (*onstru(*ted of ^trip' 
wood. It consists of two rectangh'- 

ABIPA’ and D'CCD, having equal ahe 
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tildes. One iTc1an^l(‘ is ])la('(Ml (ui tlu' 
other, and the points A and 1), a> well as 
the points 5 and (', are conneeted by rub¬ 
ber bands. With the leases liiu'd up, oiu' 
rectangle slides over the other and the 
ligurc bBO/) remains a tr;ip<'/nid. 



In the ligni’c' show n, t la't rapi'zoid in- 
eludes iIk' smaller ri'etangle and one-half 
of what is left of the largt'i’ rectangle. 
In othf'r words, tlu' area of tia' tra])(‘zoid 


appears to be midway between tIa' two 
I'eet a niih's. and 11 a'K’fi n'(‘ ('(|ii;d lo lla'ii- 
a\'erage. In syml)ol>, tlii> would mean 
that tlie ai'ea ol a trapi'zoid whose height 
is //. and whose' base's an' h and !>', is 
hihli +/>7;). h'aetoring out //, we* ha\'(' 

—t^ - ddiis can be e'Xi)r('sse'd as tla^ 


lieight times the average of the base's. It 
can also be expressed as half the product 
of the altitude and the sum of the bases. 


265. THEOREM. The area of a trapezoid equals the average of its bases times 
Its altitude. 


C' B 


! P' 


d 


p" y 

-^T-7 

\q'\ 

p/ 


h 1 / 

l/«l 

' / ^ 

/ 




Given; T = Area of trap. A BCD 

h the altitude 

/AB + DC\ 

Prove: T = h (-- ) 

Cons.: Draw alt.s. from D, B, and C. 


PROOF 


^kilemcnis 

!■ P ^P' and Q^.Q' 

2. T = aAB' + P + Q An Fig. 2, 

VaAfi' + P-Q 

T = n2D'C-P’-Q' An Fig. 2, 

\n]D'C-P' + Q' 

3. 2r = □.-l/?' + airc 

4. But aAB’ = AB ■ h 
and oD'C = DC ■ h 
27’ = AB h + DC ■ h 

= h(AB + DC) 

<i. T . / 


2 


} 


Reamns 

1. Diag. divides O in 2 ^ A (§ ISS) 

2. Identitv. 


3. Add. Ax. 

4. Area □ = 

o. Subs. Ax. 


base X alt. (§ 203) 


6. Div. Ax. 
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The Parallelogram and the Triangle 

266. Tlic model ^:hown in the Hjiure is a 
trapezoid constructed of wootlen or card- 
hoard strips. The leg .ID is made free to 
]a\ot about tlie point /). If tlie leg Al) 
i- rotated so that it heeom<‘s parallel to 
H( \ then the ligure becomes a parallelo¬ 



gram. The area of the parallelogram 
would still l)e the average of the bases 
time> the height. Since the bases in this 
case would be eciual, their average would 
be th(‘ same as either base alone. To get 
the area of a parallelogram, we therefore 
consi<ler it a special case of a trapezoid in 
which the two bases have become equal, so 
that lli(*ir average is tlie same as either 
bas(‘ alone. 

267. Corollary. The area of a paral¬ 
lelogram is the base times the height 
(altitude). 



In our dynamic model, we may rotate 
the leg .ID so that the ba.se AB vanishes 
altogether. The figure is now a triangle. 
In other words, we may think of a tri¬ 
angle as a special case of a trapezoid in 
which one ba.se has become zero. Its area 
would then be simply one-half the re¬ 
maining base times the altitude to that 

base. 


268. Corollary. The area of a tri¬ 
angle equals one-half a base times the 
altitude to that base. 



EXERCISES 

1. (a) Find the area of a rectangle whose 

dimensions are 27 feet by 24 feet. 

(b) The side of a square is 1 foot. Find 
its area in square inches. 

(c) Find the area of a rectangle 3 feet 
hv 8 inches. 

{(1) Find the area of a rectangle 3 feet 6 
inches by 4 feet 8 inches. 

(c) The area of a rectangle is 48 square 
feet and the base is 12 feet. Find 
the altitude. 

{/) The area of a rectangle is 6 square 
feet and the altitude is 8 inches. 
Find the base. 

2. (a) On graph paper, draw a trapezoid 

making the bases 8 units and 12 
units, and the altitude 6 units. By 
counting the number of squares in the 
trapezoid, and estimating the parts of 
the squares partially enclosed to the 
nearest half-square, find the ap¬ 
proximate area of the trapezoid. 
Check this by finding the area ac¬ 
cording to the theorem. 

(&) The l)ases of a trapezoid are 24 feet 
and 18 feet. The altitude is 7 feet 
4 inches. Find the area of the 
trapezoid, 

(c) The area of a trapezoid is 148 square 
inches. Its bases are 40 inches and 
34 inches. Find the altitude. 

(d) The area of a trapezoid is 92 square 
feet. The altitude is 8 feet and one 
base is 14 feet. Find the other base. 

(e) A trapezoid has f the area of a 
rectangle. The altitude of the trape¬ 
zoid equals the altitude of the 
rectangle; and one base of the trape- 
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zoid, which is 12, is also ihc Imsc ol* 
the rectangle. Find the other hasc 
of the trai^ezoid. 

3. (a) Find the area of a triangle in whicli 

one side is 12 feet and the altitude 
to that side is 7 feet. 

(6) In a triangle, an altitude d inelies 
long is drawn to a side tliat is 3 feet 
long. Find the area of the triangle, 
(r) The area of a triangle is 22 square 
inches and an altitude is 8 inches. 
Find the side to which the altitude is 
drawn. 

((/) The area of a triangle is 3 square feet 
and one side is 1 foot 4 inches. Find 
the altitude to this side. 

4. (a) In the figure, A.IZ^C = 3 ■ /lA'B'C', 

AC = Id, BD = 12, and A'C' = 8. 
Find B'D'. 


B 



and 24 units. If the altitude to the 
side 16 is 6 units, find the altitude 
to the side 24. 


(a) In the figure, draw the altitudes of 
the triangles ABC, ABB, and ADC 
from the vertex A. How do they 
compare? 


A 



(^) In the figure above, the area of 
l\ABD = (30, BD = 12, and DC = 8. 
Find the area of l\ADC. 

(0 In tl 10 same ligui'e, let AD be(*ome 
fhe median of /AABC. Find the 
areas of /\ABD and /AADC. 


6 . {(;) In llic liirurn Ix-low, !>!>' i. ,i,i.illcl to 

H('. I)r:i\vtli(>:iltitU(lc>t()/:;(",i| the 

li-iiuiKlps HI’(' luul HP'C. How do 

tlicy compai-o'.’ Why'.’ How :uc tlio 

tria-uKlos BPC and BP'C related in 
ar(‘a? 


P P' 



(h) Jn the figure, .1/>Y71 is a t i-apezoid. 
/ADBC = 28 and Ad7A> - 18. 

Find the area of ABBC. 


A B 



7. («) In the figure below, ABCD is a par- 
alh'lograrn. What triangles luuung 
yX'asa common side are eciual (ha\'e 
ecpial areas)? What triangles ha\-ing 
BE in common are equal? What tri¬ 
angles having AE in common are 
equal? 



(6) In the same figure, the area of 
OABCD is 100. What is the area 
of AABC'! of AABE! 

(c) Is the parallelogram above divided 
into four equal triangles? Under 
what condition would the parallelo¬ 
gram be divide(l into four congruent 
triangles b}' its diagonals? 
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hi lllr limtl'f lu‘lo\V. H 

I n i.:i'1i i1:lI ri al, \'\\v i ri;mu:U‘> A 

I 

.;! IH 1 .!/■./> a I f f I |u:il. 1 i > >\\ dor- /> A 

foinpair w 11 li />/■/.' 1 io\\ tint'- 

f' 'ini 'ai'f \\ nil _l Ha,' 


}l 



,_.1A7 j* - Mow dtH‘> -lA' 

Iiii] >:). 1 r W l! li Fa ' ! 

_.l A7> = ^..\FH = .iFFr. What 

lx 11 id ot liLTU 1 f I- ((Had rilal ri al \ HCI)'! 

WlivV 

« 

Si PERIOR WORK 


Si. A 'Urv f' 

% 

,■ rwV 

‘1.- n 

hf\au:‘ »n . t B(' 
* 

DBF 

Mi 

- 2''(1 iffi 

P>f; 

rinii': 

! )irffi 1 v fa>i 


!i( 

- 2;i() !ffi 

P)f: 

rinu : 

N .'-lO' \\. (paiif 37) 

( !> 

^ iso ic.-i 

P>f; 

I'iiiu’; 

N hb W. 


hF 

- 270 Iff I 

P.f; 

riiiu: 

S S{f W. 


FF 

= 1 .'')0 Iff I 

P)f; 

riiif; 

> m" W. 



U ' 1 >llU! 


prut r 

aftur and a 

•ale of 

mo 

Ifi't o 1 1 hf 

ilif h 

, drau 

th(‘ hexagon. 




1 hf 

dia'iuftal (’F aial 

drop 

p'-n 

iriidi<*iihir.' 

111 iin 

I hf 

■ri iffs 1 o 'F. 

'I'liis 

•■’.ill 

di\ idf I hf 

tiiiui- 

f i 1 1 1 u 

riglit triangle 

■s and 


1 lapfZoid'. 1-y nifa'*iiriii^ their bases aial 
altitude-, liiid the area (d tlie hexagon. 


Useful Corollaries 

269. Corollary 1. If two triangles 
have equal bases (or the same base) and 
equal altitudes (or the same altitude), 
they are equal. 

270. O^rollary 2. If two equal tri¬ 
angles have equal bases (or the same 
basej, they have equal altitudes. 

271. Corollary 3. If two equal tri¬ 
angles have equal altitudes (or the 
same altitude), they have equal bases. 

272. C7>rollary 4. If two triangles 
have the same base, and the vertices 


opposite the common base are on a line 
parallel to the base, the triangles are 
equal. 


C C' 



SiiH'o the altitudes are perpendiculars 
in<*lu(le<l between parallels, the triangles 
ar(‘ e(pial by Corollary 1. 

273. Corollary 5. The median of a 
triangle bisects the triangle. 



AT and 1'' have ecpial bases and the 
same altitude. 

274. Corollary 6. The area of a 
rhombus equals half the product of its 
diagonals. 



The diagonals of a rliombus are perpen¬ 
dicular to ('aeh other (§ ISl). 

H.hombusd/^r7; = 2 aABD 

= 2 {h ■ 

= i 1^1) ■ {2-AE) 

= I - BI) ■ AC 

275. Definition. To transform a fig 
ure means to change it into another 
figure having the same area. 
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276. PROBLEM. Transform a quadrilateral into a triangle. 


1) L 



If we move 1) along tlu* lino l)L^ tlu* 
area of A.l/X.' will not change. \\'(‘ 
therefore move IJ m) that it falls on tla* 
prolongation of Ii(’ (or HA ), thus causing 


< Jiv(‘n; (^iiad. A Ilf ’I) 

Ke(|.: To tian>forni (|ua«l. AIK'I) into 
a A 

llrlf): (\>ns. bL A<\ 

the two sides !)(' ami ('H to hecoim* one 
side. 

I*erforin the actual con>tiuction and 
stat(* tlu* c()nclusion. 


EXERCISES 


1. Prove that the diagonals of a |>arallelo- 
gram divide the figure into four e(|ual 
triangles. 

2. Prove that if the diagonals of a (juadri- 
lateral divide it into four eipial triangles, 
the figure is a parallelogram. 

3. If any point in the base of a triangle is 
joined to the midpoints of the other two 
sides, the smallest quadrilateral thus 
formed is one-half the original triangle. 
Hint: Join the point in the base to the 
opposite verte.x. 

4. If the midpoint of a diagonal of a (piadri- 
lateral is joined to the other two vertices, 
two e(pial quadrilaterals are formed. 



Prove: 

Quad. ABCE 

= quad. 

ADCE 




Given: 

In quad. ABCD 
AE = ED 
BE = EC 

Prove: 

(^uad. BEDE — 

aABE + acde 


b. (a) It one side AH of a triangle is li\)*d 
and its area is constant, what is tin? 
locus of the third \’erte\ I*'! 


P 



{b) Transform a triangle into a right 
triangle. 

(c) Transform a triangle into an iscjsceles 
triangle. 

7. Two fanners have adjoining land sepa¬ 
rated bv a fence AHH, Make a con- 
struction showing how the fence crjuld l>e 
made into a straight line without cluing- 



ing the amount of land that ea<'h farmer 
owns. Help: Draw .If’ and transform 
A.I/ff*. 

8. The diagonals of a trapez<ad divhle the 

figure on the l4ip 4>f the lU'Xt page int4> 

four triangles. Prove that the two tri- 
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that ha\'e the loj^s of iho Irapczoid 
a> sides are e(iual. Pi‘o\'e: X = Y, 

9. A kite is a tiuadrilaleral formed l>y tlie 
U‘gs of twit isoseeles triangles on each side 
of a common hase. 


B 



Pro\'e that the area of a kite ecinals 
half tlie ])i‘oduct of its diagonals, (iuad. 
AMYlJ is a kite. 

10. Pro\'e: 'The area of a polygon having an 
inscrilted cirek' ecpials half its perimeter 
limes the radius of the inscril>ed circle. 



Help: AOAB = ■ a • r 

/\OBC = h ■ l> ■ r 
AOCI) = I • c ■ r, etc. 

11. Pro\'(‘; d'he sum of the distances from a 
])oint witliin an e(iuila 1 eral triangle t-o the 
sides eipials the allitud(* of the triangle. 
Help: .loin th(‘ point to iPe \'ertices and 
find t he areas of t he triangles thus formed. 

12. Prove: The sum of the distances from 
any point in the hase of an isosceles tri¬ 
angle to th(* legs equals the altitude to 
one of t h(* legs. 


Using a Table of Square Roots 


277. On page 280 there is a table that 
gives the stpiare roots of the numljersfrom 
1 to 100. To find the scpiare root of a 
larger number, like 175, first divide it by 
100 and find the scjuai'e root of 1.7.3, 
which is 1.323. 

N o\\ 


Vnr) = Vi.id X Vioo = 1.323 x 10 

= 13.23 
Similarlv, 

V ’ 

\/.T75 = VItS) - \/l00 = 4.183 - 10 

= .4183 

Note that the decimal point is shifted 
an even number of places to bring the 
number into the range of the table. It is 
then shifted back half the number of 
places in the answer. 


Significant Figures 

In the decimal system, a digit may 
serve two purposes: 

(1) It may signify tlie number of 
counters in its class, that is, the number of 
units, tens, hundreds, etc. A digit that 
does this is called signifieaat. 

(2) It may locate the decimal point. 
A digit that only locates the decimal point 
is not significant. 

The numbers 7.54, 1.07, 42.0 and 1.30 
eacli have three significant digits because 
each digit signifies the actual number of 
counters in its position. The numbers 
.042 and .0003 have only two significant 
iligits because the zeros only locate tiic 
decimal point. If a numl>er is written 
mei'elv as 400, we do not know whethei 
or not the zeros are significant. 
u.sually judge this from the nature of the 
measurement. 

The aeeuraey of a result is indieated b> 
the numlier of significant digits and not 
in (lie number of decimal places, fku 
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1 . \ LRCISES 


square root table is aocurate to four dio-it 
places. 

It is fre(iueiitly (lt'sij-:tl)l(' to roiiml off a 

number to a smalUa- luiinbcr of di'dls. 

* 

In rounding off a (lii>it tliat is or inort\ 

we usually increase the piiaaMlint^ di^it hv 

% 

1 In rouiulin*; off a di^it that is than 
.1, we do not change the ]')r(M-('diitn din:it. 
Thus, rounded off to three ho'uivs. l.dst; 
becomes 1.49, 6S4o becomes (iSriO, l!t,4.S(; 
becomes 19,o00, 12.081) becomes 12.0, and 
14.96 becomes lo.O. 

In computing; with approximate' num¬ 
bers, round oft' all your mimliers so that 
they have but one more place of aceairaev 
than the least aceairalt' of I ht' ^iven 
measurements, then round off I lie last 
digit in the final answer. 


In lliisc < J'l /'c/si i/.\, 
(HI p(ii/( JSfi^ 

1 . 


^iir liihli ()i siimiri /'(ki/s 


'' 1^ 1-12 M|u;irf’ inclu's. 
Miiian' to 


> I () a 

*■ I H . p lii're 




1 he aro:i. i •}' :i 

1' I nd 1 h<‘ SN |( ‘ (I 
t lir<'(‘ di.nil plai'f’s. 

1‘ UK I t ll(’ Sli i(‘ ()t ;i M j na i l' 

|■('^'laM,^l(' ‘il.a fl. Ii\- 
>iKnificaiil diu;iisi. 

1 lu‘ >idt' nl a s(iiiai(' is ill..") ft. find thr 
side ol a s(tua.i'e tlia.t is Iwicr as huwe. 

4’h(' ao'a of a a.n.iih' is ROO sp. ft. [t is 

as haig as il is wuh*. I'liid its 
dimensions. 

5. 1 lu* a.r('a ot an isosrrh's right triangle is 

8Uil sq. in. h'inil t hi' h'gs. 

6. I he .'^ide ol a square is 10. py using 
t'orollary 0 (§271). lind tiie diagonal of 
tlu‘ S(|uare. 


4. 


PROPORTION 


Forming Proportions 

278. In order to state that ([uantities 
iiuolving more than one diiiuuision arc 
equal, we must write an eciuatioii between 
t'vo products or two quotients. Since dis¬ 
tance equals the product of rate and time, 
distances will l^e equal if rl - r't\ 
ince rate equals the (piotient of distance 
^nd time, two rates wili be ecpial if 

d d' 


t 


t' 


This kind of equation is called a 

Proportion. The fraction - is called the 

t 

of d to t. The proportion is read, 
“IS to t as d' is to 

279. Definition. A proportion is a 
tement of the equality of two ratios 

(fractions). 

^ 280. Eveiy proportion contains four 
^s. Therefore, we caiiiiot say that 


two munhers are ])ropoi1ional to each 
othc)*, but oidy that they are proportional 
lo two o( luu- numb(U‘s. Thus, it doc's not 
make sense to say that d is propo!’tional 
to 4- ^^nist say that 3 and 4 ure 

proporlional to (> and cS\ 

Although we (*annot say that two fixed 
(piantities ai'O pi'oportional, we can say 
that one variable d is proportional to 
another variable (. This would mean 
that any two values of (/ are proportional 
to the corresponding values of /. 

The first and last terms of a proportion 
are called the end terms or the cxtrenics; 
the other two terms are called the middle 
terms or the means. In tlie proportion 
in §27S, ft and t' are the extremes; ffAuid t 
are the means. If we clear fractions in 
that proportion (by multiplying both 
members of the ecpiation by tt'), we get 
dt' = d't. This is expressed in the follow¬ 
ing theorem. 
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281. THEOREM. In any proportion, the product of the means equals the prod¬ 
uct of the extremes. 


282. CONVERSE THEOREM. If the product of one pair of numbers equals 
the product of another pair of numbers, either pair may be made the means and 
the other pair the extremes of a proportion. 


Given: ad = be 

_ a X 

Prove: - = - (1) 

b d 



a c 





(3) etc. 


Siaternenfs 

1. ad = he 

2. bd = bd 



6. cd = cd 

ft b /ON ^ 

7. - = - (3) etc. 

c d 


PROOF 

Reasons 

1. Given. 

2. Identity. 

3. Div. Ax. 

4. Identity. 

5. Div. Ax. (Eq. 1 Eq. 4). 

6. Identity. 

7. Div. Ax. (Eq. 1 Eq. 6). 


Each identity in this proof is the lowest common denominator of the proportion 
that we seek to prove. 



283. Definition. If the means of a 
proportion are equal, each mean is said 
to be the mean proportional between 


the extremes. 

^ ^, then b is the mean propor- 
b c 

tional between a and c. 

Show that b = V^; that is, the mean 
proportional between two numbers equals 
the .square root of their product. 


EXERCISES 




Solve the following proportions for x. 




A man has $24,000 invested in a husin^» 
and his income from it is 
figures that improvements costing 
will bring a “proportionate return. 
What total income is he expecting. 
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3. [a\ T.r = 5//. C’onipK't r thr [nop, u iidh : 

I • 

a 

(/)} .(■- = mn. a prnimi i inn wiih 

}i ns the last t(.‘rni. 

^ a- . 

(c) X = — • Write a j)i()pnit mn wiili /• 

I) 

ns the last term. 

(il) X = \ 3//. Writi‘ a itrnpm i i,ni witli 
y ns the la.^l tcrni. 

r 3 

(r) = -• CnmpletL' tin* pi’ninn'i ion • 

y ^ 

+ .V _ > 

y 

Transforming Proportions 


/"/ - /■>-. W'liin (MLil.i prnpor- 

t inti-^ u>nin /;. /•, ami x as ih(‘ it'rnm. 


3 , (.1 : 


/ 


> 

> 


a 

1 


1‘ ir>! i‘\[)r(‘>s I lu’ et jua- 


iioti a< tlu' prndiic! nt' ihf' iiit'aiis ainl ihi' 
[>rniluci nt I he nxlifim'-. riu'ii dtaWa' 
seven prnpni iiniis u.Mn-- .r. //. 3. and 1 as 

1 he lerm>. 


6 . 1/7) 


(h) 


d'l 


1 )i\'idt' \‘2 ini n two pai'l.-^ pi'npni t innal 
tn 2 and n. 

Idle art'a nf a reelan>>l(' is IS and tin 
ratin nt itu' liMiiilh tn the width is 
1:3. l-dndlhe l('n,i;th and the w idth. 

iht' nu'an prnpni-t innal he- 
t w (‘(‘11 12 and 3. 


284. GENERAL TRANSFORMATION THEOREM. A proportion may be 

transformed in any way that results in the same equation between the product of 
the means and the product of the extremes. 


Given: 
Prove: 


(I 

b 

b 

u 

a 

c 






(3) etc. 


Sldtemciits 


1 .:' = r 

b d 

( 1 ) 

II 


« c 

( 2 ) 

0- __b 
c d 

(3) etc. 


All these proportions lead to (id = he as 
the e(|uation between the prodiu't of the 
ineaii> and the product of the extremes. 


ruoor 

Hcdisotiis 

1 . (liven. 

2. Product means = product extremes 
(§2>S1). 

3. If product of one pair nos. = product 
anotlier pair, either pair can be the 
means of proportion with other pair as 
the extremes (§ 282). 


Glianging the proportion - = - to the 

b d 

Proportion - = - called inrcrsiofij be- 

a c 

each ratio is inverted. Changing 


- = i to - = - is called allernation, be- 
b d c d 

cause the first term is to the third as the 
second is to the fourth. 
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283. Corollary 1. If four quantities 
are in proportion, they are in propor¬ 
tion bv inversion or alternation. 

286. C-orollary 2. In any propor¬ 
tion. the sum of the first two terms is to 
the first 1 or the second) as the sum of the 
last ^^^'o terms is to the third (^or the 
fourth 1 . 

'I'lii- f'oi-ollaiv i- roforn'd t(» in 

. « 

ii'- alibri-xiaU'd fftnii as llit' Adfhhttn 


T- '' '■ 1 ^ 

It = ’ Then - - • 

It il n 


h r + d 


c 


II 


h 


r 


+ d 


or 


(/ 


.<liu\v that ill each of t he>e thfee propor- 
Uoii<. the equation Ijotween the product 


of the means and the product of the 
extremes reduces to ad = be. By the 
(leneral Transformation Theorem (§284), 
therefore, they are equally valid. 

287. Corollary 3. In any propor¬ 
tion, the difference between the first 
and second terms is to the first (or the 
second) as the difference between the 
third and fourth terms is to the third 
(or the fourth). 

This corollary is usually referred to in 
its abbreviated form as the Subtraction 
Transformation. 

h,' 




288. THEOREM. In a series of equal ratios, the sum of any number of numera¬ 
tors is to the sum of their denominators as any numerator is to its denominator. 


(liven: 




rrf)\'c: 


a + c r 

b d + / 



'the theorem is true in a simple propor¬ 
tion (two efpial ratios) because the ecpia- 
tion in the produet of tlie means and the 
pi’orluct of the extremes in tlie new 
proportion reduces to the same as in the 
old proportion. 


That is, from 


fi 



we 


= " (§ 284) 
h+d d 


To tell quickly whether two proportions 

like — = - and - = — are equivalent, vc 
p X p m 

need only compare the equations in the 
product of the means and the product of 
the extremes. Here we get mx = ni 
both cases. Therefore, the proportions 
are equivalent. You should practice 
the transformations until you can recog¬ 
nize them quickly. For example, the 
following proportions are interchangeable. 


or 


' = - (Subs. Ax.) 
h A-d f 


Applying our theorem to this simple 

, a + c + c 
proportion, we have 


6 + d + / 


c 

f 


a c 

d' 


b a 

d c 

b — a 


(I -\~ b 
c T d 


—» 
d 


a + c a 

b d — c 


b + d 


a 

— y — 

c a 


b - d d 


etc. 


— c 
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EXERCISES 


1 . Name the speciHe transiorniat ion a.i)pli{Ml 
in deriving each proportion from the 
preceding one: 


(1), p = - 

lo o 


(4), ? 

.) i 


('2), 


21 (i 
(.)), — = - 

2S S 


lo >, 


(C.) 


i I J 

2, Write this ])roportion: h ^ . Then 

4 S 

proceed as follows: (a) Alternate this 
proportion; {b) Invert the second pro¬ 
portion; (c) Transform the third pro¬ 
portion by subtraction; (d) Transform 
the fourth proportion by addition: and 
(cj Transform the fifth by adding th(‘ 
numerators. 

3. Descril^e how each proportion (or e(tua- 
tion) is deri\’ed from the ])rec(aling (me. 

’4^ = ' U), (2). 




(4), 


- = - (5), mn = 3 ((») 

o m 

4. How is each of the following proportions 
derived from the preceding equation: 


s^- = tu ( 1 ), 


( 2 ). 


- (3), 


s + t s + u 


(4), 


s + ?/ 
s + t 


= - (3), 


ii — t 

s + t 


u — s 


(6) 


5. Write a proportion from this equation: 
= 7y. Now transform your propor¬ 
tion by addition, the new proportion by 
alternation, then by subtraction, and 
finally l)y adding the numerators. 

Two rectangles are equal. The dimen¬ 
sions of one rectangle are I and iv; the 
dimensions of the other, V and w'. 
Which of the following proportions are 

valid? 


I V 

^ = ■-1 ( 1 ), 


( 2 ), 


i + r 

ir 4 - tr 

I - 

r - m 


(:4 


= — (b). 


r - w' 

ir + //'' 


( n 


((•>) 


In fwo (‘(jiial I i-iaiigh's. which of the 
iollowing slatemeiils ar(‘ true and which 
art' false? 

{ii) 'riu'])rotlucl of tlit'base and 1 h('alti- 
luth' to that t>ase in one tiiangh' 
etiuals the product of the base and 
the altitude to the base in the other 
triangle. 

(h) The base of one triangle is to its 
altitude as the l>ase of the otlu'r 
tiiangle is to its altitude. 

(c) 'The bases of the triangles are proi)or- 
tional to the altituch's of the til- 
angles. 

{</) The bas(» of tin* first triangle is to the 
base of the second triangle, as the 
altitude to the base in the second 
triangle is to the altitude to the base 
in the first triangle. 

(c) The sum of the bases and the sum of 
the altitudes are i)roportional to the 
bases. 

(/) The sum of the leases is to the sum of 
the altitudes as the base of one tri¬ 
angle is to the altitude of the other 
triangle. 

Determine which of the following state¬ 
ments are true and which are false. 

(a) If the means of a proporticm are 
e(jual, the e.vtremes are eciual. 

V 27 

(b) In the proportion ^ , .r has the 

o 

same value as the mean proportional 
between 3 and 27. 

(r) If a square equals a rectangle, tlie 
side of the square is the mean pro¬ 
portional between the length and the 
width of the rectangle. 

(d) If three terms of one proportion are 
equal to three terms of another 
proportion, the fourth terms are 
equal. 

(e) If the first two terms of a proportion 
are equal, the last two terms are 
equal. 
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I f) In 1 \vn isos(‘(‘lf‘S 1 liiin^lcs, llu* sides oi 
one ti‘i;in^l(‘ ;ire propoiiioind to the 
sides of the ot Ium- 1 rie.n^le. 

(ij) In any propoi t ion, th(‘ snin ot the 
first two t(M’ins is to 1h('if dilth'iM'nef' 
as th(' sum of th(‘ hist two l(M‘ms is to 




9. (a) 


11. Tn lhf‘ din.iiram. it is ii;i\-eri that a-/ - ■ 
Wh’il e 1 liree pi ( )p()ii i( )ii> ii-iii«j;: i] r. 
and d; (2) e, r. ^. aaul f: (if i l>. il, >. afpl 






7’ I 

10. (a) Cdvon: - = -- 

If ^ 

Find: the ratio of the perinnhei's of 

V 

the triangles 




(I h r 4 
(_„ven: - 

Find: -- the ratio of the perimeters of 
p' 

the triangles 



12. In tlie diagraun, it is given iliat a- - 
Which of the toll (iwing pi’Mpor! iniiv .u 
\'alid’’ 







r r 




13. l!! the tignr(\ it 



gi\eii 



Whi<>h of the 


following ai'c valid’.' 






pn (ii\a‘n: - 

h 


r 



Pro\e: 


(f — f _ r 

} 7 -\{ ' .i 


(/») (iix’cn: 


IN -r .r 



w 

n 




ISO 



SUPERIOR WORK 


• . • 


Variation 

Let us suppose that a train is ninnin^ 
at a constant speed k. \\v ha\-(' seen 
that the varialile distance d is propor¬ 
tional to the vai'iahle time t (it'iSO). 

Another way of expressino- tliis is that 

‘■d varies as t” or - = k. In terms of 

t 

d d' , 

static proportion, we liave y = y , wliere 
all the letters are fixed numliers. 


S289. Definition. If the ratio of two 
variables is constant, one variable is 
said to vary as the other. 

Illustrative Example. In (> hours a motor- 

ht drives 240 miles. Mow far will he dri\'e in 
9 hours at the same speed? 

Solution. Since the speed is constant, we 

have the variation - = h. 

t 

Therefore, - = ^ . Here (/ = 240, t = 0, 

t i' 

d' = — and t' = 9. 

Substituting, we ha\'e = -- , ttnd 

0) 9 

d' = 300 miles. 

k is called the constant of the variation. 

240 

In this case, k (the speed) equals -y- — 40. 

51. If a dozen eggs cost 42 cents, how much 
'vill 22 eggs cost? Let c = the total cost, and 
^ = the number of eggs bought. Since the 
price is presumed to be constant, c = Avq or 

~=L 

n 

52. If $60 interest is earned in 4 years, how 
much will be earned in 7 years under the same 

conditions? 

fhe formula for simple interest is i = pf’l- 
Since the principal and the rate of interest do 
^r^t change, we may substitute a constant k 

p/* and get i = kt, or - = k] that is, the 

. I' 

interest varies as the time. 


53. (a) Assuming that iiio hasi' of a ri'c- 
tangh' is iixed. wiitf- a \aiiati()u ciniiKM-t ing 
tlie a.ri'a and the altitude. lLX[)r(‘ss the 
variat ion in woi’ds. 

(h) \\4ien tlu' altitmh' of a rectangle is 4 
units, th(‘ aix'a is IS s(|uai'(' tiiiits. Find th(' 
aix'a of the ix'ctangh' wluni tlu' altittuh' is 0 
units. 

54. In the formula L /.'-iST-, L is the 

2 

lift of an airplane, h' is a constant (calkal the 
co(4Iici(‘nt of lift), d is the density of the air, 

is the area of the wings, and F is tlu' 
velocity of tlu' ])lane. 

An airplane model with a wing surface of 2 
sipiaix* f(*et shows a lift of 2 pounds in a wind 
liimud. W'hat would he the lift of a full-size 
plane of similar design wit h a wing anxi of loOO 
s(|uare feef.^ Tdie air conditions and the 
s|>(*ed are the same as in the wind tunnel. 

55. A plane dying at an altitude where the 
density of the air is .0023 slugs per cubic foot 
(a slug is approximately 32.2 pounds) has a 
lift of loOO pounds. What will be the lift if 
it Hies to an altitude where the density is 
only .0018 slugs per culuc foot? (Use the 
formula in S4.) 


Inverse Variation 

Sometimes the product of two variables 
is constant. In the distance formula, for 
example, if D is (‘onstant, then RT = k. 

If this were written y = k, we would see 

r 

that the ratio of 7? to ^ is constant, 
i is the inverse of T, According to our 

r 

definition of a variation (§ S289), R is said 
to vary as the iiiver.se of 7, or R varies 
inversely as Td' We therefore have the 
following corollary. 

S290. Corollary. If the product of 
two variables is constant, then one vari¬ 
able varies inversely as the other. 
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Illustrative Example. \\ ('/ , il ro(iuirf*s;i 
principiil of $7200 t(» yield ;i, certnjii ;i,moiml of 
inlei'('sl. WiuU investiiienl. is rc'quireci t(»r 
the siiinc yield ut , oilier conditions 

i‘('rnjiininp: 1h<‘ siime? 

Solulio/i. In t,he forinuliL foi' simple int<‘resl 
i = prl, i and I are constant. \\v may \vrit(‘ 


2 - 


pr ^ or pr = k. 


p r 

i« * _— 


d'herefore, pr = ]/r' ( or , = 

\ p r 

Here p = 7200, r ^ (/ , p = / and 


r = 



2 /e 


SuOstitut inf*;, 7200 • p' • iVr, p = 

2 

56. A lioy tises his money to hiiy (» apples 
at 4 (‘(‘Tits ai)i(‘c('. How many apples could 
he haA’(‘ hou^iht if tlu' price* had h(‘en :> e-e-nls'.* 

57. If 12 men can do a joh in t'l days, how 
long would it take 18 men t.o do tlu* jol*? 

'The whole joh J eepials the numheT of men 
M limes the numher of days they work I) 
times the amount of work each man do(‘s in a 
day \V\ that is, ./ = MDW. Since"./ and IT 
are constant, we have Ml) = k. 

58. (a) The lengths of two sides of a tri¬ 
angle are 12 units and lo units. 4'he l(*nglh 
of the altitude to the 12-unit side is .7 units. 
Find the altitude to the 15-unit side. 

{b) Write a statement in words telliTig 
how two altitudes of a tiiangle are related to 
the sides to wliicli tliey art* diawn. 


S9. In tlie flow of an electric curn*iU. 
Ohm's Law states that E = I • R, where E is 
the electromotive force in rolls, I is the 
intensity of the current in amperes, and R is 
the resistance of the circuit in ohms. 

(a) Express in words the relationship 
between I and /?. if E is constant. If R is 
constant, what is the relationship between E 
and /? If I is constant, how does E depend 

on /f? 

(/>) If a lamp, having a resistance of 220 
ohms, uses h ampere, how many amperes does 
a heater with a resistance of 22 ohms on the 
same line use? 

SIO. The Gas Law states that PV = kT, 
where P is the pressure of a gas, T' is its 
volume, and T is the absolute temperature 
(the centigrade temperature plus 273°). 


(a) Write three statements telling in 
words how twn of the \ariables are rchitc] 
while the third is held constant. 

(/>) 4'1k* \ olum(' f>f the air in a tire undfr 
a pressiiri* of 30 pounds i)er s(|uarc inch ;j 
ctibic f(*el. I low many cubic h'ct will t(if 
air from this lir(‘ occupy after a hlnwoMt 
(‘onsideriiig that the pressure of the afne^'- 
j)lu‘re is 15 pounds per scpiare inch? 

(r) W(* could consider the pnMluct /M' 
as OIK* (piantity and write the Has 
T — kiP\'}. 4’his relationship can he c\- 
pres.sed in words as follows: The ahs4ilii!e 
l(‘mpei‘ature varies as the proflurt of the 
(>r(*ssur(* and tlu* \'olume. 

In tlie foi’inula for the area of a triaimle 
T = \hh. consider the prcnluct of the base and 
the altitude to that ba.se as one twoHiinien- 
sional (|uanlily. W'rite a statement tcllirii: 
how the area of a t riangk* changes as rorn- 
|>ared with the produrl of the base and tlit* 
alt it ink* to 1 hat base. 


Sll. d'lu* kin(*lic energy K.E. that a Uniy 
possess<*s b(*cause of its motion is given hv the 


formula K.E. = \a/r-, where m is the mas® 
of tlu* I'ody and r is its speed (velocity). 

(u) A car whf*n dri\en at 20 mik^s f>er 

hour has 80,000 foot-|K)und,H of kinetic 
eiu*rgy. What will be its kinetic energ>‘ 
when drivi'ii at 50 miles per hour? 

Since m is constant, we have K.E. = 


Here the kinetic energy varies directly as the 


.'<(pi(irr of the sjieed. 

(/>) C'omi^are the distance rp<|uin*<l to 
stop a car going 50 miles per hour \\ith the 
distance needed to stop it when it is going 2l* 


miles per hour. 

S12. .\lthough in the preceding problem 
the kinetic energy was expressed in foot¬ 
pounds. a foot-pound is too small a unit for 
most practical purposes. The unit more 
frequently used is the kilowatt-hour (iw-Ai 
A kilowatt-hour is 2.00 million foot-poumE 
(2.00 X 10®). Electricity is sold hy th^ 
kilowatt-hour. 

(a) A 1200-pound naval shell (a 14 -incn 
shell) has a muzzle velocity of 3000 
second. At the moment of firing the »he« 
has 03.3 kw-h of kinetic energy. 
would be the atomic energx' of the shell, if the 
shell could l>e completely converted into 
energx'? 





The formula for atomic onerj^y A.E. is simi¬ 
lar to the formula for kinetic enerf^y. The 
speed c in atomic energy is the speed of light, 
18t),000 miles per second. 

A.E. = mc- 

K.E. = ^mv- 

A.E. 2r^ 

K.E. ~ V 

At the present time the atomic homi) gives 
al>out .1% of the possible atomic energy. 


(h) A pound of c<jal, as a result of 
Inistion. gi\'es IhStj kw-h ot eiuM'gy. W hat is 
the ratio ot the possilde atomic (‘uergy l(j the 
C(jmbustion eiKU'gy of coal? 


Triangles that Agree in an Altitude 

\\(^ shall now prove* that if two tr».- 
angles agree in an altitude*, then their 
areas are prope)rtional to the bases. 


291, THEOREM. If two triangles have equal altitudes, their areas are propor¬ 
tional to their bases. 



Given: T = Area A*1/^C 

r = Area 
Alt. h = alt. h' 

T h 

Prove • Y' ^ b' 


PROOF 

Reasons 

1. Area A = ^ ' base X alt. 




2. Given. 

3. Div. Ax. 
































EXERCISES 


8 . 


From the figures shown complete the following 
proportions: 



aabc _ 

aa'B'C 



2 . 

F F' 



E 2'4" H £'1'6" H' 



9. 

B 



aabc 

abcd 




A ABF 

aabi> 








A BFB 

aabd 







B 





Hint: Eliminate T from Nos. 12 
13. 


aabd 

• A ABC 



aabd 
’ abcd 


16. 

B D 
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16. (a) Draw the figure in Ex. l.l so that the 
two triangles are apart i'rorn eaeh 
other. Mark the e(iual angles. 

(b) Complete the proportion as in IE. lo 
but use the names of tlu‘ liiu‘ sea- 
ments instead of their nnnuMieal 
values. 

SUPERIOR WORK 



SI. 



S4. Tlieorem § 2PL was slated as a static 
|>r(»pt»sii ion. Conn)lete tlu^ tollowing dy- 
nainie lonn ot it as a \'ariatioTi: 

II an altitude of a triangle is constant, then 


The e(iuation for this variation is T = kb. 


Triangles that Agree in an Angle 

If two triangles agree in one angle, wc 
shall prove that tlieir areas are propor 
tional to the products of the sides that 
form the ecpial angles. 



292. THEOREM. If two triangles have an angle of one equal to an angle of 
the other, they are to each other as the products of the sides forming the equal 

angles. 



Given: A-V and aE with vertical A m 


and n 
Prove: 



Cons.: Draw the line forming aT. 
(We have placed the triangles so that 
the equal angles are vertical.) 





T^b 

y c 

9 ^ (lb 


PROOF 

Reasons 

1. If 2 A have same alt., their areas are 
proportional to their bases (§291). 



Mult. Ax> 
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EXERCISES 


SUPERIOR WORK 


Coiiiplde the following proporlions: 













SI. ProN'c: I’Ik' diajioiials ot ;i 11ii[M'7.oii| 

cut (*iirh <)ther into four sf*j);rn(*nts that an* 
proi)ortif»nal. f/int: Fn l^x. S, paj^r ITU. yi.u 
pro\'(Mi AAEIJ = /\BK(\ 


A B 



S2. (u) C’oinplt‘t(‘ 
.no , 

t lotKs: —- = —. - 
X m 


the follluvini: 

t f 

y w 


prn|M.r- 



{!>) Now deri\e a proportion ('unnefliniE 
X, y, x'.and//'. 

(r) State this new proportion a^ a 
getieral proposition about the triangles. 

S3, in) From the figure, complete the 
follow ing proportions: 

_ = —- - 

y y f 



{It) From the>e derive a proportion (xpn- 

necting x, //. x', and y'. 

You have now proved the following 

theorem: 

Theorem. The bisector of an angle of a 
triangle divides the opposite side into seg¬ 
ments proportional to the other two sides. 

S4. The sides of a triangle are S. 12. an*I 
lo units. Find the segments on the I.Minit 
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side made by the bisector ol ilu^ npposiic 
angle. Hint: Let one segment. .r, then 
the other segment = lo - x. 

55. If a median of a triangle is ;dso an 
angle bisector, then the triangle is isosceles. 
Prove this by using the theoriau in Sd. 

56, ('era's Theorem. If thi'ee lines from 
the vertices of a triangle pass through a com¬ 
mon point within the triangle, then the six 
segments cut on tlu' sides of tlu‘ Iriangh* are 
such that the product of three alternate st‘g- 
ments equals the product of the other three. 

Given: Three concurrent lines (lines pass¬ 
ing through the same point) from the vertices 

Prove: xyz = x'y'z' 



Plan of Proof. The figure is divided into 
SIX triangles. Some of these triangles agree 
an altitude and some agree in an angle, 
he therefore use § 291 and § 292. 


Statements 



2 ^2 ^ msma 

niim2 

_ memi 
^3 mmi 


PROOF 

Reasons 

L If 2 A have same 
alt., they are pro¬ 
portional to their 
bases (§291). 


2. If 2 A agree in 
one Z, they are 
proportional to 
products of sides 
forming the = A 
(§ 292). 



3. Alult. Ax. (Mul¬ 
tiply the six C(pui- 
tions.) 


V 




I i n 1, 


' » X V 


••I' *' 

nip(i lans ot at ria^njilo niopT, then ;i lino t hrouj^h 
tlic point of intcrsi'clion and the tliird vertex 
will Ih‘ tlu' 1 bird mtxlia.n. 


o/ 


. I sing V e\'a s 


i m-un-iii, pio\ c i nai I wo 
liiu's drawn through any juiint in the median 
nl a triangle and the otluu' two \’ertices will 
ilivide the sides of the triangle proportionally. 


S8. The theorem about two triangles that 
agree in one angle was stated as a proportion 
and is therefore in static form. Complete 
the following dynamic form of this theorem as 
a variation: 

It one angle of a triangle is constant, then 
the triangle .... 

Th(‘ e(iualion for this variation is T = l:a}>. 


HONOR WORK 

HI. Converse Theorem. If a line from the 
vertex of a triangle divides the opposite side 
into segments that are proportional to the 
other two sides of the triangle, then it bisects 
the angle of the triangle. 

Bl) BA 

dc’ac 

Prove: AD bisects Z A 


A 



PROOF 

1. Either AD bisects /.A or not 

2. Assume that AD does not bisect ZA, then 
draw another line AX to bisect Z A 

3. Z bisector of A 
divides opp. side 
into segments 
proportional to 
other sides (page 
192, S3). 
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1 

1 . 


SUMMARY 


111) _ HA 
In' ' Ji¬ 
nx _ BD 

Xr ^ 777 "’ 

He _ />’(' 

nx ^ /> 7 ; 

7. = BC 

s. /;x = HI) 

(»r .V (■'>iiu‘i(l(‘s with 

D 

9. Ht‘nc(‘. .L\ and 
.1 1) are not s(‘pa- 
I'ai e lin(‘>. and A I.) 

1 liseels Z .1 


4. (liven. 

d. Snl)s. Ax. 

(). Addition d'rans- 
toi unit i(ni (§ 2S0). 

7. hU'ntitv. 

% 

5. I )iv. Ax. 

9. Onlv one st. line 
% 

can i>e drawn 
through 2 pts. 

ID- 


Cnun rsc of Cti'd's: Thvorcm. If thre(^ lines 
from ilie vertices of a triangle cut six sej*;- 
lU'Mits on tlu' >ides, sucli that tlu' product, of 
three alternate segments etpials ilie product 
of the other three, then the lines pass tlirouslt 
a ('oinnion point. 


(liven; HI) X CE XAF= DC X EA X FH 
Prove: AD, BE, and CF meet in a point 


A 



Let 0 he the intersection of BE and CF. 
Assume that AD does not pass throuj 2 ;h f>. 
d'hen draw anoihrr line A A' through O. 
Follo\^'ing the method alnwe, show that AX 
and AD cannot he separate lines. 

H2. Using the converse of Ceva’s Theorem, 
prove that the medians of a triangle are 

concurrent. 

H3. If a circle is inscribed in a triangle, 
then the lines joining the points of tangency 
to the opposite vertices are concurrent. 

H4. Using the propoilional segments made 
by the angle hisectois of a triangle, prove tiuit 
the angle bisectors are concurrent. 


293 1 ^Phe ii/^e )f m. lI. n\ thin^s can be told 
only by using several measures, called 
dimensions. The size of a surface, called its 
area, depends on two dimensions. The unit 
of ai'ea is a sciuart' whose side is the unit of 
length. It is assumed that the nuinher of 
unit squares contained in a I’ectangle is the 
product of the numb(U‘ of linear units in its 
length and width. 

If a trapezoid and two rectangles all liavc 
etpial altitudes, and the bases of the rectangles 
are e(jual respectively t.o the bases of the 
trapezoid, tlnm the trapezoid is the average 
of the two rectangles. This also means that 
the area of the trapezoid equals the aveiage 
of its bases times the altitude. 

In a dynamic sense, a trapezoid becomes a 
paralhdogram when the two bases become 
etputl. In that case, the average of the two 
bases is the same as either base alone. There¬ 
fore, the area of a parallelogram is the base 
times its altitude. 

In a dynamic sense, again, a trapezoid 
i)ecomes a triangle when one base l.)ecomes 
zero. 'Phei'cfore, the area of a triangle is 
one-half the base times the altitude. 


Pro])ortion is a convenient way of compar¬ 
ing dimensional magnitudes. If the ratio 
(quotient) of two quantities equals the ratio 
of two other (luantities, the four quantities 
are said to be in proportion, or they are said 
to be proportional. In any proportion the 
p!-oduct of the means (the two middle terms) 
ecjuals the product of the extremes (the two 
end terms). Conversely, if the product ot one 
pair of numbers e(pials the product ot another 
pair of numbers, either pair may be made the 
means of a proportion in which the other pair 
are the extremes. 

Any two proportions that lead to the same 
equation between the product of the means 
and the product of the extremes are eciually 
valid. In particulai', we may invert the 
terms of a proportion, we may alternate 
them, or we may replace each numerator (oi 
denominator) by the sum (or the ditlerence' 
of the numerator and its denominator. In 
a series of equal ratitis, the sum ot an> 
number of numerators is to the sum of their 
denominators as anv numerator is to its de- 

v 

nominator. 


194 



If the means of a proportion are otiuaJ. each 
mean is called the mean propnri innal i>(‘- 
tween the extremes. 

If two triangles agree in an altitude, they 
are proportional to the corresponding liases. 
If two triangles agree in an angl(\ they are 
proportional to the products of the sides 
forming the equal angles. 




Since the same triangles luua^ a com¬ 
mon altitiuh' troin the \'ertex 
eornphUe the proj^orlion: 

is ABC 


— ) 


AABD 


4, In tlio figure, .1/) - I)B, and .lA’ - EC 
X = AADE and y = cpiad. DECB 


RECOGNIZING NEW TERMS 

Can you describe each word or tertn below? 
!j noC (JO back to the section indicated, 

dimension § 259 
area § 261 

significant digits § 277 
proportion § 279 
means, extremes § 280 
mean proportional § 283 
transformation of proportion § 281 
inversion § 285 
alternation § 285 
addition § 286 
subtraction § 287 

transforming a geometric figure § 275 


REVIEW EXERCISES 

h A quadrilateral is formed by a diameter 
of a circle and three tangents to the 
circle. Two of the tangents pass through 
the ends of the diameter. Prove that 
the area of the quadrilateral equals half 
the diameter times the side opposite the 
diameter. 

2- Ihe side of an equilateral triangle is 
three times as long as the side of another 
equilateral triangle whose area is one 
acre. What is the area of the larger 

triangle (§ 292)? 

(a) Since the triangles ABC and ABI) 
have Z A in common, complete the 

proportion: 

A ABC 


— _ 9 


AABD 


B 



A 



Find the numerical \'alues of the ratios: 

•t' y 


5. 


B 



Given: 

BD = DA 
AE = EC 
Prove: 

A ABE = 
AACD 


6 . 


t-n 



t 


Find the area of 
tlie trapezoid. 


B 



Given: 

A ADC = 
ABDC 

Prove: 

AB II DC 


8 . 


By expressing the area of the triangle 
twice with different sides used as the 
base, prove that if two altitudes of a tri¬ 
angle are equal, the triangle is isosceles. 
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9. 1>\' liiulin^ tlu' aron of oacli roclanj^lo in 
tho H.^ure, pro\e tho aljicliraii* method of 
mulliplying (a + h){c + d). 


d 


c 

a 

h 


10 . 

B 



Given: 

In A ABC 
BM a median 
BD II ME 
Prove: 

AADE = Iaabc 


S2. Pi’ove tliat tlie sum of the trapezoids 
ill the h^ure is 




+ ?/i + y- + 



A B 


Can you write the formula for n trapezoids? 

Note: This is known as the trapezoidal rule. 
It is often used to approximate the area ABCD 
under a curve. AB is divided into a con¬ 
venient number of ecpial parts and the 
perpendiculars, called offsets, are measured. 


SUPERIOR WORK 


SI. Are the following statements true or 

false? 

(o) If X increases as y increases, then 

X \’ai'ies as y. 

{h) The coin'crse of (a} 

(r) The statement that “.r is proportional 
to y" refers to a static situation. 

C'omplete the followinj^ statements: 

id) If the base of a tidanji;le is constant, 
the area \'aries as - 




ii ) If one an^le of a trianf»;le is constant 
and the area <d’ the 1 rian^le is also constant, 
tiien .... 

(/) If one angle of a triangle is constant 
and a side adjacent to that angle is constant, 
then .... 

((f) In the figure, x = —?—. 



(h) In the figure, if x were changed to 4, 
how long would tf le side marked 8 have to be? 
Could you have reasoned this out from con¬ 
gruent triangles? 


S3. In the figure, equal distances were laid 
off on (^ach side of the angle. If the area of 
the small triangle is 1 unit find the areas of 
the successive quadrilaterals X, F, Z, ■ • * 



S4. (a) The point P in the figure represents 

a solution that is 50% water, 40% alcohol, 
and 10% g]3^cerine. What solution does Q 
represent? 


Glycerine 

100 90 80 70 60 50 40 30 20 10 0 



100 

90 


->80 


.-.70 

w 

- ‘60 

a 

--50 

t 

--40 

e 

-^30 

r 

—-20 



///////. . 

0 10 20 30 40 60 60 70 80 W 100 

Alcohol 
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(/)) AVhy do ihoso “1 ri-co-didifKilc" 
work? (Page 18U, Ex. 11.) 

(c) What kind of solutions would he 
represented hy a line parallel \o .111'? hy ike 
bisector of ZIP? by the intersection of two 
altitudes? 


Three Dimensions 

S5. A poh/hfdrot) is a solid ln'iiinded by 
plane polygons. 

The bounding polygons aie calhai the 
faceSy the intersections of the faces are called 
the edges, and the vertices of the polygons are 
also the vertices of the polyhedron. 



Polyhedron 


(a) AVhat is the smallest number of faces 
that a polyhedron may have? Such a poly¬ 
hedron is called a tclraludron. Draw a 
tetrahedron. 

{b) How many edges and \'ertices does a 
tetrahedron have? 

(c) What kind of figures are tlie faces of a 
tetrahedron? 


S6. A prism is a polyhedron in which two 
faces are congruent and parallel, and the 
other laces are parallelograms. 

The congruent and parallel faces are called 
the bases; the other faces are called the 
hieral faces. 



(a) A right prism is one whose lateral 
6dges are peipendicular to the bases. What 
kind of figures are the lateral faces of a right 

prism? 


ib) Pi'i-iu-. ar(' classified ;irc(c’ding to 
their bast's. lu a /r/dinjidur p/isin tlu' bases 
are trianalcs. in n (inadmnijuiar lirfs-n/ the 
bases arc quadrilatfaa.E. ct''. 

How nian\' ta.ce> does a triangular prism 
ha\e? a ([iia.dra.ngula.r prism? 

te) 'The idl/fiidt of a prism is a, line s('g- 
ment Ix'iween the i)as('s ol tlu' prism and p('r- 
])('ndicidar to llu' basirs, lu a right pri>tn. 
how tloes llu' altitude compai’t' with the 
laU'ral (‘dge>‘.’ 

(d) A reel angular solid is a polylu'dron 
in wliieli all the faees are retdangles. How 
many faees rloes it have? Is it a prism? 

57. Find the lateral area of a right prism 
in which the bases are triangles with sides 
3. 4, and .'> units, and the altitude of the prism 
is 7 units. 

58. Find the lateral area of a right prism in 
which llu' i^erimeter of the base is 12 units 
and t lu* alt it ude is 7 units. 

59. The l)ast‘s of a right prism are scpiares 
f) units on ti side, and the altitude is 8 units. 
Find the total area of the prism. 

SIO. A pyramid is a i>olyhedron in which 
one face is a polygon, called the base, and the 
other faees are triangles, called lateral faces, 
meeting in a common eerle.v. 



Pyramids are classified according to their 
bases, such as triangular, quadrangular, etc. 

(a) What is another name for a tri¬ 
angular pyramid? 

(b) Each lateral face of a pyramid is an 
isosceles triangle with 0 inches as the base and 
8 inches as the altitude to the base. The base 
of the pyramid is a square 6 inches on each 
side. Find the total area. 

(c) In a regular pyramid all the faces are 
isosceles triangles. If the altitude to the base 
of each triangle is 12 and the perimeter of the 
base of the pyramid is 3o, find the lateral 
area of the pyramid. 



HONOR WORK 

HI. ’fhf? followinjr theorem, named after 
l\v1 hap:oras, is one of the most useful: ddic 
sum ol the s(iuar(*s of th(‘ le^s of a ri^ht tri¬ 
angle (Hjuals the s(|uar(‘ of tlie hy])ot(‘nuse. 



One way (although not. the easiest) of prov¬ 
ing this is to eonstmet s(|uares on the side's 
of the right t rianglt' and prove that tlu' sum of 
the areas of tlie two small scjuares eipials the 
area of tlie large squai'e. d'he outline of the 
proof follows. Write it out completely. 

Because RCB is a st raight line, scpiare EC 
and /\EAB have the same l>aso and ecpial 
altitudes. 

S(i. EC = 2- l\EAB. 

Similarly, CJAfl = 2 • ACAE. 

' AEAB ^ A(’AE. 

S(p EC = □.!//. 

In the same way, Scj. 0*1/ = CJBII. 


H2. An interesting and simple proof of tlie 
Pythagorean Theorem was given l>y President 
James A. Oarfield. He j^laced two id(*nlical 
right ti'iangles as shown in the figure. Tliis 
forms a t rapezoid whose l)as('s are ii and h and 
whose altitude is a + b. It can easily he 



shown that the trapezoid is made up of three 
right triangles. Find the area of these right 
triangles and add them. This is the same as 
the area of the trapezoid when found directly 
from its bases and altitude. The equation 
then reduces to a- + h- = c~. 


Invariants in a Changing World 

It is often important to deierrniiie wh o 
remains umdiangerl in a cliatigiiig 'liii.i- 
lion. In tlie case of a moloiisi tr;i\r|ii,- 
at uniform spetMl, t lu' i-at io of hi- rlKtiuniiL^ 
distance to his changing time rciiKiifi- 
invariant (unchaiigi'd). If ;i ga- c\- 
paruls iiinku' constant tf'm])eraturf‘. lii- 
])rodu('t of the volume and the prc—uiv 
remains invariant (page INS. SIO). 
you give other (‘xamples of in\ariaiit- m 
the world of seieiiei'? 

We often wonder what is imarimit in 
an ever-ehanging woiTl. Some penplr 
lui\'e no liopi' of finding any coii-i.iiii. 
Others f('e! that such constants e\i-t niih 
search for IlKun. Still otlim-s helie\e ili.e 
tlicv ha\(* found tli{rs(’ inwaiiaiii-. 
von know of an\'? 


H3. (//) ()ui' form of gox'erntnent Ire 
undergone a. number of changt's. Wire ;ii'' 
t be im|)ort;Ln1 iiuairiani s t hi'ouglioiir t 
change's? 

{b) What pro])osition about the anr!'- 
uanaitis iiuairiant as t wo gi\'en liiu‘s aie ( iit i'\' 
\;uious 1 ransx'i'rsals*^ 

(c) Whai ai('some imporlani iiivatrui'- 
thut vou Would lilvf' lo pi’eserve in "\\ii 

life? ‘ 


H4. Fan vou tell ihe diffiM-eiiri’ 

% 

propaganda a.nd edueat iou by ir'c. .lmiiziiil: 
the iiu'ariants of eavli'^ 

Is il Hue that the inwiriant in po'paLrm 1.^ 
is a total disregard of the nurm- and an ail- 
important criiiciM'u for the end in \ ie\'. I' 
propagaiula intended to make pi^nplr tiiiink 
eertain wa\'*.^ Is the informati'iii dia' > 
given or witldu'ld not important in 
but only it it helps people I'earh a dc-’rr'l 
eonelusion*.^ 

Is it true, on the ollu'r hand, tliat n ' 
invariant in (shication is a j('aK‘u> reirai l e'. 
the means and an impartial cDinaan t'^' 
end^—except tlnit it shall be the truth'.' b ' 
true tliat the object of education i- ena 
people to arri\e at the truth 'in>eiar a- n 
possible for man to knou tlie tnitli 
sound aitd indepeiahmt thinkina'* 




(a) State the purpose of i)ropa^;uula. and 
the purpose of education. 

{b) Which of these piirposi^s can he 
achieved in less time? 

(c) Is the purpose of propaganda, always 
iiarmful? 

((/) What is a half-1 rutli? Do half- 
Iruths have any ])]ace in ('dueatIn 
propaganda? 

(c) What is meant l>y a “je:dous regard" 
for the means in education? Wlial is imaint 
hy saying that we are "jealous of our 
American rights as individuals"? 

(/) Find an article that you think is 
propaganda and point out the in\’ariants of 
propaganda that it contains. Fell how it 
(litfers from education. 


TEST 


1. Alternate the proportion -- 

11 


h , and then 


transform the new proportion hy addi¬ 
tion. 


2. Write the simplest proportion that you 

1 . .r — 3 G 

can derive trom;- = - 

-// - 4 8 

3. Write the simplest proportion that you 

1 . p a + 6 c + d 

can derive from:- =- 

a — b c — d 

4. In the figure, the large triangle has a 
median that is bisected, ^^hat is the 
relationship lietween the triangles -Y 
and }^? 



5. .V i{'ci:iTpalc 3 !('('! hy .) has a G-inch 

l>ord('r (.11 fhf' oulsido. Find the area 
ot 1 he i )ortl(‘r. 

6. A ]>olygon is circiimscnl kmI aluml a 
circle. 1 lu' sides ol the polygon are 
G, 8, G. o. and 12 uiiils. Fhe aitai of the 
polygon is 100 squai-(* units. I-'ind the 
radius of th(' circle. 

7. 1 wo cennml walks cross (‘ach other to 
Itn-m a i>ai-all('logi-am whos(' side's ai'(^ S 
teet and 0 ieet. It the hroach'r walk is 
4 feet wide, how wide is the other walk? 

5. hintl the area ot th(' polygon shown. 



9. The sides of two squares are 12 feet and 
7 feet. Find the side of the scpiare whose 
area is the sum of these two scpiares. 


10» In the figure, T = T', Find the side .i\ 
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PROPORTIONS FROM SIMILAR TRIANGLES 


Comparison by Analogy 

294. Complete the follf)\vin^ com¬ 
parisons : 

1. Hammer is to nail as ptmcil is to 

_ ) _ 

2 . Friend is to foe as Ikm'o is to —/ —. 
d. I)(‘mocracv is to <lictatorsliip as 

fi'eedom is to —. 

4. Wliolesaler is to retailer as retailer 
is to —/—. 

2 is to 10 as d is to - ■ / - . 

The first four comparisons illustrate 

what is meant by (inalogij. If two 

situations are alike in (-ertaiii wavs, then 

« * 

they are said to be analogous. The fifth 
comparison is a ni(!tbe77iatica1 oNalogj/. 
We recognize it as a proportion. In 
other words, the couple 2 and 10 is 
analogous or propoi’tional to tlie couple 
2 and lo. In mathematics, proportion 
is an important type of analogy. 


Similar Polygons 

295. Another impoitant kind of anal¬ 
ogy consists of two figures that liave the 
same shape, like Idg John and little John. 
Two things are said to have the same 
shape if the parts of one are proportional 

to the parts of the other. 

Two polygons that have the same 
shape are called similar. In similar 
polygons, then, the sides of one polygon 


ai*e proportional to the sides of the other, 
atid the same is true about the angles. 
It is easy to prove that if the angles of one 
polygon are proportional to the angles of 
anothei’ polygon, they are equal in pairs 
(since tlie sum of the angles of a polygon 
of a given number of sides is constant). 
We lh(‘i-efore have the following definition 
of similar polygons. 

296. Definition. Two polygons are 
similar if the angles of one are equal 
respectively to the angles of the other, 
and the sides of one are proportional to 
the corresponding sides of the other. 



similar to) polygon P' means: 

(1) ZT - Z.H, zB = ZB\ 
zC = zC\ • • • 

,,, AB BC CD 

( 2 ) - = - = - = • • • 

A'B' B'C' C'D' 


Again, a map is similar to the territor> 


it represents because: 

(1) The distances on tlie map nic 
proportional to the actual distances on 



the land. This makes it possible to ha\e 
a scale showing how many miles are 
represented by an inch. 

(2) The angles on the map art' rtiual 
respectively to the angles on the land. 
This makes the dii'eetions on tlu' map the 
same as the true directions on the land. 

If the scale of a map is 1 :(i4,()0d, how 
many miles are represented by one ineli'* 


Similar Triangles 
297. We h a\e It'anied that two tri- 

angh's MIX' congnu'nt if Ihev satisf\' tliree 
eonditions of a (*('rtain t\'pe. Similarity 
is a weaker ix'lationship tlian eongnu'iice. 

Two triangles are similar if tliev satisf^' 

• « 

but two conditions of a c('rtain kind. \\'e 
shall now prove that if two triangles agree 
in two angles, thev are similar. 


298. THEOREM. If two angles of one triangle 
angles of another triangle, the triangles are similar. 


are equal respectively to two 



(liven: In A 7’ and 1 '' 

ZA = ZA/ 

ZB = ZB' 
Prove: T - T 


Statements 

1. zC = zC' 



T 

r 




be 

Similarly, we can prove — = — 

b c 

0, T ^ T' 



PROOF 


Reasons 

1. If A agree in 2 they agree in all the 

A. 

2. If 2 A agree in one Z, they are pro¬ 
portional to products of sides of the 
= ^ (§292). 

3. Subs. Ax. 

4. Div. Ax. 

5. Def. ~ polygons. 


We have found that a common way of 
proving two line segments equal was to 
prove that they are the corresponding 
sides of two congruent triangles. Simi- 
larly^ we shall see that a common way of 


proving two line segments proportional 
to two other line segments is to show that 
they are the corresponding sides of two 
similar triangles. This will now he illus¬ 
trated. 



Illustrative Example. Hf'c.uisc n is par;i!- 
Icl Io />, it is easy to prove hy oor t liroriau i liai 
IIk’ two trijui^lcs in tie [iy:iirc an- similar. 

a 



From Iho (h'finilion of similar pitlv^nns, wr 
can then set uj) a numler of proportions. 

Now, in t.hc case of conj^riM-nl trian(^I«‘s. \\r 
found it easy to s(‘l(*(t tie rone^ftondin^ 
sides. Hut. in t wo similar trian^le> tlu> may 
Fe troublesome for tlir(‘e rea-^ons: (l i the 
eye is not so ^ood a jud^(' of pro|»orlional 
m ij!;nit.udes as it is of epual magnitudes; {'2) 
it is nec’cssarv to work with four sides at one 
time instead of two; and fd) eveti if the four 
sid(‘s are selectt'd corn'ctly, it is still povsihle 
to make (*rrors in arran^i;inn them. For 
tlu'se reasons, it is a ^ootl ith'a to adopt .some 
scheme tliat will insure tlu' correct propor¬ 
tions. One plan is here sunneslt*d. 

Slep 1. If the e(pial angles are inM al¬ 
ready so marked in the tigvire. mark them. 
In the figure given, single and d(»uhle dots 
have been used to show wliich pairs of angles 
ean be proved ecjual. d'he t)ther two angles 
are easily paired because they are vertical 
angles. Another method is to letter the 
angles as m and m\ or q aiul q\ 

Step 2. 'Flunk of one triangle as the 
numerator triangle and tlie other as the 
denominator triangle. In the tigure given, 
think of the upper triangle as the numenitor 
and the lower triangle as the denominator. 

Step d. 'Fhe proportions may now l>e set 
up jvs follows: 

a (,opP' ver t. Z in the numemtor 
fTToppTTert. Z in the denominator 

r fopp. single dot in niimenttor A ^ 
” (1 pipp. single dot in denominator A) 


Similarly, 


c 

/ 


o 


f 


tXF.R( ISES 

fft ujrh til fhi // prtfitifm*. 

Irmntjlts .'sitnflifr I h, ti }t r>U ttuf t,t 

pttrfuifts usttnj nil fhi li!fir< rt>(irlfr1 ir, 
Utffin . 






and 






Complete the 
proportion: 


m 


n 


= —? 


14. C’omplete tiie following etiuaMons: 





(6) AC -CE = BC‘ ? 




17. Cl) is a tliamelor of tin- circlo 

nidius is r. AB ± CD at E, wIhm-o 

CE - k. 



Pro\ e ihaT 
B tlirou^h ( 



tlu‘ |)r()ilu(‘l of aii>‘ (hol’d 
and its sej^rncnil CF eipials 


18 . T - r 




15. Determine which of the follo\\ing equa¬ 
tions are true. 



16- In the figure at the top of the next col- 
timii, the sides DA and CB ot the 
inscrii)ed quadrilateral ABCD are pro¬ 
longed to meet at E. Through Ej EF 
is drawn parallel to DC\ meeting AB 

prolonged at F. 

Prove that EF is the mean propor¬ 
tional between the whole secant FA and 
its external part FB. 


(a) Complete the proportion —^ 

m 

T 

{b) Complete the pnjport ion 




• • 


_ } 


(c) Find the numerical value w. 


r 


SUPERIOR WORK 

SI. In the two tangent circles, two lines 
(double chords) are drawn through the point 
of contact forming the chords a. b, c, and d. 
Prove that these chords are proportional. 
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S2. Write two ])rop()iiions, nsinji; the 
h'liers ‘>;i\en in th(' ti<>;ure below. 



S3. In the fi^ur(\ wlu'rc^ h is tlu* ullitude to 
the hypotenuse of tiie ri»;ht. trian«;le, tliere are 
tliree similar triangles. 



(n) Trove that, h is the mean propor¬ 
tional lietween two other litu' segments. 

Comi^lete the e(iuali(Hi If- = ——. 

{h} Prove that a is the mean propor¬ 
tional between two line segments. 

0 _ ) 

(r) Prove that h is tlie mviin pro- 
l)ortional between two line segments. 


S4. (liven: TA and TB tangent to OO at 
A and B 

AD a diameter 

BC II TA 

Prove: TA ■ BC = .1C' • OA 



S5. In the figure at the top of the next 

column, two parallels are cut by three trans¬ 
versals passing through a common point. 



((/) C‘ompl(‘t(‘ the proportion = --f . 

(I 

(h) Complete' the propoi'tion ^ 

r 

(r) J)eri\'e a pro])ortion in a, h, r, and il. 


S6. llie ]X'i’])endicular Itisector of one 
of a.n isosceles tidangle cuts the base (put- 
long('(h if iH'cessary) at a certain poini. 
Prove that the distance between this point 
an 1 the \ erl(‘x of the isosceles triangle tirnc> 
ine bas(* of the isosceles triangle etiuals tlic 
sipuire of either leg. 


S7. Ill rough one end of a diainet{‘r. a 
tangent is drawn to the circle. Beginning at 
tiie othei’ end of the diameter, two secants 
are rh'awn terminating in the tang(*nt. Prove 
that one secant limes its internal segment 
(the segin(*nt within the circle) etjuals the 
other secant tinu's its internal segment. 


Nonmathematical Analogy 


S299. llie following coin'ersation nt' 
teiifled to show that unless analog.v 
elearlv defined it niav lead to confusion. 

John. I heard a puzzle. If - times ■> 
were lo, what would 3 times 4 be'.' 

Hennj. That’s easy. 2 times o 
really 10, and 3 times 4 is really 12. 
Therefore, 10 is to 12 as 1.") is to x. 


>0 


X is IS. 

John. I figure the answer might be P- 
Siiu'O 2 times o is realiv 10. then the 
phony answer lo i.s 5 more than the true 
answer. Therefore, I make out the 
imaginary answer for 3 times 4 to lx* 
more than the true answer, or 12 plu'^ 'X 

Henry. 1 think you’re wrong, but I 
can't tell exaetlv what mistake yoime 
made. Let me explain my answer an- 
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other way. We have two analoonu^ 
situations; a real .situation where the 
multiplication table works so that 2 
time.s ,5 is 10, 3 times 4 is 12, and so on: 
and an imaginary sit nat ion w Ina-e 2 t inies 
,) is 1.1, and 3 times 4 is what not. Xow I 
say tliat the imafiinary answers an* 
propoitional to the true answers; tlms, 

X : 11 = 12 : 10 . 

John. 1 agree that we have two 
analogous .situations. But how do vou 

t 

know that the quotient of the two 

imaginary answers ecpials the quotient of 

the two I'eal answers? 1 .sav that the 

< 

(liffei’ence between the two Hetitious 
answei’s may be equal to the ditfei-enfa* 
between the two I'eal answers; thus, 
X - If) = 12 - 10. Therefore — 

Hi'ttrfj. Hold on! Xow I se(* what's 
wrong with your tliinking. \'ou’re not 

using proportion. In inathematies, anal¬ 
ogy is usually a proportion. 

John. But in this puzzle, the analogy 
basil t been defined at all. If the analogy 

• 4 

IS not defined, then we can’t prove any¬ 
thing. 

Henry, But people use analogy every 
fbiy to prove their arguments. For 
example, they aigue that a govermnenl 
uught to do the same for its citizens as a 
father does for liis family, or tliat a plan 
that works in a small community will 
''ork in a large nation, and so on. 

John. Such arguments aren’t proof, 
^‘l^ver debater can often use the same 
analogy to prove the exact opposite 

^■unclusion. 

58. Compare your state government with 
tederal government, pointing out re- 

"'^ni jlances that make tliese governments 

analogous. 

59. Obtain a copy of the United Xbations 
arter. In what respects is the United 

- ations Charter analogous to the United 

^ ^ates Constitution? 


SlO. h-. the \cu- Idiglantl inwii nivciitig 

aliabigiHl.- 1(1 the ['tiltiql Slalt’,^ ( 'uligic-x? 
Why? In whal iv.xpecTs iho aiialogv 

faih.^ 


False Analogy 

S300. Ill mat hemal ics. analogy i.^ do- 
lined as jiroportion. Outsidf' mat he¬ 
matics, analogy is haseil on a nuinbci' of 
relationships that are not ch'arlv dehiKal 
and sometimes only \'aguely und(*rslood. 
lor tliis reason, analogy camuU Ik* used 
as proof in such cases. Fallacies in 
thinking often arise from false or incom¬ 
plete analogies. Many of lhe.s(‘ can lie 
clas.silicd as (1) unjustilicil transfer or (2) 
personalit ics. 

1. rnjusUfird Tnnisfn'. In this case, 
Iransit'r is made from one siiuali(m to 
allot h(*r wit hoi it sufficimit reason. Two 
types are common: 

(а) Prestige. This fallacy assumes 
tliat because a person is successful in one 
line of endeavor he must also he an 
authority in olh(*r fields. lOxample: 
Motion-picture stars endorsing cfimrner- 
cial products. 

{}>) Halo. In this argaiment, the 
attempt is made* to transf(*r a proposition 
about W(‘ll-lo\'ed and cherished iihads to 
other juopositions. Jxxample: Most 

Fourth of July speeches. 

2. Persooohtivs. The injection of per¬ 
sonalities inav he illustrated bv the follow- 
ing two types: 

(o) Arguinentum (fd Hominem. This 
Latin phrase means that the argument is 
aimed at the man. The implication her(* 
is that if an opponent can he attacked on 
personal grounds, then liis argument 
must be equally weak. JCxample: Xarne- 
calling. 

(б) Flattery. This is l)ased on the 
psychological fact that some people 
readily believe things that are favorable 
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M It inn ]')or-(^nally. Sucli people may 
ih.'ii ariTjn Dther propositions tluit the 
ilai UTor -]'ion-ors witliout examinino;them 
i<M) cl.i-ely. ('lassie example: Cassius 
pi r-na.liin: Hnitiw to join the conspiracy 
aiiaiii-t t-'a(‘-ar. 


511. I'ind Minic cxanpiU'.- in everyday 
lliiiikini: O) illustrate the falhu’ies just de- 
'tail H*d. 

512. A>peaker will sonuaimes use lanj^tiajic 
that i- unne(a>sarily tf*chnical. Which ial- 
lacv of analogy does this illustrate? Find 

V » 

»*\an'i]d(‘'' <it it. 


HONOR WORK 

HI. In the li^ur<*. the altitudes of the tri¬ 



angle form certain similar triangles. From 
these ])ro\ e; 

a • m = c ‘ s 
b • p = a ■ >i 
and c ’ r = b ■ q 

I'sing these equations and the converse of 
C'e\'a’s Theorem (i)age 194, FIl), show that 
the allitmles meet in a point. 


Areas of Similar Triangles 

We have seen that if two triangles are 
similar, their sides may be compared by 
p!‘oportion. W’e shall now prove that 
tlie areas of these triangles may be com¬ 
pared with the squares of their sides. 

Similar triangles cannot be compared 
with their sides. Wo must use the 

squares of their sides. 

It can be pi'oved that the volumes of two 
similar solid figures are proportional to 
t he cubes of corresponding sides. 


301. THEOREM. The areas of two similar triangles are to each other as the 
squares of their corresponding sides. 



Given: T 


Prove: 




o 

.T- 



PROOF 


Slalernnits 

1 . If) = ^p' 

T rnx m X 

9 _ = - =-• 

“■ T' rn'x' rn' x 



Reasons 

1. Def. ~ polygons. 

2. If 2 A agree in one Z, they are propor¬ 
tional to products of sides of the = ^ 
(§292). 

3. Def. ~ polygons. 

4. Subs. Ax. 
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EXERCISES 


1. Two corre>poudiii^ site's n\ similar tri¬ 
angles are S units and d unit^. It' iIk* 
area of the largi' Triangle is | I s(|uare 
units, find lln' area of tlu' smaller tri¬ 
angle. 

2. The areas of two similar triangl(‘> aia* 
12 and 3 stiuare nnils. Find tlu' sidi^ of 
the smaller triangle that eornrsponds to a 
5-uiiit side of the larger triangh*. 

3. Two right triangles have an acute angh' 
of one equal to an acute angle of the 
other. The hypotenuses aix' 7 and Id. 
If the area of the smaller triangle is d. 
find the area of the larger triangle. 

4. The vertex angles of two isosceles tri¬ 
angles are ecpial. Tlie aiaais of tia^ two 
triangles are 10 scpiare inches aitd -10 
square inches. If the base of the large 
triangle is 0 inches, find the hase of the 
smaller triangle. 

5. The areas of twij similar Triangles are 0 
square feet and lot) squart^ f(H*l. 

sides of one triangle are 3 feet, 4 feet, aiul 
5 feet. Find the sides of the other 
triangle. 

6. iwo corresponding sides of .similar tri¬ 
angles are d units and d v 3 units. If 
the area of the smaller triangle is 0 sciuare 
units, find the area of the larger triangle. 





Given: 

AB CD 
CB = 14 
A CDE = 
,..2 ' A ABE 

i’ 111(1: 

BE correct 
to 3 digit 
places 



AABE _ 1 
ACDE ~ 2 


10. (liven: In trap. AB( ’I) 

.1 E = 2 
E(' - (1 

-Vrea A('I)E = IS 
Find: Areas of the A Ah Y, and Z 



11. Using the theorem ahout the art'as of two 
similar triangles, pro\’p the following: 
If two triangles are similar and etpial, 
thev are congruent. 

Given; T - T 

T = r 

Prove: T ^ T 




Given: 

DE II BC 
AB - 10 
AADE - 

trap. DECB 
Find: 

AD 


Given: 

ZB = ZAED 
AC = 12 

AABC = 

3^ A ADE 
Find: 

AD 




T 

r 


a 


/o 

a ^ 


1. Whv*? 


Complete the proof. 


12. The sides of a triangle are 7, 8. and 12 
units. In another triangle similar to it, 
the side corresponding to 8 units is 
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Statements 

1. ZADE = zB 
ZAEI) = zr 

2. ZABC - aADE 

0 ^ + //' 

0 . — ^ 

.r x' 


I. 


^ flSif//S 


♦ ‘'ori-. _ 


If 2 .. : 


ii;iv(‘ ill ■_> aiv 


o. I )('t. 1>(>Iy<j;niis. 



^1. I raiishn-iuat ion 

in\ crsioii. 



>llli|i;icli()ii ;ni(| 



303. Corollary. If a line bisects one 

side of a triangle and is parallel to 

another side, then it bisects the third 
side. 

If we hiU'e three line .segnumts as tlu- 


lerins ot a pi'oiiorlion, we can consti-iict 

I lie I'ointh term, or xhe fourth pro port ion ul, 

hy making the gixa'ii line segments parts 

"f a triangle mt by a line parallel to the 
l)asc. 



304. PROBLEM. Construct the fourth proportional to three given line see 
ments. ® ® 



(Ii\'(*n: l.iiH' si'jrnu'nls ///, //, and p 

Cons, linn segment, x so that 

/// p 

n X 


(Construction 

1- Draw any angle A. 

- On the sides of Z^, lay off AD = m, DB = n, and AE = p. Draw DE. 
Uns. BC II DE, 

^^ndiision: ^ = E, 

n X 


^^<itements 

1. DE II BC 

2 5 _ P 

fl 



I^IiOOF 

Reasons 

1. Cons. 

2. A line || to one side of a A divides 
the other 2 sides proportionally t§ 302). 


2(19 






would be the same in any ixisitimi ,tf iho 

r 

pendulum, the variation - = /, 


Our static theoi-tun can theitUnro Oo sla.)(Hl 
in the following dynami(‘ foian: 'riie ratio of 
the collinear segments fiom a. gi\-('n point to 
two given parallel line's i> constant. 

Pnwe that this i)roposit ion is also tnic if 
the given point is hdirtfii the' two paraJh'ls. 


S2. ia) Prove this tlieoi-em: [ft wo pa-ralh'ls 
lire cut by three concurrent t ransx e'rsals. tlu'ii 
the segments on the parallels are propor¬ 
tional. 

Given; AC A'C" 


Prove: 




.r 

/ 

y 

OB 

OB' 




OB 

UJr 


0 



[b) Draw a (igure in which 0 is !>et\veeii 
the parallel lines, and letter it so tliat the 
same proof applies. 

S3. The theorem in tlie preceding e.xercise 
in static torm, because it deals with a 
guie that is completely fixed. Instead of 
^'0 fixed parallels, think of one line .IC as 
so that it remains parallel to itself: 
1^, as being translated (§ 229). The 
represents this dynamic situation. 



(u) riU' 1h(' ('(piation of 

(h) State the dynamic 

words. 


\a.riat ion. 
propo.sit ion 



S4. (liven; Phrough a.nv pt P on the 
inodiaii .1.1/ of A ABC. PR is dniwn CH 
eiittuig .1/)^ at P 



OR cuts .1.1/ in 

BA ^ BQ 
- 1 M QM 


A 



S5. (liven: O AB('I) 

B is any pt. on the prolonga¬ 
tion of DC 

AB cuts diagonal BD in M and 

side BC in .V 

Prove: .19/ tlu' mean proportional be¬ 
tween 9/A' and MP 



56. One side of a triangle is extended. 
From the end of the extension, a line is drawn 
l)ise<*ting another side and cutting the third 
side into unetpial segments. Prove that the 
extended side and its extension are propor¬ 
tional to the unequal segments on the third 
side. 

Help: Two eases are possible, depending on 
which side is bisected. Draw a line parallel 
to the bisected side through the opposite 
vertex of the original triangle. 

57. If the legs of a trapezoid are pro¬ 
longed to meet, then a line passing through 
their point of intersection and through the 
point of intersection of tlie diagonals of the 
trapezoid bisects the bases. 

(a) Prove this by using («) and (b) 

of S2 on this page. 


211 


ijn Also prove it \)y usinj^ Ceva’s 
riu'oiem (,paj>;e 193, Sfl). 



Given: 

AB II DC 
Prove: 

X = y 

x' = if 


HONOR WORK 

HI. Pro\‘e indiia^etlv that if a line di\'i(les 
two sides of a trian”;le ])roporlionally, it is 
parallel to the third side. (S(’e paj^e H)3, 
III.) 

H2. Siibsdfufrs for Analo(}fj. If a sp(*ak(‘r 
uses an analot*,y that is ol)\-iously weak or 
farfetehed, he will often use various means to 
eo\'er up such weakness. The followinji; two 
devices are typical. 

{a) Humor. Tliis can he looked for in 
many after-dinner speeches where tlie speaker 
tells a story. The faint similarity between 
thesul).iecl under discussion and the (‘*;enerally 
homely) analogy is of little importaiuaa 


Wdiafc is important is tliat the story he funny. 
If the story is humorous enough, the listerK'r 
may he counted on to overlook the incomplete 
or even false analogy. 

If you cannot cite examples of this trick in 
analogy, ask your librarian for a book of 
after-dinner speeches. 

(h) Emolional LcnKjiiadr. A forceful 
speaker can often cover up weaknesses in 
argumentation in general, and particularly in 
analog>'. by the use of strtmg and emotioiiMl 
language. kAamples: ‘‘Ourconstructive pro¬ 
gram is ceidainly much superior to their (piack 
panaceas." or “We advance cogent argu¬ 
ments while the obstructionists make only 
lame (xxcu.ses." 

Find examples of such language in si)eeches. 
articles, or editorials. 


Segments Made by Three Parallels 

T!ie Theorem in § 302 may be stated: 
two parallel lines (uit proportional seg¬ 
ments on the sides of an angle. This will 
now be extended to three or more parallels. 


305. THEOREM. Three or more parallel lines cut proportional segments on 
any two transversals. 


.V 


\y' 


Given: AB |! CD ■ EF 

V t' 

Prove: - - 


Cons,: 


y y 

Draw AF, 


Statcnicnls 


PROOF 


Reasons 

1. A line || to one side of a A divides other 
sides proportionally (§ 302). 


2, Subs. Ax. 


2P2 



306. Corollary. If three or more 
parallels cut equal parts on one trans¬ 
versal, they cut equal parts on any other 
transversal. 



Given: 

AB II CD 
EF 

AC = CE 
Prove: 

X = y 


307. PROBLEM. Divide a given line segment into three parts proportional 
to three given line segments. 


m 

y 


9 



\ 


Construction 

1. Through A, draw any line AE, 
Draw EB. 

2. Cons. CF and DH parallel to EB, 

Co)ichmon: — = - = - * 

ni p q 

Statements 

m p 

2 , ~ = - 

p q 

3 ^ _ y _ z 
m p q 


(liven: Line segments .1/^, m, p, and q 
Ke(i.: To divide AB into three parts 
proportional to m, p, and q 


Reasons 

1. A line (| to one side of A divides other 
sides proportionally (§ 302). 

2. Three lls cut two transversals propor¬ 
tionally (§ 305). 

3. Subs. Ax. 


On it lay off AC = m, CD = p, and DE = q 


PROOF 


EXERCISES 

L (a) In the street map shown, find the dis¬ 
tance along Broadway between 19th 
and 20th Streets; also, between 20th 
and 21st Streets. 

{b) Two boys walking along Broadway 
and Fifth Avenue cross the same east- 
west streets simultaneously. Find 
the ratio of their speeds. Will they 
meet? 


_i La\ 


22nd St. 




CO 

o 

o 

\<x^- 


Hh 


Or. 21st St. 

□ 


to 

cn 





20th St. 


Ave. 

CO 

v\ 

o 

\'^ 


1 M 


19th St. 
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1 )ivide a line segment into three parts 
that have the ratios 2:3: o. 

3. 'Triseet a given line segment. 

4. Show how you ean divide the edge of a 
card into a niimher of ecpial parts by 
laying it across a sheet of ruled paper. 

5. l)i\'ide a triangle into three ecpial parts 
by constructing lines through one vertex. 

6. Prove: In a semiciicle, perpendiculars 
to a chord at its ends will cut off equal 
segments from the ends of the diameter. 

SUPERIOR WORK 

51. Divide a parallelogram into three 
efpial parts by constructing lines through one 
vertex. (C’onstruct the given parallelogram.) 

First divide the parallelogram into 

six equal parts. 

52. Prove the theorem about the three 
parallels 30o) by prolonging the two 
transversals to meet. Help: 

X + y ^ x' + y ^ ^ 

m m' X x' 


/ ' 



53. State the theorem about the three 
parallels (§ 303) dynamically. Draw a figure 
and write the variation, (See page 210, SI.) 

54. One leg of a trapezoid is extended equal 
lengths in both directions. With the ex¬ 
tended leg as a diameter, a semicircle is drawn 
cutting the bases of the trapezoid (extended, 
if necessary). Prove that the area of the 
trapezoid equals the average of the bases 
times the distance between the points where 
the semicircle cuts the bases. 

55. (liven the perimeter of a triangle and 
two of its angles, construct the triangle. 
Helv: First construct any triangle having the 
two given angles. How is this triangle 
related to the required triangle? 


HONOR WORK 

H308. Valid Analogy. We have seen 
that nonmathematical analogy cannot 
be used as proof because the relationships 
are not usually defined. However, anal¬ 
ogy does have many applications in non¬ 
mathematical thinking. The chief uses 
of analogy that are valid are: (1) ex¬ 
planation, (2) discovery, and (3) embel¬ 
lishment. 

Analogy is used to show that certain 
facts which are little understood are 
related to each other in the same way as 
certain other facts with which we are 
well acquainted. For example, an elec¬ 
tric current may be explained by analogy 
with the flow of water in a pipe. Give 
some other examples in which analogy is 
used for the purpose of explanation. 

If two situations resemble each other 
in certain respects, they may do so in 
other ways. If the new resemblance is 
borne out, then it is the first step of an 
induction (§ 104), which may lead to a 
discovery. For example, since the condi¬ 
tions on the planet Mars are in some ways 
similar to those on the earth, we are led 
to wonder if Mars is inhabited. Give 
other examples in which analogy is an 
aid to discovery. 

Analogy is used to make language more 
picturesque and dynamic. A situation 
is compared with another more appealing 
or more forceful situation that it resem¬ 
bles in some respects. If the comparison 
is expressed, the analogy, or figure of 
speech, is called a simile; if it is implied, 
it is called a metaphor. Such use of ana - 
ogy is frequent in poetry. Here are a 
few examples: His purpose was as con¬ 
stant as the North Star (simile). A 
flatterer is like a distorted mirror (simile). 
The ship plows the sea (metaphor). 
“Fog comes on little cat feet'* (metaphor). 
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ULVIEVV EXERCISES 


HI. I'ind word analojiios 

clock" and elbow." 

using the terms sparfan, 
laconic, and qiiislim}. 


lik(' “hands ot a 
Form nn'tapiuH's 
plnfoni(\ 


H2. Illustrate 
poetry, including 
and so on. 


the use of analogy in 
rhyme, figures of speech. 


H3. Read an account of the discovery of 
the planet Neptune. Explain how this is an 
example of analogy. 

H4. Illustrate analogy from your study of 

history. 

% 

H5. If two parallel lines are cut by a trans¬ 
versal, the corresponding angles are equal. 
State the analogous proposition in solid 
geometry, using three planes. Is it vmlid.^ 
Is its converse valid? 




/ 


SUMMARY 

309. In everyday thinking, two things that 
are alike in some wavs liut not in others are 
called similar or analogous. Thus, two 
figures that have the same shape but not the 
same size are called similar. In mathe¬ 
matics, most analogies are based on propor¬ 
tion. Similar pol^^gons are polygons that are 
mutually ecpnangular and have their sides 
propoitional. It was proved tliat two tri¬ 
angles are similar if they agree in two angles. 

An easy way to prove line segments pro- 
poitional is l)y showing that they are the 
corresponding sides of similar triangles. 
Proportions may also be set up by comparing 
the areas of similar triangles with the squares 
of their sides. 

If two or more parallels cut segments from 
the sides of an angle, then these segments are 
proportional. This fact enables us to con¬ 
struct the fourth proportional to three given 
line segments, and to divide a given line 
segment into parts having specified ratios. 


RECOGNIZING NEW TERMS 

Can you describe each word or term below? 
noty go back to the section indicated. 

analogy § 294 

similar polygons (~ polygons) § 290 
fourth proportional § 303 



Given: 

Zm = 
Find: 

X 


Zn 




Prove: 

X7J = X’])' 

Hint: 

Draw two chords 

forming ^ • 


6 . The figure has a tangent .r, a secant y 
from the same point, and the external 
pai-t of the secant z. 

Prove that = y • z. 



6 . Prove that the diagonals of a trapezoid 
divide each other proportionally. (Use 
similar triangles.) 
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rrn\-e th;i1 if t\V(t altitudes ol :i triaivj;l(' 
iiuhm wiihin 1 ho 1 riau^ha 1 lien the i^roduot 
' A 1 ho -'O^inents of imv alt it u«t(' (Equals 1 h(‘ 
priMhioi of the segments t.>l the other 
alt it nde. 

Pr')\a‘ that the areas oi two similar tri- 
an!il(‘> ai’o ])roi)ort ional 1(t the sqiuires ot 
tlu‘ corrospoiulin^ altitiuh's. 


9. 07 1 I'ttinputo 1 he fourth ])roportional 
to 2. li. and (>. ^'our ans\v(‘r is ealled 
tli(‘ "ihird pro])ort ional" to 2 and (>. 
(/il C'onsti’uot the third ])i-oporlional t(t 
the diagonal of a ti;i^■en square and its 


side. With your ooinpass. oonqiare 
the lentrth of the third projiortional 


wit h the diagonal. 

10. tin a t^iv(‘n l)a>e. const met a rectan^h' 
twii-e as larjie as a given square. 

11. Prove that if a line segment het\v('('n two 
>idos of a triangh' hisocts one ot the.s(‘ 
sides, and is ]iarallel to tlie has<‘, tlien it. 
is equal to ono-half the Paso. 

12. [fn Prove that if the sides of on(‘tiiangle 

are jiarallol res])octively to the sid(‘s 
of alloth('r t I'iangle, then the tri- 
angh'S ai'o similar. 

(/;) ih'ove the same aPfHit two ti-iangles 
whost' sidf's are r(‘spe<-t ively ixupeii- 
diciilar to each ot her. 


SUPERIOR WORK 


S310. . \ //o/of/// firlil ('(’il ^I Igchni (ind 

(U'oiiii'lrg. An iinportaiit analogy he- 
tween algePra ainl geoiiudry was set up hy 
the iM-ench inatheniat ician 1 )('sear1('s. 
It correlates the locus of points in si)ac(‘ 
with the erpiation that the coordinates of 
these points must satisfy. ^ ou wdl 
recall from your algebra that IIm* spaeis 
locus is called llie ryrep// of tlie e<|uatiom 


Illustrative Example. Fiinl the locus (d 

P(j, y) such that /y = 2.r - "). 

By suhslituting values ot .r in the given 
etpiatitm, we find the corresponding values 

of y. Thus, wlien .r = P tlien /y = -A when 
X = 7 tlien y = 9. and so on. Wlieii we have 
localefl enough points, wc sketch a .smooth 
curve through them, d’lhs is calleii plotting 
the equat ion. (Jur graph is a straight line. 



51. Plot the locus y = 3.r. 

52. Plot the locus ^ ^ = 1. 

8 o 

53. Plot the follow ing two loci on the same 
axes; 

3x + 2/y - 12 
2x — 5/y = — 0 


S4. Write an equation connecting x and /y 
in each figure. 




55. By using similar triangles, prove that 
wo alli1ud(‘s Of a triangle are inveisdy 
iro)K)rtional to the sides to wliicli tlio> au 
K*rp(‘ndicular. 

56. Hv completing the equations 

= —y-- -uid //’ = . as you did in 

»age 2;)I, i)ro\'(‘ that a- + 6“ = rv 



rhe method indicated in the diagram 
toi7 of the next page is 
a gi\-en rectangle A BCD. 0 O'!, 

nt J\ on the prolongation ot the ‘n 

draw PE parallel to DA, anc 
i to BA. 
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Provo that roctariKlo .1/^ is sirnihir to 
rectangle Ad. 



58. On a given base, construct an isosceles 
triangle equal to a given square. 

59. With its perimeter gi\'en, construct a 
rectangle similar to a given rectangle. 

510. Through a given point on the base of 
a given trapezoid, construct two lines that 
divide the figure into three e([ual parts. 

511. A triangle grows 44% larger but 
retains its shape. By what percent have the 
sides increased? 

512. In each of the following stationary 
figures, there is one moving part. Write an 
equation connecting x and y in each case: 

(a) 



OP rotates 
about 0 


II y) 



S13. By l■(*l’(‘rring to 

in)W analogy is u>c(l in 
in a wind turintd. 


pag(* 1N7. S4. explain 
lesting model planes 


S14. Analogoi IS 1 o t he t Ikm )rern about three 

parallel lines that ai-e cut by two transversals 
is the following proposition in general space. 

Tfuorpin. If three parallel planes are cut 
by two lines, then the segments on these lines 
art* proportional. 

(liven: Plane 4/A ![ plane M'X' il plane 

}r'x" 

Transversals AC and A'C' 

AB A'B' 


Prove: 


BC B'C 


If 


Conn.: Pass a plane through AC and pt. 
C\ cutting plane M'X' in BB" and plane 
M"X" in C(X 

Al.so, pass a plane through A'(" and pt. A, 
cutting plane M'N' in B"B' and plane MN 
in A A'. 



Statements 

1. BB" II CC' 

B"B' II AM 

Complete the proof. 


Reasons 
1. Why? 



m moves 



X is 

translated 
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SI5. In general space, a prism (page 197, 
S6) is analogous to a parallelogram in a 
plane. The volume of a prism is also 
analogous to the area of a parallelogram; that 
IS, the measure of each is the base times the 
altitude. Whereas the base of a parallelo¬ 
gram is a line segment, the base of a prism is a 
two-dimensional figure. When w'e multiply 
the two-dimensional base by the altitude, we 
get a three-dimensional magnitude for the 
volume. 

(a) Each side of the base of a square 
prism is 5 inches. The altitude of the prism 
is 4 inches. Find the volume of the prism. 





1 /m The Itase of a prism is a 
\\ho>e le^s are (> feet and U f(‘el. 
\ '•lurne of the prism is 13d cubic feet. 
iht‘ ahitiule of the i)rism. 


i ri- 

The 

Find 


vS16. A swimming: ]mol is 10 feed lonj^ and 
feet wide. Its dei>th increases aloiif*; the 
h-nutii from 3 feet to 12 feel. Find the 
i-a]>;u‘ity of the t^ool in <^allons. (I ctibic 
I'Ht! = 7 \ tiallons. ) 


Sl7, A railroad cut is to be IdO feet lont>; 
attd 0 feet tleep. A cross stadion of the cut is 
to be a trapezoid 14 feet wide at the Imttom 
and 22 feet wide at the top. Find the cost of 
rcinovinti tlie eartli at SO a cubic yard. 


S18. .\ pyramid (pa^e 107. SlO) is some¬ 
what analogous to a trianj^le. Since the area 
cif a triangle (‘(pials halt tlie base times the 
altittide. one misht gtiess that the volume of a 
pyramid is also half the base times the 
altitude. However, the analogy does not 
exteml so far. This can easily be seen by 
cuttinji up a cube into pyramids. 

We pass a plane through 0, the center of 
the culte. and each of the edges. In this way, 
each face of the cube becomes the base of a 
iie\\- pyramid. The cube is now divided into 
.A\ equal paits like tlie pyramid 0-ABCD. 
Lfd F equal the area of the base of this 



pyramid (and also the liase of the cube), and 
h erpud the altitude of the pyramid. The 
volume of the cube ociuals F ■ 2h. 

4’herefore, 


(ci) The base of a pyramid is a r(‘ct angle 
3 feet by 5 feel. The altitude of t.he pyramid 
is 4 feet 4 inches. Find the volume of the 
pyramid. 

(/>) The altitude of a sfpiare pyramid is 9 
inches and the \'olume of t lie pyramid is .'j- of a 
ciil)ic foot. Find each side of the base. 


TEST 



Given: 

AB II CD 

BE=^S 
EC = 12 
CD = 18 

Find: 

AB 




0 X pyramid 0-ABCD = F ■ 2h 

and pyramid 0-A^C/) = hFh 

This suggests that the volume of a pyramid 
is one-third the base times the height. It 
can be proved that this is true for all pyramids 

(and also cones). 


A 



Given: 

AD =DB 

DE II BC 
BC =20 
DF = Q 
Find: 

DE and EC 
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Given: 

ZBDE = 100 
Z C = SO ° 
DB = 10 
AD = G 
.17? = S 

Find: 

EC 



Prove: 

y y 


A lniildiin^ (■:l^ls a sliadow of 2l) n‘ct, at 
llu> ^anu' lime llia.l a, \ialica.| \ardslick 
Giisls a sluuhtw (_)1 it) UK-lu\s. How higli 
is l.lu' 1 

1 wo (■()!T(‘s|i(itii 1 1 tiLi; sides ()1 iw(i similar 
1 rianiiU*.^ ai (‘ im-las and dl iiicli(‘s. If 
t lie a.rea. ol 1 he >mallei' i naii^le is 1 s(|uaro 
tG(‘(, liiul lh(‘ a!'(‘a ol ilie lai'iii'r I I'ladi^li' 

I)ivid(' a <^i\-eii line x'l^ineni inlo iwo 
pa.rls that lia\a‘ llie >am(‘ ra,iio a> tlii' \c<y 
aiul IIk' h\-p(itcniis(-‘ dI' a,n isosiadcs liitlil' 
I I'iantile. 



Given: 

Quad, A BCD 
vitli dings. 

AC ^ml ED 

AT ^ AS 
Prove: 

AA'-AF 
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Functional Thinking 



THE RIGHT TRIANGLE 


Dependence 

311. 'Du* fdllowiiiu; relatioiistiips in 
:ilurltia illiHtratf* tlif‘ idea of (Irpeiidcnre: 

>1 = '2j\ II = If = :r — '). 

In eafli ca.-o the value of // depends on 
the value of .r. If tlie value of x is 
known, tlien // is completely determined. 
If X = o, wliat is the value of y in each 
ca.-e? Tins idea of dependence is ex¬ 
pressed hy sayin^i; that y is a function of .r. 

In the fifrure, the side c depends on the 
sides a and b and tlie an^le (\ The 
reason for this is that if a, b, and ZC are 



fdven, the whole trian^i;le is completely 
determined fs.a.s.) and, in particular, the 
side c is determined. Hence, c is a 

function of e, b, and Z6. 

It is generally possible to calculate one 
part of a triangle when three other parts 
are known. d\) learn how to do this, we 
begin with the riglit triangle. 

The Cosine Function 

312. iMorn our fundamental theorem 
about similar triangles (§298) we know 
that if two right triangles have an acute 


angle of one equal to an acute angle of the 
other, then the ratio of any two sides of 
one triangle equals the ratio of the 
corresponding sides of the other triangle. 
This means that no matter how large or 
how small the right triangle in the figure 
becomes, as long as the angle A remains 

the same, the ratio - does not change. 

c 



The I’atio - depends only on Z/1. It is 

c 

therefore a function of ZH. *''1^ 

function the cosine of the Z.l (ahl)ie\i' 


ated cos .1). 

cos A 


Adjacent Leg 
Hypotenuse 


313. Definition. If from a point on 
one side of a given angle a perpendicu 
lar on the other side is drawn, then the 
leg of the resulting right triangle ad 
jacent to the given angle divided by 
the hypotenuse is the ratio called t e 

cosine of the given angle. 


How the Cosine Changes 

314. We shall now see how an increase 
in the size of an angle causes a change m 



the value of its cosine. Since the cosine 
of an angle x depends only on the angU\ 
and not on the size of the triangle, we 
shall make one side OP of the angle .r 
equal to 1 and draw PC perpendicular to 



0 


c 


OC. From the definition of the cosine, 
we have: 


cos X 


OC 

OP 




Thus, OC alone measui-es the cos x. 

As OP rotates to the left, the angle x 
grows larger, and the point C moves to 
the left. From this we observe that as 
Zx grows larger, OC, which is cos x, 
becomes smaller. The greatest value 
that OC can have is 1 (the radius of the 
circle) and then the angle x would be 
zero. As the angle x grows larger, the 
cosine becomes smaller until it reaches 
zero as the angle x becomes 90°. 

As the angle x grows larger than 90°, 
the stationary side of the angle must be 
extended to the left in order to meet the 
perpendicular from P. The point C will 
now move to the left of 0, and OC will be¬ 
come negative. Finally, when Zx be¬ 
comes 180°, OC becomes —1. We see, 
then, that the cosine of an obtuse angle is 
negative. 

The cosine is a decreasing function 
ranging from 1 to —1. 

From the above diagram, we see that 
for any given angle there is only ofie 
cosine. The reason for this is that only 
one perpendicular can be drawn from the 
point P to the line OC. Conversely, for 
aii}-^ given cosine there is only one angle 


between 0 and ISO^ for the reason that 
from the point C only oik* perpc'udicular 
can be drawn to ilu' hue OC, 

Numerical Value of the Cosine 

315. If we wished to find the numeri¬ 
cal value of the cosine of 40°, we could 
construct a figure like the last one we 
studied, making Z.r = 40° witli a pro¬ 
tractor. The line segment OC would tlien 
measure the mimerieal value of cos 40°. 
By higher mathematics the cosine of any 
angle can be found to a degree of ac¬ 
curacy that does not depend on meas¬ 
urement. On page 279 you will find a 
table giving tlie cosines of angles ac¬ 
curately to four significant digits. The 
cosine of 40° = .7000. 

EXERCISES 

Illustrative Example. A ship sails 03.2 
miles on a course E. 43° N. How far to the 
ca^7 does the ship sail? 

The course of the vessel makes an angle of 
43° with the east line. 



From the definition of the cosine we have: 


Adjacent Leg 
Hypotenuse 


= cos .4 


X 


63.2 


= cos 43 


From the table of cosines on page 271), 
cos 43° = .7314. 

X 

Substituting, = .7314, 

Oo. ^ 

X = 63.2 X .7314 = 46.2 miles 
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\<)l(: M lie :l 1 is\\(‘ 1 ' iouiuIimI oil In iIk' 

s;i.in(‘ luiiniK’f nf iIkiI were 

in tli(‘ I)i'nl)l('ni ( ^ 277 i. In \ 1 )(■><' |)i’(»1 *- 

l(‘nis \\(> ai'(' a»iiinin'^ tlial i1m“ li'U'rii anJil«‘> 
lia\'n lour si^nilicaiil IM"^ nu’ans 

1 . 


'['\\v liypnl ('ini><' <)l a, lai^lil 1 1 'ia.ii^h' i> 2 1.2) 
f(‘(’l jLiid niif aniilc MS', l'in<l ihn 
ii,(ljn,ccnl lot he cn a.n^iha 

2. In zr ~ ms' a.iHl(; - I2.0i;inr|. 

I'Mnd ili(' a.lliliidr In i1h' //. llnil: 

llnd icni). 

n 



A 


3. In a, Z^.l/>d\ Z .1 = KHi'^ ;mil h = 2'.M) 

incli('S. I'iud the alliliidn nn llu* side r. 

4. Find llic a i'i'a c! a li'iainzln in u iiicli i \\ n 
sides ai'c 12.1 and 17,M. and liie included 
aiiJili' is lOM'’. 

5. Idnil ila'aiH'a nl' a pai'alleln^ia,in in w liicli 
1 w n >ldes are IS and Fi. and one aii^^le is 
(.2^ 

Illustrative Example. l Mte an^h' nl a. 
ri^lil I ria.n^le is IS^ a,nd I lie a.djaceni le;i; is 
\/2i\ leel. I'Mlid tlie li\ i)nleimse nl llie 

t I'ianiiUe 



From the definiliun of tlie cosine: 

.Vdjacent la'.ii' _ 1.2('t 


\sjO _ ‘ 

lo — " 


1 ‘ 1 'niii lie* lal'le nn pa.^e 2Z.I. cn> jS 

SuF.-i ii ii! inti, 


11' r I 




l.2ii 

./• 


In 1 lii> pi<)p<)rt mil. l lie pi'ndici • i| i In- a,, , 
e(|Ua Is 1 he pl'nd i ict n| 1 lie e\l i cme- : 

.r.r.'.H./' - i.2i; 


i.2i; 


I ss tr( 


l.SS 


Vr>c,di ^ iv2i '.()o 

A-- '(ihiii 


. r. n r. 


mm:.2s 

"MMilMd 

MM.VJS 

'2()'J2 

f>, (hie antile nf a. ritilii iriantiln i> ''2 

1 h<‘ nppnsiu* side is IS, 1 ilirlir^, ll''l 
1 lie hypnl ciiuse. 

7. The (-enter ])n!e tnr a leiil i' lerl 
a in 1 a n tpe iVt an the tup nt i he pnl(‘ n 
an antili' nf with the pule. I iin 
lentil h nj’ 1 h(' rope. 

8. strailihi mad niaki’s an atmle "> '' 
wil h t he hori/aml al. 11 <nie end "i '' ' 
mad is ii.S f(‘(‘t hiti'her tha.n ih'' 
wha.l i> t he lentil h nf i he mad'.' 

Illustrative Example. The hypm > iiie 
a ritilu li'iantile is MM.4 x'ards and "iir 
2(78 \'ard.'>. Find llu* included aiitilc 


‘i f\»'' 



From llu' 'lehniiinn ni ilic cn-ine; 

'2(eM 

cos .(■ =-= . n>< 

O O 1 


llvpnh'llUst 


A 


From the tahle \\\' find the aiiulc ' 
cosine is nearest t(» .7S7. 

•) V - 

/ = 





9. A ladder 16.5 feet long reaches a wall to a 
height of 12.8 feet. What angle does the 
ladder make with the ground'.^ 

10. After descending a straight mine tunnel 
a distance of 150 feet, an ohserver finds 
himself 85 feet below the surface. What 
angle does the tunnel make with the level 
ground? 

11. The rafters on a roof are 14 feet long and 
the width of the house is 24 feet. What 



angle do the rafters make \N ilh the ceding.^ 
(Disregard the overhang.) 

12. From a point 32.4 inches from the center 
of a circle, a tangent to the circle is 27.5 
inches long. Find the angle between the 
tangent and the line joining its far end 
to the center of the circle. 


opposite the given angle divided by the 
hypotenuse is the ratio called the sine 
of the given angle. 

It is possible to work all the ])roblems 
about right triangles witli tlu' cosine 
function alone. However, it is often 
more convenient to use other functions. 

Illustrative Example. A chord 25.50 
inches long has an arc of 110^. Find the 
radius of the circle. 


O 



Tlte degree measure of an arc is its central 
angle. T\\c peri^endicular to the chord from 
the center will Insect the chord and the 
central angle. 

From the tlefinilion of the sine: 


The Sine Function (Optional) 

In §312 we saw that so long as ZA 
remains the same, the ratio of any two 
sides remains the same. We defined the 

ratio “ as the cosine of the ZA. ^^e 
c 



shall 


no\\ 


' define the ratio - as the sine of 


c 


the ZA (abbreviated sin A). 


sin A = 


Opposite Leg 
Hypotenuse 


316. Definition. If from a point on 
one side of a given angle a perpendic¬ 
ular on the other side is drawn, then 
the leg of the resulting right triangle 


Opposite Leg __ . 


= sin Ay 


12.75 . .,0 

- = sin 00 

X 


Hypotenuse 

From the table of sines on page 276, 
sin 55° = .8192. 

Substituting, 

12.75 .8192 


X 


1 


8192.r = 12.75, 

X = - = lo.ob inches 

.8192 


Solve Ikvse problems by usuig the sine 

fundi on. 

13. The hypotenuse of a right triangle is 16.3 
feet and one angle is 32°. Find the 
shortest side. 

14. Work Ex. 6 on page 222 by using the sine 
function. 

15. A plane flies 180 miles in a direction of 
328° (see page 41, S5). How far to the 
north of its starting point is the point of 
arrival? 

16. A circular area of a 5-mile radius has been 
found dangerous for ships at sea. Two 
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points A and H, (i miles apart, are on tlu^ 
circle. Find the danj^er angle x tliat 
ships can use as a guidt^ (page KiO, So; 
page 172, Ex. (i). 

17. Two sides of a paralh'lograin are 24 units 
and 31 units, and its area is 580 square 
units. Find the angles. 


The Tangent Function (Optional) 

Another useful function is one that is 



looking up from point .1 to point he ralUi*. 
the angle of elevation: if looking down, the 
angle of depr(‘ssion. 



By the definition of the tangent: 


Opposite Ln; ^ 

Adjacent Leg 

— = tan 78® 

1250 

From the table of tangents on 
page 270, tan 78® = 4.705. 
Sul)stituting. 

= 4.70.), 

1250 



X = 1250 X 4.705 

= 5881.25, or, rounded off, 5880 fwt 


tangent of ZA (abbreviated tan .1). 


Solve these problems by using the langnl 



Opposite Leg 
Adjacent Leg 


317. Definition. If from a point on 
one side of a given angle a perpendic¬ 
ular on the other side is drawn, then 
the leg of the resulting right triangle 
opposite the given angle divided by the 
adjacent leg is the ratio called the tan¬ 
gent of the given angle. 


Illustrative Example. To find the height 
of a cloud over an airport, a searchlight is 
directed straight up. Then an ob>erver 1250 
feet from the searchlight measures the angle of 
elevation of the illuminated spot on the cloud 
and finds it to be 78°. How high is the cloud * 
The angle of elevation, or the angle of de¬ 
pression, is the angle made by the line of sight 
and a horizontal line. If an observer is 


function. 

18. The legs of a right triangle are 
centimeters and 19.6 centimeters. Find 
the smallest angle of the triangle. 

19. .\n airplane pilot measured the angle 
depression of a dock when be 
5100 feet directly over a boat. If 
angle of depression was 8®, how far 
the boat from the dock? 




. • ft A 


point 


the ground as a pivot, 
the wings of the plane 
are pointed to that 
point. If the maxi¬ 
mum angle at which the 
plane is to be tilted 
from the horiaon is 70® 
(called the angle of 
bank), at what height 
must the plane fly a cir¬ 
cle of 1400feet in radius? 
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Its 


21 . luit is tlio an'j;K' ol elo\ :(t imi of iho sun 

when a Ituililiiaa -l(t Irnt liiaii a 

shat low of 27 tool ? 

22. A hA. i> unt' iluii \\ hn^i lAr 


e\erv 100 Ict^i lioiixuniallw Ai whai 
% 

aniile doos a , aratlt* rix*? 


The Pythagorean Theorem 

Proltal'ly tho most impoi-Uuit tlioorom 

ill ^oomotix' i< the' one that ‘ii\os the 

• 

relationship In'twiam the lei^s ami llu^ 
hypotciiust' ot a riylit tiiana;le. It is 
iiaiiUMl alter an ancient (ina'k inathe- 
mat ician P\ t haiioras. 

I ^ 


318. PA^THAGOREAN THEOREM. In a right triangle the square of the 
hypotenuse equals the sum of the squares of the legs. 



(liven : Rt. A-t 

PiHJX'e; (■' = tr -f- //- 

< 'tins,: 1 )i‘a\\' alt. ('I). 


maun- 


Slatemcnfs 

1. In aAD(\ 

cos A = — \ in AABC, cos .1 

b 


h 


c 


2 - 


7n b 

b 


and 


}nc = b- (1) 


3. Similarly, 


D c - ^ a 

cos B = - and cos B = - 

r 


(I 


4. 


c — m 


a 


a 

c 


and r — me a- (2) 


5. Adding (1) and (2), c~ = (r + //’ 


/A n.so//,s' 

1. Dei’, cos. 


2. Subs, and Mult. Ax. 

3. Same as 1. 


4. Same as 2. 

5. Add. Ax. 


A^ou may have proved this theorem be¬ 
fore in some other way (page 198, HI, 
H2), and you may prove it in still other 
ways later. This proof depends on simi¬ 
lar triangles and is so pictured in the de¬ 
pendence chart on page 240. The cosine 
is a convenient way of denoting the 
constant ratio in the similar triangles. 
The plan of the proof given above is as 
follows: 

1. When the altitude to the hypote¬ 


nuse is drawn, we find that ZA belongs 
in two right triangles. Consequently, 
we express its cosine by two different 
ratios. We set these ratios equal to 
each other and we write the product 
form (clear fractions). 

2. We repeat this, using ZB. 

3. By adding the two equations in the 
product of the means and the product 
of the extremes, we get the Pythagorean 
Theorem. 



EXERCISES 


Illustrative Example. How lon^ a. hulder 

ri'arh a roof IS.o feet hijih. if the 
1 1 ' ]i"i to ''taial ill a flower he«i that 
» 7.0 feet from the wall? 



From the Pythagorean relationship, 

^ 7 3 ^ 

== 312.2:) + :)(i.2:. 

= 3‘i.s.:) 

.r = 20.0 feet (See 277.) 


I'iii'l the stpiare root from the table on 
I)auo 2M). 'I'liis table run also be used in 
law'or.'e to sipiare the gi^'en sides. 

1. 'I'lie legs of a right triangle are 4 units and 
ft units. Find the hyi^otenuse correct to 
three significant digits. 

2. Find the diagonal of a rectangle who.se 
dimensions are 33 units and 50 units. 


3. IIow large in diameter, to the nearest 
hundredtli of an incli, must a hole be 
drilled to receive a square plug 2-:r inches 
on a sid(*? 

4. Two telephone poles 25 feet and 32 feet 
high respeetively are 50 feet apart on 
level grounfl. How long, to the nearest 
tenth of a foot, is the wire connecting 
1 heir tops? 

5. d'he legs of a right triangle are 20 units 
and 21 units. Find the median to the 
hyi)otenuse. 

6. A straight highway crosses a straight 
railroad track at right angles. A motor¬ 
ist, having stopped to let an express train 
pass at 70 miles per hour, proceeds at 40 
miles per hour. How far, to the nearest 
tenth of a mile, is the motorist from the 
train 10 minutes later? 

7. A chord 24 inches long is 5 inches from 
the center of the circle. Find the radius 

of the circle. 


8. The diamolor of a circle is 24 inches. A 
tangent measures 35 inches from the 
point of contact to its end. How far is 
(his end from the center of the circle? 


9. In a football game what is the longest run 

in a sti’aight liiu* that a ball carrier can 

make without scoring? A football field 

is 100 vards bv lOO feet. The end zones 
« % 

iin' 10 yards deep. 

10. .V man who can row 4 miles per hour in 
still wii‘.er has crossed a stream in 5 
minutes by rowing at right angles to the 
course of the stream. The stream is 
flowing at 3 miles per hour. How far 
is the man from the stalling point? 



Illustrative Example, d^he hypotenuse of 
right triangle is 10 units and one leg is 17 



units. Find the other leg in terms of the 
simplest radical. 

From the Pythagorean relationship, 


- 361 - 289 = 72 
,T = V72 = \/3() ■ 2 = C \/2 

By using the algebraic method of factoiing 
the difference of two squares, the work can 
often be shortened as follows: 

X- = 19’^ — 17" = (19 + 17)(19 — 17) 

= 36-2, .r = 6 \/2 

11 . The hypotenuse of a right triangle is 57 
units and one leg is 43 units. Find tie 
other leg in terms of the simplest ladica . 

12. The diagonal of a rectangle is '3 unhs 
and the width is 48 units. Find le 

length. 

13. Find the area of a right triangle in w 
the hypotenuse is 37 feet and one eg 

12 feet. 
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14. The haso ol ail is()s(‘(‘lo> lrianii:l(' is Hi 
inclu's and rach lea is 17 iin'lics, l-'ind 
the area of the Irian,ale. 

15. The side of an equilalei-al irianale is 10 
units. Find the a.r(':i. of ilu' iiia.nale in 
terms of t lie simple>1 l adiral. 

16. In a eircle of (i.OO-ineh radius, how Iona is 
a ehoial -1.00 ini-h(‘> from the eeiiitM? 

(See ^ 277 .1 

17. A pole IS fe('t hiah is Hrolctai (i fet'i from 
the a'r'aind, Hut the two parts roinain 
attached. IIow far from tlu' Hase of tlie 
pole does the trip of the jiole touch the 
ground? 

18. The length of a flat l»ox is 82 inches. 
How wide must it He to hold a vanlst iek’.^ 

19. Tile diamet('rs of two concentric circhcs 
are 12 inclu's and 20 inches. A chord of 
the larger circle is tangimt to th(' smallm- 
circle. IIow long is this clunal'.* 

20. When the wind is from the nortlp a pilot 
heads directly east with an airspeed of 1 lo 
miles per hour. In one hour he reaches 
a town 120 miles a wav. What is the 
speed of the wind? 

21. The safety man on a football team re- 
ceA'ed a punt and ran 00 yards in a 
straight line licfure being forced out of 
bounds. If the runbaek of the kick 
netted only 40 yards, how far from the 
nearest sideline was he when lie received 
the ball? (The Held is 100 feet wide.) 

22. The bases of a trapezoid are 07 feet and 
100 feet. One leg of the trapezoid is 
perpendicular to the bases, and tlie other 
leg is 05 feet long. Find the area of the 
trapezoid. 

23. The bases of a trapezoid are 20 units and 
30 units. Each leg is 13 units. Find 
the altitude of the trapezoid. 


20 



Hmt: a* + 20 + x = 30 
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24. rile basiv-s «ti ;l i t';i,pcXi)i(l lire 

a.nd 27) iiii'lii--. 1 ;u'ii 

1' lud 11 ic ;ii't';i. Ill 1 1K’ I I'.'iIK'Xuiii. 




i iiclu's 
iiii'!te>. 


25. hi I ciauale .1/)V’. ('I) ;in :i.l'ifud(\ At 

. 1. . I A’ i.-^ draw ii pei’j »rndicii|;Li' | (i . 1 r ;,n(i 
ctjual lo JU). .\l /). />'/ i> draw II pci'pcii- 

dicula. 1 - In lie and (M|i!al In .\I>. Hrn\ «> 
llial i' IS (M I Old l"! a 111 lii'Mi /'. ;ilid /•’. 


SUPERIOR WORK 

Si. In t(‘Uwi.''inn ri'c(‘i\(MS iIk' imaaic i> a 
.' * lit 1 3 : 1 lor ii> dim cl!.'^inns 

when projected on the citaadar face of a 
caditKle tub<*. 'The diameU'f of tlu' cathode 
1 uIh* is usu:dl\'7 incht's, H) inches. 12’. indu's. 
Ht iiU'hes. or 10 indies. kind ihi' immlu'r nf 
s(|ua.r(‘ indies in the ima.at' nf (aidi of 
1 ub(‘s. 



CATIIODI’Mt.W Tl Hl' 


Nofv. You ha\'e found the area of tlie 
rectangle tiiat can be inscribed in the eii’eular 
face of a gi\'en tulie. .\clually. lludmageisa 
little larger becausi* the coriuas ari‘ cut off. 
Thus, the image on a 7-inch tub(‘ is rated as 
20 sciuare indu*s, wliili' a 10-inch tulie is 
advertised from 52 to 55 s([uar(' inches. 

S2. The course of a ship is a straight line 
parallel to the shore and 10 miles from it. 
On the shore is a signal light that can be seen 
over a range of 12 miles. Over what distance 
of the ship’s course can the sailors on board 
see the light? 




S3. Fi'ftni a point 40 indies from liie cenler 
1 4 a circle whose radius is 14 inches, a secant 
i> dian\ n. The nearest that the secant comes 
lo the center of the circle is 10 inches. Find 
the o\'er-all length of the secant. 


S4. The radii of two circles wViose centers 
are 37 inches apart are 9 inches and 21 inches. 



IIow long is the common external tangent to 
tliese cir(4es'* (See page 1()5, So.) 

S5. IIow long is the common internal 
tangent to the circles in S4? (See diagram 


on ])age UiO, SO.) 

56. A corridor is o feet wide and has a 
right-angle turn. If a stretcher is 3 feet 
wide, what can he its maximum length to 
pass the turn? 

57. A barge oO feet wide is l.»eing towed at 
12 miles per hour. A deck hand drops an 
apple core from starboard and then walks 
directly across the liarge at 4 miles per hour 
and drops another apple core. IIow far 
apart are the t wo ap]de cores? 

58. Stanley Jashinski, a schoolboy of 
Youngstown, Ohio, recently suggested the 
following proof of the Pythagorean Theorem: 



From the theorem that the aieas of two 
similar triangles are proportional to the 
sciuares of the corresponding sides: 


7’i T, {Ti + 7b) 

Writ e out the complet e proof, using the plan 


outlinefl. 
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S9. A plane flying at 200 miles per liour 
heaves Xewai’k airport, on a course of wliich 
the nearest ])oint to Erie, Pa., is 192 miles 
from it. If Itrie is 320 air miles from Newark, 
how long after leaving Newark will the pkine 
be the same distance from the t wo cit ies? 


510. A room is 30 feet long, 20 feet wide, 
and 12 feet high. A liousefly flies in a 
straight line between two far corners. IIow 
long is this line? 

511. Pi ’ove; (a) If two opposite angles of a 
quadrilateral are right angles, the sums of 
the opposite sides of the quadrilateral are 
inversely proportional to their differences. 

(h) If two opposite angles of a cir¬ 
cumscribed c[uadrilateral are right angles, 
then the (|uadrilateral is a kite. (Page 180, 
Ex. 0.) 


S12. A circle O' passes through the center 
of another circle 0. Through A, the inter¬ 
section of the two cir(4eH, a tangent is drawn 
to circle 0 cutting circle 0' again at B. From 
B a chord BC is drawn in circle O'. From 
C a line is drawn tangent to circle 0 at D. 
Prove: = BC- + CD’- 


SPECIAL RIGHT TRIANGLES 

The Pythagorean relationship holds for 
ill right triangles. There are two special 
leases of the right triangle in which the 
ddes have additional relationships. These 
ire the 45'^ rigid triangle and the 30^A)0 
'itrht triangle. 


The 45'" Right Triangle 


319. If one angle of a right triangle 
is 45°, then how many degrees are 
in the other acute angle? Do you 




figure shows a riglit Iriangle in 

wliich each leg is 1, From the Py¬ 
thagorean relationship, the hypotenuse 

equals Vl- + 1- = V2. Every 4“)° right 
triangle is similar to this triangle. This 
triangle can therefore serve as a standard 
of comparison for solving an>' othei' 4.)'^ 
right triangle. The properties of this 
special right triangle may be stated as 
follows: 

The hypotenuse equals either leg times 

Vz 

Either leg equals half the h\'potenuse 
times V2. 


Illustrative Example, The hypotenuse ot 
a 45° right triangle is 10.00 inches. Find 
each leg correct to four significant digits. 



X 


Solution .4; Method of Similarity, The 
sides of the triangle in our problem are pro¬ 
portional to the sides 1, 1, of the standard 
triangle. 


X _ 10 

i V2 ’ 


.r ^ 10.00 
1 “ 1.414 


7.072 


or, 

10 V2 
^ \/2 V 2 



= 5 X 1.414 = 7.070 


The answers to these problems are rational, 

or they can be expressed in terms of \/2. 
Since such problems occur frequently, it is 

well to remember that '\/2 = 1.414 and save 
time. In terms of the simplest radical, 

X = 5 a / 2 . 

Solution B: Direct Method. In this method 
we do not use the standard triangle. Instead, 
we write directly that; 

= 10/ 2x2 ^ 100, .t2 = 50, X = 7.071 


Which solution do \'ou [)n'lcr? 

44ie reason lor the lirsi two answers being 
slightly dilTeri'iit from tin' third answei' is that. 

we usch! onl>' four >ignilicanl digits for \/ 2 . 
('any <mt the hr>t i w o ci >ni]>ut at ions using 

llu' ii\'e >igniticarii digits 1.1 N2 for \/2. 
Ivoimd otf vour K'sults to four significant 
digits and ('ompair' th(‘ thr('e ans\\(M's. (S(m‘ 

S 277.) 


EXERCISES 


1. The hypotenuse of an isosceles right 
triangle is 12 units. Find the length of 
each h'g correct to four significant digits. 

2. Find the side of a scpuire to the nearest 
hundr(‘dth of an inch, if the diagonal is 2 
feet. 


3, Two sides of a triangle. 14 imdu's and IS 
intdies, incliale an anglt^ of 45°. Find 
the area of the triangle correct to thrc'e 
significant digits. 


4 . A line segment to the center of a circle 
from an external point is 30 inches long 
and makes an angle of 45° with the tan¬ 
gent to the circle from that point. Find 
the diameter of the circle. 


5. Find the cosine of 45° in terms of the 
simplest radical, and also correct to four 
significant digits. 

6. A round shaft 4^ inches in diameter is to 
he machined square. Wdiat is the maxi¬ 
mum side of the scpiare correct to four 
significant digits. 

7. The area of a sciuare is one acre. Find 
its diagonal to the nearest foot. 


The 30°-60° Right Triangle 

320. From the Theorem in § 192 you 
know that an important property of the 
30'^-60'^ right triangle is the fact that the 
shorter leg is half the hypotenuse. In the 




liuuio, >\noc tlie slioi'tost sido is 1 unit 
we know that the hypotenuse is 2 
units long. 

From the Pythagorean relationship, 

the nlh(U' l(‘g (HUials \ 2’ - 1’ ■- \ 2,. 

Anothei' important prop(M’t\' of tliis tri- 
:U!gl(\ therefore, is; TIk' shIc opposite Ihc 

<tn(ilc cqtHfIs Iml f !lic fippolcN usr 

\ :F 

Illustrative Example. 'I'Ik' side of a right 
triangle opposite a (>0° angle is lo. Find the 
other leg. 



Snlnlifni A : McIIhhI of Siniilarih/. d'hc 
sides of our triangle are proportional to the 

sides 1, 2, \/S of the standard triangle. 
Therefore, 


or. 


.r 15 

- = —= » .1 

1 ^ 

• - A - 8.01)1 

1 \/3 

1.732 

15 a/ 3 


\/3 V3 

3 


- r> X 1.722 = S.iifiO. 

SoIuliofiB: Direct Mt’thod. l.et the hypot¬ 
enuse = 2.r. 

Then (2.r)- - .F - l.T 

4.F - = 225 

3.r- - 225 

./■- ^ 75 

.(• = 8.t>(i0 

The answers to tliese problems will 
either come out rational or in terms of \/3. 


Again, it. will save time to rememhor thjit 

V''3 = i.722. 

8. The leg of a right triangle adjacent to a 
3(P angle is 42 inehes. Find the otlier 
leg of the trianglf’ to four riigit acfiiracy. 

9. 4'1h‘ short (‘sI sid(' ol a 20° (10° I'iglii 
triangle is 20 units. Find the other le^ 
in t(M-ms f)f the simplest radieal. 

10. The hypotemuse of a 30°-()0° right 
triangle is 15 feed. Find the area of the 
triangle to three' digit aeeuraey. 

11. ddie side of an eepiilateral triangle is 30 
units. Find the area of the triangle* in 
terms of the simplest radical. 

12. (a) Find the e-osine of 00°. 

(5) Find the cosine e)f 30° in terms of llie 
simplest radical and also e-orroet to 
four significant digits. 

13. Ohvo sitles of a paralle*le)gram ai'c 21 ted 
and 31 feet. One angle is 00°. Tind 
the ai'C^a e)f the parallei(,)gi’am ean'roet to 
thi’f'e digit plae-es, 

14. The bases of a trapezoid are 28 feet and 
40 feet. Two angles are each 30°. Find 
the area of the trapezoid. 

15. The side of a right triangle opposite a tiO 
angle is 14 units. Find the area ot the 
triangle cori'ect to four significant digits. 

16. 'fhe altitude of an etiuilateral triangle is 
10. Find the area of the triangle in 
tei-m.s of the simplest radical. 

17. A clrord 10 inches long has an arc of 120 . 
Find the radius of the circle. 

18. The hypotenuse of a 30°-00° right tri¬ 
angle ecpials the hypotenuse of a 43 
right triangle. Find the ratio ot the 
areas of the triangles. 

19. The side of an equilateral triangle is 
Find the area of the triangle in terms ot a 
and the simplest radical. 5 our ans^^ei 
is a useful formula. 


THE OBLIQUE TRIANGLE 


The Law of Cosines its angles. We will do this In' dra^^i^g 

\Ve shall now find a relationship be- an altitude of the oblique triansle. thus 

tween the sides of an oblique triangle and di\dding it into two right triangles. 
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321. THEOREM. The square of one side of a triangle equals the sum of the 
squares of the other two sides, less twice the product of these sides and the cosine 
of the included angle (Law of cosines). 



I^ROOI- 


Statements Reasons 

1. Inrt. aABD,c~ = h- + {a - m)- 1. Pylhngoroan Tliaorem. 

Inrt. aACDJi- = b- - nr 

2. c" = h- - nr + {a - m)' -- 

or r- = h- — nr + a- — 2(ini + nr 

c- = (r -|- //- — 2a ni 

3. But — = COS C, or m = b cos C 3. Def. cos. 

b 

4. c- = a- + b- - 2ab cos C 4. Subs. Ax. 


If ZC = 90°, then cos 
P}''thagorean Theorem. If c- 
cos C = 0, making Z C = 90°. 


= 0 (§314) and the Law of Cosines reduces to the 
= then the Law of Cosines at once I’educes to 

This proves the converse of the Pythagorean Theorem. 



EXERCISES 

Illustrative Example. Two sides of a tri¬ 
angle are 10 inches and 8 inches. Ihe 



10 in. 


1. Two sides of a triangle are (i and o units. 
The cosine of the included angle is L 
Find the third side. 

2. Two sides of a triangle, 8 and 4, form an 
angle of h0°. Find the third side. 

3. The vertex angle of an isosceles triangle 
is ()0° and each leg is 10. Find the base 
of the triangle by using the Law of 
Cosines. 


included angle is 47°. Find the third side 
correct to three significant digits. 

From the Law of Cosines 


4. Two sides of a triangle are 8 and 4 units. 
The cosine of the included angle is {, 
Find the third side of the triangle. 


= 8- -h 10 “ - 2 ■ 8 ■ 10 cos 47° 

From the table on page 279, we find that 
cos 47° = .6820. 

= 8^ + 10- - 2 • 8 • 10 X .6820 = 54.9 
X = 7.41 inches 


5. Two sides of a triangle, 12 and 9 units, 
include an angle whose cosine is Find 
the median to the 12-unit side. 

6. The cosine of an angle of a triangle is 
and the sides forming the angle are 8 
units and 12 units. 
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I'liul ihii'il of the triaii^lo. 

'■ ihe Law of C'(»sin('s, find the 

U'liirih of I lie liiu' soiiiiK'nl connecting 
t!n‘ inidpoinis of tlu' two givoji sitles. 

7. At 2 r.M. two pil(tls i;iko (tff from an air- 
j n'l ' in C) nii'scs i lial ina.kc a.n angl(‘ of 80^ 
wiih rarli other. TIumi' ground s]jcctls 
arc '.10 and 120 niih's p(‘r hour. flow 
far apat'i arc thiw' at 8:12 v.M. when they 
coniiniinicai(' h\' radio'.^ 

Illustrativ’e Example, dhroo sides of a 
M tangle are 7. 0. and 10 units. Find the 
aiurie op|*o>ii(‘ th(‘ lO-unit sid(‘. 



7^0 


From the Iaiw of (’tjsiiu'S 

10 - = 7- + tp _ 2 • 7 • 9 cos.r 
100 = 49 + 81 - 120 cos.r 
120 cos .r = 49 + SL - 100 = 30 


cos .r = 


3i) 

120 


21 


= .2381 


From the tuLle of cosines, we (ind that 7(F 
has its cosine nearest t<j .2381. Therefore 
X = 70° approximately. 

8. 4'he sides of a triangle are 0, 7, and 8 
units. Find the three angl(*s. 

9. 4'he sides of a triangle are 8, 15, and 17 
units. Find the cosine of tlie angle 
oijposite tlie 15-iinit side as a common 
fraction in its lowest terms. 

10. 4'he sides of a t riangle are 28. 15, and 53 
units. Find the larg(*st angle. 

11. 4'he sides of a triangle are twice as large 
as the sides of the triangle in Fx. 8. 
Find the angles. 

12. How much nearer to tii-st base is the 
pitcher on a hasehalt diamond than the 
hatter? Find your answer l-o the nearest 
tenth of a foot. Hint: A baseball 
diamond is a s(iuare in which the side is 
90 feet. The pitcher is 00 feet 6 inches 

from home plate. 


SUPERIOR WORK 

Illustrative Example. 4'lie sides of a tri¬ 
angle are 13. 14, ;ind 15 units. Find the 
altitude to the 11-unit. side. 



irp = UP 4 - 13 -^ _ 2 . 14 • 13 cos.r 
225 = 19() + 109 - 304 cos.r 


cos .r = 


190 + 109 - 225 
304 


!£ ^ 
13 


140 

304 


.■>s .r, /y = 13 cos .r = ' 13 ” 


/p = 13-^ - if = 13- - 5- = 144. h = \2 

SI. 44ie sides of a triangle are 10, 17, and 
21 units. Find tlie area of the triangle. 

Heron’s Formula (Derivation) 

S322. The sides of a triangle are a, b, 
and c units. Find the area. 



The answer to tliis proldem can l^e 
wi’itten as a formula known asHeion^ 
(or Hero's) formula. 


+ 6“ - 2ab cos C; 


cos C = 


+ ¥ - c- 
2ab 


( 1 ) 


- = cos C; p = a 
a 


s C (2) 


Substituting (1) in (2), 


p = a ' 


-p 5‘-> - c- 

2ab 


f 

26 


(3) 
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From the Pythagorean Theorem, 

/i- = a- - p- = {a + p){a - p) (4) 

Substituting (3) in (4j, 




2a?>+u-+6--c2 

26 


2ab-(C--h-+c- 




Tliis formula can be greatly simplified 
by letting s stand for the semi-perimeter 
of the triangle. 


Let 

a + b + c = 2s 

((i) 

Then 

a + b — c = 2s — 2r, 



+ 

1 

11 

1 

(7) 

Similarlv, 


a “ 6 -p c = 2(s — 6) 

(8) 

and 


-Cl -p 6 -p c — 2(s — u) 

(9) 

(6) X (7), 

a- + 2ab -p 6- — c" = 4s(s — c) 

(10) 


(8) X (9), 


52. The sides of a triangle are lo, 41, and 
o2 units. Find the area of the triangle, using 
Heron’s fornnila. 

53. The sides of a triangle are 2o, 29, and 
30 units. Find the altitude ui)on the side 3(). 
Hint: It is easier to find tlie area of the tri¬ 
angle by Heron’s formula fiist. 

54. in) Copy the figure in §311 on pag(‘ 
221. In your figure, draw OP' .so that 
/.('OP' is the supplement of Z.r; i.e., 
Z(y)P' = 18(P ~x. DrawP C' _L OC. Prove 
that OC — OC. It was ex[)lain(‘d in §311 
that ()('' is negative, so that OC ~ —()('. 
Since cos ZiJOP' = 00' and cos x — Of', 
cos /OOP' = — c(is X or cos (180® — x) 
= — cos X. 

The cosine of an angle ecpials the negative 
cosine of its supplement. 

(6) Prove that the Law of Cosines is 
true for (obtuse angles. 

Help: Follow the proof in §321, first 
drawing a figure in which / O is obtuse. 

Note the following changes: HI) = « + rn, 
m = b /ACf) = b cos (180° — 0) = 
— b cos C. 


2ab — — b- + <^ 

= 4(s - a){s - b) (11) 

Substituting (10) and (11) in (5), 

is{s — c) 4(s - a)(s — b) 

' ' 26 26 
4 

= — s(s — a)(s — 6)(s — c) 

6- 

9 _-— - 

h = -Vs(s — a)(s — 6)(s — c) 

6 

Area of the triangle, 

T = --h 
2 

= ^ •^Vs(s - a)(s - b){s - c) 

T = VsCs - a)(s - b){s - c) (12) 


The Inverse Function 

323. In an e(|uation like y = 2x, we 
think of y as a function of x because y is 
completely determined by x. The con¬ 
verse is also true; that is, x is a function 
of y for the reason that when y is known 
we can find x. We think of x as the 
inverse function. 

Similarly, in the Law of Cosines, 
-P 6“ — 2ab cos C\ we think of 
c as a function of a, 6, and /C. Here 
/C is an inverse function of a, 6, and c. 
If the sides of a triangle are giv'en, then 
the angles can be found. 

The idea of the inverse function en¬ 
ables us to prove two important con¬ 
verges of the fundamental theorem (§ 298) 
about similar triangles. 

2:i3 














Triangles with Proportional Sides 


324. THEOREM. If the sides of one triangle are proportional to the sides of 
another triangle, the triangles are similar. 



Given: In A ABC and A'B'C' 

(I b c 

^ b' ^ ? 

Prove: aABC - aA'B'C 


PROOF 


Shill )ni Ills 


1. r- = a- + fr — '2fib cos C 

2. c- = (I- 







r r' 

, b 

_ h' 

o. 

1 

and - 

t 


(1 n 

(1 

a 

1). 

cos (' = 

cos 

or ZC - ZC' 


In the same way, 

II 

N 

1 . 

aabc 

- AA'B'C' 


RvdHOtl.i 

1. I .aw of Cosines. 

2. hlenlitv. 

ft. 

3. Div. Ax. 


4. Given. 

5. Alternation. 

(3. Sul)s. Ax. (in equations in Statement 

3)- 

7. Def. ~ polygons. 


Two Sides Proportional and the Included Angles Equal 

325. THEOREM. If two sides of one triangle are proportional to two sides of 
another triangle, and the included angles are equal, the triangles are similar. 




Given: In A ABC and A'B'C' 

a b 


Prove: 


n/ b' 

A ABC 


and 2.C - 


aA'B'C' 
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JUiOOF 



, ./ U h />' 

4. zr ^ zr" and ^ or - = , 

(I () n (I 

t 

. r r 

a n 

G. A.i/^r - Ad'/rc' 


l\( (ISONS 

1. Law of C'osint's. 

2, Idontitv. 





4, (iix'eii. 




Sul)s. An:, (in Stalcnunil 3). 

If their sidt's are j)roi>or1 ional, 
A are (§ 324). 



A Line Divides Two Sides of a Triangle Proportionally ((’ouverse of 3()'2) 


326. THEOREM. If a line divides two sides of a triangle proportionally, it i' 
parallel to the third side. 


A 



Given: 




Prove: DE 1| BC 


riioor 


Skikincnits 

^ AD AE 
' DB~ EC 

AD + DB AE + EC 
“■ Id “ AE 
AB AC 

or - = —- 

A D A E 

3. ZA = ZA 

4. aABC ~ aADE 

5. ZD = lADE 
(). DE II BC 


Rmaunti 

1. Given. 

2. Addition Transformation. 


3. Identitv. 

4. If 2 sides are proportional and tlie in¬ 
cluded A are =, the A are ^ (§ 325). 

5. J)ef. ^ polygons. 

6. Corr. A are =, Ih. 
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2. In the figure, pq = p'q'. Prove two sets 
of triangles similar. Which are the 
equal angles? 



D C 


3. The sides of a triangle are 0, 10, and 14 
units. The sides of another triangle are 
125, 75, and 175 units. Find the ratio 
of their areas. 

4. Prove that the corresponding medians 
of two similar triangles are proportional 
to a pair of corresponding sides. 

5. Using the measurements given in the 
figure, prove that DE is parallel to BC. 



6. Prove that if the diagonals of a quadri¬ 
lateral divide each other proportionally, 
the figure is a trapezoid. 

7, The figure shows a method that may 
used for reducing (or enlarging) a tri¬ 
angle without altering its shape. A 
point 0 is joined to the vertices of the 


A 



triarigl(* AJif. From poiiii A' on 0.1, 
draw A'li' parallel to AH. and A'(" 
parallel to AC. l^-ox'c that B'C' will be 
parallel to BC. 

Heron’s Formula 

327. Tlie following is known as lI(‘ron’s 
formula for the area of a triangle when 
the sides are given: 



where a, 5, and c are the sides of tlie tri¬ 
angle and s is the semi-perimeter; that 
is, s = ^((i + 6 + ('). Ida* forrmila was 
derived in § S322. 

Illustrative Example. Find the ar(*;i of a 
triangle whose sides are 18, 42, and 48 units. 

Let a ” 18 

h - 42 
_c = 48 

Tlien a -C h A' — 108 

H = -^(a + 6 + c) = 54 

— o = 54 — 18 = 30 

s - 6 = 54 - 42 = 12 

s — c = 54 — 48 = 0 

Substituting in 

T = '\/s(8 — a) (.9 — h){H — c) 

T = ■ 3() • 12 • (i 

Instead of multiplying these four factors, 
it is sometimes sliorter to factor them Jurlher 
as follows: 

T = V9 • 0 ■ 36 • 4^^-T> 

= \/9(0 • <j) ■ 3() • 4 • .3 

T = 3-6-6-2\/3 = 216V3 
T = 216 X 1.732 = 374 

(to three-digit accuracy). 

8. Find the area of a triangle whose sides 
are 13, 14, and 15 units. 

9. Find the area of a triangle whose sides 
are 29, 35, and 28 units. 

10. The sides of a triangle are 8 inches, 11 
inches, and 13 inches. Find the area of 
the triangle correct to three significant 
di^t& 
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11. rii.^ i»f a triunjiular park aro 12 

\:ir«U. vards, aiul ST vaixls. \\\vM is 

• * ' 

tlie shortest walk that can he con¬ 
structed from the longest side to the 

corner? ffinl: 1‘irst hnd (he 
of the triangle. 

12. I'.arli siile *)f a triangle is ItK I sing 
Heron s formttla. tind the area in terms of 
the simplest rat^lical. 

13. I'.ach side of an ecpiilateral triangle is a- 
r>iim Heron's formula, find the area in 
tenns of a and the simplest radical. 

14. Two sides of a parallelogram are 2r> 
inches and 2it inches. One diagonal is 17 
inches. I'ind the area of the j^arallelo- 

irrain. 


SUPERIOR WORK 



1) 

// 


7n 

/ 

HI 



HI r 



10. AACD-^AAT'iy 



Similarly, we can prove the remaining 
A 

S2. Theorem. The areas of two similar 
polygons are proportional to the squares of 
the corresponding sides. 


CHven: Polygon ABODE ^ Polygon 
.VB'<^'D'E' 

S — Area polygon 

= Area polygon A'B'C'D'E' 


Prove: 




SI. ('opy the proof for the following 
rhenrem, svipplying all the reasons. 

Thtorrm. Two similar polygons can he 
divided into triangles that are similar each 
to each and ar(* similarly placed. 

(’liven; Polygon .IPolygon 

.i7rr7/A''r 

Prove: AABC AA'B'C' 

AACD AA'O'D' 

AADE -- AA'D'E', etc. 



PROOF 


SlnUments 

1. 

2 - = - 

3. AABC^AA'B'C' 

4. ZC' = ZC' 

5. Z.p = Ap’ 

0. Afi = A(/ 


Reasons 



3 . —. 

4. —. 

5. —f— 

6 . 



D 


OHiline of Proof: 


]. 

2 . 

3. 


'J\ 

a- 

T2 

C2 

r,' 


T-{ 

(C)^ ’ 

7’. 

T2 _ 

_ 


7\' 

Tf 

T ' 

i \i 

' {ay 

7’i + 

T2 + 

i 3 

(p 

7’i' + 

7’/ + T/ 

{a'Y 




Write out the complete proof. 

53. Following the plan in SI, prove the 

following converse. , 

Theorem. If two polygons can be divided 

into triangles that are similar each to eac 

and similarly placed, they are similar. 

54. Problem. On a given base, construct a 
polygon similar to a given polygon. ^ 

Given: Polygon ABODEj and 
Req.: To construct polygon A'B'CDE 
similar to polygon ABCDEj so that A B yo 
correspond to AB 
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Usingtlietheorem in S3, consl rncl AA'BU'' 
similar to AABC hy (‘opyin»; two ;in‘i;l(^s. 
Tlien construct AAAAiy siinihu' to A-U7>, 
and so on. Perforin t.he construction, usinj*; 
as few arcs as possil)le. 


HONOR WORK 


HI. The pantograph is a simple inst ruinont 
to enlarge or reduce a tiji;ure, wliile I'cMainin^ 
its shape. Four rods are so adjusted that 

ABCP is a parulleloj>:rain and • 

* OB BQ 

The point 0 is made stationary: pencils are 

attached to the points P and Q. As the 

point P traces the fij^ure d/, the point Q 

draws the figure N similar to M, tlu' ratio 

, . OA 

tang —. 



To prove the theory of the pantograph, 
draw two positions of it and prove that 0, P, 
and Q are and remain collinear; also that the 
displacements of P and Q are in a constant 



PP' _ OA 
QQ' OB 
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328. from tlu' llieoreins ahoiit congiuent 
triangles it js e\ddenl that, in general, thria' 
parts of a triangh' dct(M-nhne ihc icinaining 
parts. I'nr evainpic. ;iii ;iiigl(' ol ;i I l iaiiglf* 
<le])ends oil tlu* 1 liI'cc'nidi's ot 1 lie t naiigh'and 
is detenniiK'd lt\' lluMU. 'This i> expri'ssinl 1»\' 
saying t hat an angle ot at ri angle is a funct ion 
ol the sides ot the triangle. In oi'dei' to 
express one pari of a triangle in tei-ins of threi' 
ollu'r parts as a function that can he com- 
puttal luinKM'ically. wo In^gin with the i-ight 
triangle. 

'['wo right triangles that have the same 
acute angle are similar, and therefore agrta' 
in the ratio of any two corresponding sidi's, 
(hu" of tlu‘S(* ratios, the adjacent leg di\'ided 
hy the hypotenusia is calleil tlu' cosine of tlu' 
acute angle. 'I'liis ratio deitends only on tiu' 
siz(‘ of the acute angle and is compk'tely 
<l(M(‘rmin(Hl hy it. d'he cosine, therefoi‘(\ is 
a function of th(‘ acut(‘ angkv With the aitl 
of the cosine, all the parts of a right triangle 
can he found wiion two independent parts 
(in atldition to the right angle) art' gi\’on. 
'riiis is called solving the right triangle. 

A special case of the solution of the right 
triangle is the Pythagorean relationship 
among the sides: The stpuire of the hypote¬ 
nuse ecjuals the sum of the stjuares of the legs. 

As special cases of the right triangle, the 
45® right triangle and the 30°-(i0° right t ri- 
angle require no taldes for their solution. 
'The cosines of these angles can he found from 
the simple relationships among the sidt's of 
these special tiaangles. 

The ohli(iUe triangle is soh'ed hy di-awing 
an altitude, therehy hrtaddng it up into two 
right triangles. 'Fhe Pythagorean relation¬ 
ship is applied to each right triangle and the 
Law of Cosines is found to he; r- = a- + 
//- — 2at) cos C. 

Using the Law of Cosines, two ohlitpie 
triangles whose sides are proportional are 
compared. The corresponding angles are 
found to be equal. This proves that if two 
triangles have their sides proportional, they 
are similar. 

Then two triangles that agree in one angle 
and have the including sides proportional 
are compared. The third sides of the two 
triangles are found to be proportional to the 



DEPEXDLNCL CHART 


cs 2 s 

onall\ 

c. 


If ail Z of one A = an 
Z of another A and the 
including sides are proper 
tional the A are ~ 


If 3 sides of one A arc 
proportional to the 3 

sides of another A, the 
A are ~ . 


The square of one side 
a A — sum of squares of 
other 2 sides, less twice 
product of these sides and 
the cos of included A. 


The square of hypote¬ 
nuse of a right A = sum 
of squares of legs. 


A 

A 

7'- 


z,A 

,T' 


9A 


2ab cos C 


7A. 



. 1 * x' 


A:' ^ = 



V y 

./ 


If 3 II s cut = parts 
on one trans., they 
cut = parts on any 
other trans. 


Three l|s divide 
2 transversals 
proportionally. 


If a line is j to 
one side of a A, it 
divides the other 2 
sides nroportionall} 


If 2 A agree in 
2 A, thev are 



T' 


are 
proportional 

to squares of 
corr. sides. 


If 2 A agree in one Z. 
they are proportional to 
proclucts of including 


If 2 A agree in one al¬ 
titude, they arc propor¬ 
tional to bases. 


Area of a A = 
I base X height. 



\ 

T _ 

h 

A 

T 

b' 


Area of 

aZ7 = 

base X 
altitude. 




3A, 


6 

P = hh 


Area of a trap- 
= average of bases 

times height. 



T=^{b + h‘) 


Area of a rcct. 
= base X height. 


Postulate 


I 













KE\ IE\V EXERCISES 


other sicle^. Fr(.)ni the pre\‘inu> llieori'in, 
then, the triangles are similar. 

Finallv, a line is drawn (li\ idinu nvo sid(‘s 
of a triangle proportionally. 'TIk' figiiri' ilam 
contains two triangles wiih a fommon angle 
and the including sides propornonal. From 
the similaril}' of these triangles, it is ]>r(i\-('d 
that the line is parallel to tlie third >u\v of the 
original triangle. 


RECOGNIZING NEW TERMS 

Can non ih scnhc coi'li irord {)/' h nn lx loir/ 
If no(, go hacl.' lo (he si clion iudiraluL 

function §311 

cosine §313 

Pythagorean rtdatioiihliii) § 3IS 

Law of Cosines § 321 

329. On page I-iO yon leill Jtnd a vhaii 
that shows ihv depcmh nee of (he fnndanu tdol 
theorems, (leginning ivilh dinx nsiottal Ih in Ic¬ 
ing. By s()(dying (he ehart, eomplele (he 
following s(a(emetds. Rtfer lo (he proposi¬ 
tions by (heir nundwrs. 

1. Prop. 2 depends upon Prop. 1 hecause a 
trapezoid can he the a\’erage of two ——. 

2. Prop. 3 depends upon Prop. 2 hecause a 
trapezoid heeomes a triangle when .... 

3. Prop. 3A depends upon Prop. 2 hecause 
a trapezoid becomes a parallelogram wlien 
• • « • 

4. Prop. 4 is derived from Prop. 3 hy using 
the — I — axiom. 

0 . Ill the proof of Prop. 5, we (*ould (a>m- 
pare each of the given triangles witli a third 
triangle hecause a certain —— was com¬ 
mon. 

6. The — (hypothesis, conclusion) in 
Prop. 6 is a special case of the — I — (hypothe¬ 
sis, conclusion) in Prop. 5. 

7. Tlie conclusion in Prop. OA is a special 
case of the conclusion in Prop. ——. 

8. To prove Prop. 8, we divide the ohliipie 
triangle into two —— triangles. 

9. The most, useful proposition is Prop. 

_ ; _ 

• • 

10. All the theorems in the chart depend 
directly or indirectly on Prop. ——. 

11. Props. — I — and —— are both 
special cases of Prop. 8A. 

12. Prop. —— is a generalization or 
extension of Prop. 7. 


1. A road is said lo hais' a 30' , grade' if it 

risers go Uh'I w'rlicalK' feir 100 h‘(‘t 

horizonlall\'. Find llu' disiaiice' Ikmwih'Ii 

% 

I wo poi111 s along such a road, if oiu' of 1 h(' 
]>oinis is 22 liighi'r than l lu' otlu'r. 

2. A ship Ikis sa.ilcd from a. port a.s follows; 
S(i mill's ('ast. 10 miles ^outh. 1 I miles 
West, and 7o mile.s noith. Ilow fa.i' from 
tiort is tlu' ship? 

3. A loot hall is on the 20-\'ard liiu', lo ^'a.rds 
trom th(' siih'liiu' at tlu' end of tlu' first 
tpiartt'r. How ma.n\' yard.-^ is it fi’om tht^ 
position ot tlu' hall at llu' t'nd of the hrsi 
(.puirter to tlu' position of the Inill at tla* 
beginning of tlu' second (luarter? (The 
width of the field is 100 fet'l.) 




In the figure', find .Ci, .r-.u etc., 
of the sinii)lest radii-als. 


in terms 


5. A ladder rest ing against a wall reaches t.o 
a height of 10 feet when the foot of the 
ladder is 12 feet from the wall. 

(u) How much higher will the hulder 
reach if it is moved 0.4 feet closer 
to the wall? 

(/>) In each case, how far is the middle 
I’ung from the base of the wall? 


6. The hypotenuse of a right triangle is o3 
and one leg is 45. Using the table of 
cosines, hut not the Pythagorean re¬ 
lationship, lind the other leg. 

7. The figure shows a hexagonal head of a 
bolt. D is called the distance between 



corners, d is the distance lu'tween flats, 
and b is the lengt h of one edgt'. 

Prove: D = 2b and d = 1.7325 
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B. 


9. 


10 . 


11 . 


12 . 


13. 


^4 


l !arli (liajioiial of a ic'clanj^lc is 22 fcot, 
and they nial-;e an an^le of d()° with each 
otluM'. I'iiid the ar(‘a of the i‘(‘(‘lanj!;le. 

An outtieUhn’ eau^ht a fl\' hall that' was 
(h'i\'en 110 feet past second l>as(‘ a?ul 
directly o\'er it. If he com]>l(4cd a 
double t)lay by thro^^■in^^; to first bas(\ 
how lon^ was his throw'/ A baseball 
diamond is a s({uare 00 feet on <‘ach side. 
Disregard the first baseman's stretch. 

Two straiji;ht roads intcn'sect at an anf*;le of 
45°. Two cars, (jne on (aich road, are 100 
and 100 fe('t resi)e(*ti\'ely from the inter¬ 
section of the roads. Ilow tar at>arl ai‘e 
the cars'.^ ('i’wo answers mo possible.) 

A railroad connects two towns 1 12 miU^s 
apart. Itockville is 50 miles from on<* 
town and 78 miles from the other. It is 
proposed to build a statiori on tlie rail¬ 
road line as near to Rockville as possible. 
Mow near is that'.^ 

(a) Substitute 3. b and 0 units as the 
sid(‘s of a trianji;le in Heron’s for¬ 
mula. Woi'k out the answer for the 
ar(ai in radical form. C’omm(*nt on 
vour answer. 

4 

[(}) {T\n^ 3. 4, and 9 units as the sitlesof 
a trianj^lc in the Law of Cosines, find 
the cosine of the an^le opposite the 
3-unit side. Comment on your 
answ(*r. 

Is tlie triangle whose sides are 3, 5, and 
()obtus(‘? I se 321,314. 

Prove that if tlu' areas of two right tri¬ 
angles a!‘e i)roi)ortional to the squares ot 
their legs, the triangles are similar. 


15. 


A 



Given: 

A_AM^/AD 
A ABC \AB 
Prove: 

DE 11 BC 


SUPERIOR WORK 

SI. Prove that if t .1 

ateral make one pair of opposite triangles 


similar, tluni lli<' otla'i' pair of opposite tii- 
angles are either similar or (‘(|ual. 

52. d'he diagonals of a (luadi'ilatei’al arc 
10 units aiul 13 units and are perpendicular 
to each othei’. Find th(‘ aix'a of the (luadri- 
lateral. Help: Let the segments of one di¬ 
agonal be .r and 13 — x. 

53. Pro\'(' that the area of a (juadi-ilatiM-ai 
e(]uals on('-half the product of the diagonals 
times the sine of the angle between them. 

54. (a) If the sides of a right triangle ai'(‘ 
also the corresponding sides of three similar 
triangles, prove that the largest of the three 
similar triangles eijuals the sum of the other 
t wo. 

(/>) Pro\'e that sin- .1 + cos’- .4-1. 
(Sin- .4 means sin .1 X sin A.) 

55. .V pilot flying at 100 mih's per hour al a 
height of 1 mile, obser\'es the angle of depres¬ 
sion of a speedboat as 30°. Si.\ minutes later, 
after jaissing directly o\ei' the boat, the pilot 
again measured the angh' of depression ol the 
l)oat and found that it was 45°. .Assuming 
that the ])lan(' and thi' boat were going in the 
same dii’i'ction. how fast was the boat travel¬ 
ing? Th(‘ ‘angle of (h'pression is tlie angle 
between the line of sight and a horizontal 
line. (See page 224, Illustrative Fxample. l 

56. A submarine is heading in the direction 
of N. 30° F. at a submerged speed of 12 knots 
(12 nautical miles per hour). At 1200 (12 

o’clock noon) a destroyer is sighted 9 (nauti¬ 
cal) miles to the east steaming directly north 
at 24 knots. 

(ci) Ilow far apart are the two cratt when 
the svd)marine crosses the course ot the 
destroyer? 

(b) How far apart are the two craft at 
1220 ? 

57. (a) From tlie Pythagorean Theorem, 
we know that the diagonal d of a rectangle 
whose dimensions are / and w is given hy the 
formula </- = /- + w\ Prove that tlie di¬ 
agonal fl of a rectangular hox whose dimen¬ 
sions are n\ and h is gi\'en hy the analo¬ 
gous formula d- — /' + w- + /?-. (8ee page 

228, S10.) 

(//) d’he hase of a rectangular hox is l2 
units hy 20 units and the diagonal of the box 
is 25 units. Find the height of the box. 
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58. The ha>e el a pyiaiiiiil is a irian^^h’ 
with sides ol 2.>. Hi), and 411 units. I'lie 
altitude of the lyviamid is 24 units. Kind the 
volume of the in'rainid. (See pa^e 21S 

S18.) 

59. A i^lane cuts three (‘dj^t's ot a |■('etan^u- 
lar hox 9 inches. 12 inches, and li) inclu's, 
from their common vertex. 'I'his cuts off a 
tetrahedron (paj^e 197. So). Find tlie vol¬ 
ume, all the sides, and the total area of the 
tetrahedron. 

SIO. Theor()}}. Tlie area of a i>lam' s('c- 
tion parallel to the hase of a triangular 
pyramid varies as the scpiare of its distanc(‘ 
from the ^'ertex. 


Cli\'en: Pyramid O-AHC 

Plane plain' .1 HC 

Alt. Oil cuts jilane .17>'r' in IT 

£xA'irC (oir 


Prove: 


AA5C 


OH 


0 



Give the reasons for the statements l)elow. 

PROOF 


Similarh’. 



.14 

A(_ 



.\<th : Sinc(‘ any pyramid can he di\ided 
into triangular pyramids. W(' can pro\(' iliat 
this theorem holds tor all p\'ramids. 

Sll. The has(' oi a ct'rtain iiyramid is a 
trian^h' with side^ H inches, 4 in(4)e>. and 
o iiu4ies. 1 lu' altitude is 10 inclu's. Fiinl 
tlie ai'ca ol the ci'oss section [larallel to itu' 
hase and 7 inclu's from it. 


S12. (u) 'I'lu' triangular hase* of a pyramid 
has an ai’ea t)f 80 s([iiare inches. 'I'lu' alli- 
liule of the pyramid is 12 inches. A i)lanc 
cross section oi the i)yramid parallel to the 
hase has an area of 20 siiuare inches. How 
far from tlu' vertex is the cro.ss si'ction? 

{!>) Find the volunn' of the part of tlie 
pyramitl enclosetl hetween tlu' ])arallei sec¬ 
tions in (a). 


Sl3. The idea ol a Junrhon is imj)ortant. 
ill everyday thinking. It is used outside of 
mathematics almost as much as in mathe¬ 
matics. and with the same general meaning, 
(fl) AVhat is the function of a sentence? 
(/O Fxplain how a sentence is a function 
of tlie woi’ds in it. (Jive an e.xample of a 
sentence in which a slight ciiange in one word 
Would cliange the function of the sentence. 

(e) Write two sentences using the same 
word with difl'erent meanings. Explain how 
a woi’d is sometimes the iin erse function of a 


^ 0.4' _ OB' OC' OH' 

' OA ^ OB ~6C ^ OH 

(See page 217, S14.) 

2. AOA'B' ~ AOAB 
AOB'C' -- A0i5C 

_ OB' 

AB OB 

B'C' OB' 

BC ~ OB 

^ A'B' _ B'C' 

AB “ BC 
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sentence. 

S14. In mathematics we sometimes ex¬ 
press a function hy a formula, like cos x. 
Here we liave concentrated a lot of meanins; 

into a svmhol. 

% 

(<;) (li\’e some examples of woi'ds or 
phrases in everyday thinking that have a lot 
of meaning condensed in them and mav 
therefore he compaied to formulas. 

(/>) (.’omparing your examples with the 
mathematical function cos .r, is the meaning 
equally clear? 

(c) Is there a danger that a formula in 
noiimathematical thinking that is set aside 



TEST 


f ■: ont' ineaninj^. or set of meanings* may 
'-At- **n ilitYereiU meanings? Can you give 
*uu' examples? 


HONOR WORK 


HI. u/i In the tigiire. prove that: 
■i'* -r !/■ + 3- = .r - + ^ - + 2 " 



(/)) State this proposition in words so 
that it will he analogous to C'eva’s Theorem 
• page Sti). 

H2. \n\ Ih'ove: If two intersecting chords 
of a eirele are perpendicular to each other, 
then the sum of the squares of the four seg¬ 
ments of the chords etpials the square of the 
diameter. 



(h) Explain the three special cases: 
when one segment is zero; when one chord is 
bisected; when both chords are bisected. 


H3. 

Given: 

AD median 

Prove: 

X 

y ~ y' 


Help: Draw CO cutting AB at F , and draw 
FE. Use Ceva’s Theorem (page 193, S6). 



1. (a) Find the area of a square whose 

diagonal is 'v/S. 

(b) Find the perimeter of a rhombus 
whose diagonals are 6 and 8 units. 

2. A pilot climbs at an angle of 20° with a 
speed of 80 miles per hour. How high is 
he after 3 minutes? 

cos 20° = .9397, cos 70° = .3420 

3. Two parallel roads 6 miles apart are 
crossed by a third road at an angle of 60°. 
How far apart are the intersections? 

4. The hypotenuse of a 30°-60° right tri¬ 
angle is 12 units. Find the altitude on 
the hypotenuse. 

5. The diagonal of a quadrilateral is 20 
inches long. On one side of it, the 
diagonal forms angles of 30° and 60°; 
on the other side, it forms two angles 45° 
each. Find the area of the quadri¬ 
lateral. 

6. Two sides of a triangle that include a 45° 
angle are 8 and 15 units. Find the area 
of the triangle. 

7. A 25-foot ladder rests against a wall with 
its foot 9 feet from the wall. If the foot 
of the ladder is moved two feet closer to 
the wall, how much higher will the middle 
rung be? 

8. The sides of a triangle are 7, 24, and 25 
units. Find the cosine of the angle 
opposite the side 25. 

9. 


0 



Given: 

OA X OB ^ 

OC X OD 

Prove: 

Zx +Ay - 180 


10. The vertex angle of an isosceles triangle 
is 30°, and each leg is 10 feet. A line 
cuts the legs 4 feet and 7 feet respectively 
from the vertex. Find the area of the 
quadrilateral that is formed. 
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SMALL GROUPS 


How a Group Is Measured 

330. It is often eoin'enient to Imw 
a single measure of a gi-oup containing 
two or more things. For example, if 
25 students in vour geometrv <*lass 

4 4 

have taken a test, vour teacher mav 
wish to have a single measure of tlie r(‘- 
sults. To get this measui'e he may (idd 
all the marks and divide the sum l)v 
25. He would then ha\'e the average of 
the group. This measure is based on 
addition, and tlie technical name for 
it is the arithmetic mean. Most people 
think that this is the onlv wav of meas- 
uring a group. We shall find out, 
however, that there are other types of 
measures. 

You can obtain another measure of the 
group of test marks in the following way. 
Arrange the papers in the order of the 
marks, from the lowest to the highest, 
and call the middle paper (the thirteenth) 
the measure of the group. This measure 
is called the median. If the mark on the 
thirteenth paper is 78, then 78 would be 
the median of the group. (If the group 
contained an even number of papers, the 
median would be the a\’'erage of the two 
middle papers.) The median is a meas¬ 
ure that can be found more (piickly than 
the arithmetic mean and, for many pur¬ 


poses, is just as ust'ful or e\vi\ more 
us(‘ful. 

Th(‘ nuaisui'cnient of gr()uj')s is a \'cry 
important branch of matliematics known 
as .s/u/'.s7/r.s'. It includes such thiims 
alioul a ji'roup as inroine, educatioii, 
opinion, life expectancy, and inan\- others. 

k read that the median of 
adult education in the United States i.s 
S.4 years in school, what does it mean? 
Does it mean that American adults aver- 
aije S.4 years in school? 


The Average 

331. First we shall consider groups 
that contain just two things. The sim¬ 
plest measure of such groups is the 
average; that is, the arithmetic mean. 
This measure has already been used to 
find the number of degrees in an angle 
whose sides cut certain arcs on a circle. 
By using the average of tlie bases of a 
trapezoid we found the ai-ea of the 
trapezoid. We shall now learn that the 
average of the bases of a trapezoid is the 
line segment that connects the midpoints 
of the legs of the trapezoid. 

As you have learned previouslv (§ 267), 
a trapezoid becomes a triangle if one base 
shrinks to a point. Thus, we begin liy 
proving the following theorem. 



332. THEOREM. The line segment between the midpoints of two sides of a 
triangle is parallel to the third side and equal to half of it. 


A 



Given: 

In AAHC 


AD 

= DH 


AE 

= EC 

Prove: 

DE 

HC 


DE 

= \HC 


PROOF 


Slatrntf n(s 

1. I)E H(' 


/ 




4. 


ADE = Z/i 
lAEA) = zr 
^ADE ~ i^AliC 

I)E _ AD 

liC ~ AH 

AD _ 1 

"" 9 


Miice 


(i. 


AH 
DE _ 1 
HC ^ 2 ’ 


or DE = 


- HC 

9 


Ri'disoas 

1. If a line divides 2 sides of a A proper 
liouallv, it is || to third side (§326). 


, (*orr. A are =. 


3. If 2 A agree in 2 A, they are 


4. ])ef. ^ polygons. 


o. (liven. 


(). 8ul)s. Ax. 


333. THEOREM. The line segment between the midpoints of the legs of a 
trapezoid is parallel to the bases and equal to their average. 

Given: In trap. ABCD 

AE = ED 
BE = FC 
Prove; EF || DC 

FF = \{AB + /X') 

CoiPs.: Draw AF meeting DC pro- 



_ 

H 


longed at H. 


oof. First prove aABF ^ aHCF. 


1 . 


EXERCISES 

If di‘‘ midpoints oi the sides ol a 
oua.lrilal.Tal are joined in sneeession l>y 
line .seg.nents, then a parallelogram is 


formed. {Hiitf: Draw a diagonal ot the 
quadrilateral.) 

Pi’ove: The line segments joining the 
midpoints of the opposite sides ot a 
quadrilateral bisect each other. 
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3. Prove: If the initlpoiiits of the >iih's of a 
rhoml)Us are joined in siuaa^ssion i*y liiu* 
segments, a rectangle is fornn^h 

4. Pro^■e; If from lhe mid}>(»ints of two 
sides of a trianghe liiu^ si^gnaails are 
drawn perpendicular to tlu‘ liiird sidcu 
they are ecpiah 

5. Pro^■e: The ti'iangle ftjrmed l>y (aumi'cl- 
ing the mid])oinls of the sides of a givt'u 
triangle equals one-fouilh llu' gi\'('n 
trianghe 

6. (a) Stal(' in words tlu‘ i^ro])osition that 

gi\'es the area of a trapezoid in 1(Mins 
of lh(‘ altitud(‘ and llu^ lint^ so^gment 
between the midpoints of tlu* legs. 

{!)} State the correspt)nding t>roin»sition 
for a triangle. 

(c) Construct the model shown in the 
figure and use it to demonstrate the 
proposition you formed in fu). 



Cut out the trapezoid *1^(73 from a 
board (or cardboard) and draw the line 
.segment EF between the midpoints ol 
the legs. Then cut off the two right 
triangles along the dotted lines, h inally, 
attach two small hinges (or gummed 
stickers) at E and F. 

7. TIu’oron. The part of a median of a 
triangle between the \'ertex and the 
point of intersection with another median 
is two-thirds of the whole median. 


C 



Given: 

CD = DA 
CE = EB 
Prove: 

X - 2-y 

Cons,: 

Draw DE 

and prove 

^AMDE ^ 

amab. 


8. I sing iht' tla'orem in fix. /. proxe that 
ilie mediaiw of a triangU' mcv\ in a point 

9. d'li(' point wlu'rc tlu' nuHlian> of a tri- 
angl(‘ nuHt is calk'd iIk' (■< niroiil or the 
center of gi'a\'it\'. In the tigure. |.)ro\'e 

I hat : 


Ad/.l/j = AMFC = AM AC = l^ABC 




10. ProN'e; If two medians of a triangle are 
(‘(jual. the triangle is isosct'lt's. 

11. Pro\ e; 'The t)erpendiculars fix)m the ends 
of a diameter on a chord will meet the 
chord, ])rolonged if necessary, at equal 
distances from llie emls of the chord. 
IIinf: Draw a radius perpendicular to 
the cliord. 


12. (a) Write out the next three terms of this 

series: 4. 9, 14. 19, 24, • • • . 


(b) 'Vhe series of numliers in (a) is called 
an arithmetic series or an arithmetic 


pro<irc.':>sion: 9 is called the arith¬ 

metic mean l^etween 4 and 14. 


Draw a trapezoid whose bases are 21 
and 39 units. Divide one of the legs into 
six equal parts and draw parallels to the 
Itases through the points of division. 

(c) Prove that all the parallel segments 
lietween the legs (including the 
bases) are in an arithmetic pro¬ 
gression. 

((/) Prove that the line segment between 
the midpoints of the legs of the 
original trapezoid is the arithmetic 
mean of all the parallel segments. 


Help: The parallel line segments are 21, 
X, y, 30, z, w, and 39. Solve simul¬ 
taneously: 




21 + y 
2 



X “h 30 
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SUPERIOR WORK 


General Definition of a Mean 

5334. 'Vims f:ii- wr have liad two kinds 

of averages, tlx' arit hiiR't ic nu'aii (or the 
a\aaai 2 ;o) and the median, ('onsider the 
aroup of Hv(' mimliers ], 4, -S, aiid 9. 

4'lie aritlnnetie mean, thi' mcani that is 
l)a>ed on addition, is o. If lh(‘ only use 
of tins ^ronp is to make a sum of 25, then 
e\erv numhea* of the ^rou]') eould Ix^ \v~ 
placed l)y o and the n;roup would he just 
as useful, because its sum wouhl still 1)(‘ 

25. 

The median, or the middle term, of the 
same ,tiroup is 4. Here the only use of 
the series is to determine the middle num¬ 
ber 4. Therefore, if every member of the 
^roup were replaced by 4, then the series 
would be just as useful, becau.se the 
middle term (like all the rest) would still 
be 4. 

The following is a general definition 
of a mean or an average. 

5335. Definition. If a group remains 
just as useful when every member is 
replaced by the same quantity, then 
that quantity is said to be the mean of 
the group. 

If the usefulness of the group consists of 
forming a sum, then tlie mean is the 
arithmetic mean. If the usefulness is in 
locating the middle term, then the mean 
is the median. 

A Mean Based on Multiplication 

5336. Suppose that the usefulness of 
the same group 1, 3, 4, 8, and 9, consists 
in forming a product. Now the mean 
will be different. Let us call the new 

mean g. ^ 

Then g ■ g ■ 9 ■ 0 ■,(( = 1 ■ 3 • 4 • S ■ or 

(f = 864, and g = 

The most convenient way to approxi¬ 



mate this answei' is by logaritlini>. 
Prove that 3.87 is correct to three signifi¬ 
cant fligits. This is callctl tlu' gm- 
meh'ic ineati. 

SI. (/;) Piiid 1 he gcoinctl ie mean of 3, I, t'>. 
and 18. 

(h) Find the gi'omctiic mean of 20 aii'l 

500. 

The Harmonic Mean 

S337. The usefviluess of a group of 
mnnhei's ma\’ he in tiu' sum of I heir re- 
ci])rocals. In that cas(‘ the m(‘an i" 
called 1 h(' iKirmonie mean. Ia*l us call 
tlie harmonic mean of the group that wc 
have been using, 1, 3, 4, S, and 9. 
ddieii 


1 1 1 1 1 1111 


1 

[) 


) 


2 + 24 + IS + 9 + S 131 


72 


72 


h 

131/? = 360, 
h = 2.75 

52. (a) Find the harmonic mean of 3. -h 
and 6. 

(5) Find the harmonic mean of m and n. 

53. Sound is caused hy the vibration of ihr 
air. 4'he pitch of a sound depends on ilir 
frequency of the vibrations. Hie freipicnric' 
of the notes in a musical scale are '^^thc 
following ratios: 1.000, 1.125, 1.2.30. l.o33, 
1.500. 13)(i7, 1.875, 2.000. Show that each 

of these numbers is approximately the 
harmonic mean of tiie number before it an* 
the number after it. 

54. From the intersection ot the diagonal' 
of a tra])ezoid. a lin(' segment x parallel to tic 
bases b and // ends in one of the legs. PnAC 
that 2a' is the harmonie mean between i it 

I 1 _ 1 a. f. 

bases b and b '; that is, — + -, d- , r 

2x 2.r 0 

From the similar triangles prove that 

£ + T = 1 
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The Geometric Mean 

You have seen that t he aril iiiuefie 
mean is based on addilinn. A mean that 
is leased on multiplieation i> called a 
geometric meao. 

338. Definition. The geometric mean 
of two numbers is a quantity whose 
square equals the product of the two 
numbers. 

The geometrie mean of d and \'2 is ti, 
because (V- = 3-12. The geomtUric nu'an 
of 3 and 12 may be written as part of tlu' 

• 3 6 , _ , 

proportion - = — , where 6 is the (*om- 

6 12 


mon middli' it'rm bi'twa'cn the (aid t(M'ms 
o and 1 _ i J'sJ). jin \'( a l ."ce ilia! I * i'^ 
t\\o nuain proportional between 3 and 12 

($ 2s;-; )V 

339. Corollary. The geometric mean 
of two quantities is the mean propor¬ 
tional between them. 


The Segments of Two Intersecting 
Chords 

ddu' g(‘onU‘ti ie mean is us(al in proltlems 
where something is known about the' 
product of two line si'gments. We tluae- 
fore prov(‘ the folkuving tlieorem. 


340. THEOREM. If two chords intersect within a circle, the product of the 
segments of one chord equals the product of the segments of the other chord. 



(!iv(‘n: Chords PQ and P'Q' intersect 
at .1 


Pi'ove: lex = i/z 

Pons,: Draw PQ' and P'Q. 


PROOF 


Statements 

1. IP = IP' 

2. IPAQ' = ZP'AQ 

3. aAPQ' ~ aAP'Q 

z X 

5. w ■ X = y ’ z 


Reasons 

1. A inscribed in same arc are = (§ 239). 

2. Vert. A are =. 

3. A agreeing in 2 A are 

4. Def. ~ polygons. 

5. Product of means = product of ex¬ 
tremes. 


341, Corollary. If a chord is per¬ 
pendicular to a diameter, then either 
segment of the chord is the mean pro¬ 
portional between the segments of the 
diameter. 

From our theorem in § 340, w • x = y ■ z. 

But in this figure x = w (§219). 
Therefore, x ■ x = y ■ z, or x‘^ = y - z. 


This corollary gives us a simple method 
for constructing the mean proportional 
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semicircle) and tlien we construct 
perpendicular to the diameter. 


a 


1'(■tween two ^iven line se<»:ments. On 
ihr .'Uin o{ the two ai^■en line segments 
a- a diameter, we construct a circle (or a 


342. PROBLEM. Construct the mean proportional between two given line 
segments. 



Given: Line segments ij and ^ 

Req.: To cons, the mean propor¬ 
tional between ij and z 


fn/isfri/chofi 


1 . 
• ) 


;h 

4. 


< )n the same line, lay oh PA = y and dQ = z 
t'onsti’tict a semicircle on PQ as a diam. 

At A, the end of segment y, cons. AP' J_ PQ. 
Then .r- = yz. 


EXERCISES 

1-3. In each figure find x. 


1. 2. 3. 



5. Find the span of a circular arch that has a 
radius of 12.5 feet and is o feet high. 

6 , (a) tliven a line segment in, construct 

the mean j)roportional between in and 

2m. 

[b) Using the same line segment m ot 
(a), construct a right triangle with 
the legs m and m. Compare the 
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hypotenuse of this right triangle 
with the mean proportional as you 
ha\’e constructed it. Explain your 
result. 

7. Construct a square equal to a given 
rectangle. (First construct the given 
loclangle.) Help: Calling the dimen¬ 
sions of the rectangle y and z, construct 
llu' side of the square x so that x- “ y^- 

8 . Transform a given triangle into a squaie 
(§ 275). 

9. Com])lete the following statements hy 

refei-ring to the figure: 

{a} X is the —?— mean of y and ^ and 

.r' is the —/— mean of y and 4 . 

(h) The geometric mean of two quantitie> 
is never —— their arithmetic mean, 
(c) The geometric mean of two equa 
quantities is —?— their arithmetic 

mean. 



y 

/V 





I U ‘ 


4 *4 


I 


((/) The more nearly two «pemi ii ifs :\vi' 

equal, the nujre lU'arly t!uai- lud- 

metric and arithnaair in(;in> are 
) 



Pro\'e the Pythagorean 'riK'Dirm hy i!ic 
method su^^est(‘d in the dia.uram. 


h- == (e + r;)fr — n) 



11. By first eircumserildng a circle about a 
given right triangle, pro\’c the following 
proposition; 

Theornn. The altitiuh' to the iiypote- 
nuse of a right triangle is the mean 
proportional between the segments ot the 

hypotenuse (page 204, S3). 



i'u\y\ 

that 


« < I 


lii(‘s(\ Ini' i * ht 


4 




1 | 




P , ( , 1 1 


\ \ t > 




run' 





The Segments of Two Secants 

In the ligni'c foi' (he 'riieormn in >; 340. 
imagine llial iIk' (wo gi\(Mi choi'ds turn 
about and Draw a p<tsilioii of this 

iigure in wliich it is nee('ssar>' to exIsMid 
tlie chords to get their point of inltn- 
section A. Tlie segment AP has become 
a secant and tlie segment AQ is called the 
external segment of the secant. The 
following theortun is thei'(d'ore an (exten¬ 
sion of 340. 


343. THEOREM. If from an external point two secants are drawn to a circle, 
the product of one secant and its external segment equals the product of the other 
secant and its external segment. 



Given: Secants AP and .IP' 
Prove; w ■ x y ■ z 
Cons.: Draw PQ' and P'Q. 


PROOF 


Statements 

Reasons 

1. ZP = ZP' 

1. —3— 

N 

II 

N 

fA 

9 ? 

3. aAPQ' ^ aAP'Q 

.3. ? 

4. 

4. ? 

Z X 


5. wx = yz 

o. / 

Complete the proof. 

Then compare it with § 340. 
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i.’ I'lii' throrcni, if is a tangent we 
:[i i\ iliiiik of it as the limiting position 
i>i :i 'I'l-anl whei'C }r ^ x. therefore 

-ul'-tiiute ,r for /r in the (apiation 
ir.r = ij: anti we ^'et x- = ffz. 



344. Corollary. If from an external 
point a tangent and a secant are drawn 
to a circle, the tangent is the mean pro¬ 
portional between the whole secant and 
its external segment. 

13. 





17. Pro\'e the Pythagorean Theorem hytlie 
method suggested in the diagram. 

6 - = (c + a)(c - a) 



18. Prove the following proposition: 

Theorem. If the altitude is drawn 
upon the h 3 ^potenuse of a right triangle, 
either leg is the mean proportional be¬ 
tween the whole hypotenuse and the 
adjoining segment of the hypotenuse. 

(See page 204, S3.) 


C 



Circumscribe a circle about ACBD 
and prove that = y ' z. 


SUPERIOR WORK 

SI. A line MN is tangent to a circle 0 at C. 
Two parallel tangents to the circle 0 cut 
MN in A and B. 



S2. Two circles intersect at M and A. A 
doul,)ie chord passing through M cuts the 
circles again at A and B. From A a line 
drawn tangent to circle MN^B at C\ trom B a 
line is drawn tangent to circle MNA at D- 
Prove that AB, AC, and BD can be made the 
sides of a right triangle. 


16. Prove that the tangents drawn to *^tVO 
intersecting circles trom a point in the 
prolongation of their common chord are 

rqual. 
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A Rotating Line 

S345. In the figure, PQ rotates about 
the point A. have proved that the 





» s 


product of the so^nUMits AP :uhI . will 
be the same in any two positions; 
if a chord rotates about a ]^oini, the 
product of the segments of the rlau'd 
remains constant. 


Q 


Similarly in the next figure, if secant 
AP rotates about the point A to a new 
position, we have proved that the product 
of AP ■ AQ will be the same in both posi¬ 
tions. Therefore, if a secant rotates 
about an external point, then the product 
of the whole secant from tlie external 
point and the external segment remains 
constant. 




In both of the above figui’es, we may 
call AP and AQ collinear segments from 
the point A to the circle. We would then 
have the general dynamic theorem that 
follows. (See pages 210-211, Si and S3.) 

Dynamic Theorem. The product of 
two collinear segments from a given 
point to a given circle is constant. 

S3, (a) Prove the following converse of the 
preceding Theorem (§ 345): 

If the product of two collinear segments 
from a given point is constant, the ends of 
these segments are on a circle. 

Help: Draw two positions of the collinear 
segments and join their ends to form a quad¬ 
rilateral. Now' use page 156, S4. Prove the 
two cases. 





111 I 1 1« ‘ j ILLI I r('. i 1 ! I '■ ,1 ‘ 
'•:tn I’f illx'l'i I H'l 1 III 


i I [t !;m I [ 1 i:iI (M'a' 

I ! 




S4. (//) Assuming 
eart h is 8000 mik's. 


that tiic diamctt'r of the 
low fai‘ can ^'ou see from 


the top of a cliff 200 feet high? 



(b) Prove that the number of miles m 


that you can see from a lieight of f feet is 


given l>y the 
the refraction 
the distance 


formula: m = 1.23 a//'. (If 
of ligiit is taken intt) account 
that you can see is a little 


longer.) 

55. The photogi'aph, reproduced as the 
frontispiece of this i)ook, was taken hy an 
automatic camera from a point 100 miles 
above the surface of the earth. Assuming 
that the diameter of the earth is 8000 miles, 
how long is the tangent to the earth from 
the point where the picture was taken? 

56. losing the formula in 84, soha* the 
following: 

(а) How far can you see from the top of 
the Empire State Building, which is 1250 feet 
high? 

(б) How far can you see when standing 
at sea level? 


S7. Unlike broadcast waves, which follow 
the curvature of the earth, television waves 
travel in straight lines. A television trans¬ 
mitter is located on the top of the Empire 
State Building. The television waves will 
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rilxi' ilio horizon before tliev reach Trenton, 

« » 

miles distant. How high an antenna is 
inT-led to reeeive the signal in Trenton? 

S8. foiistruel a eirele that passes through 
tw'i gi\(‘n pitints and is tangent to a given 
line. 

Ilim: I se 1^844 and analyze. 


HONOR WORK 

The Golden Mean 

H346. In the figure, A BCD is a square 
wliose side is 1. Hroni A/, the midpoint 
of /15, lay off ME = MC and complete 
the rectangle DE. This rectangle is con- 


ainniint 
the eni 
intei*est 


S9. (d) ^^'rite the next three terms of the 
>rries 3. (h 12, 24, etc. This is called a 
</« Inc p}'0()ri 

{b) Pro\'e that any term of the geometric 
prngi'ession is the geometric mean of the 
Term before' it anti the term after it. 

(ri Figure out how much SlOO would 
to at iV '( compounded annually at 
nf 1. 2, 3, and 4 years. (Compound 
means that at the end of each 
interest period the interest is added to the 
principal to form a larger principal; that is, 
at the end of each successive interest period, 
interest is paid on the total sum-—principal 
and interest—accumulated to date.) 

[fh Fsing your answers to (c), prove 
that money iruested at compound interest 
increases in a geometric {)rogres.sion. 

(r) Prove that the amount of money that 
you w(juld have at the end of two years is the 
geometric mean of the amounts that you 
would have at the end of one and three years. 

(/) The ])opulation of a country multi¬ 
plies i)y 100''; dui'ing a certain year and 110% 
during the following year. Prove that a 
uniform annual growth that would produce 
tlie same increase in two years is tlie geometric 
mean ol 100^; c and 110%. 


SIO. You have heard of the “middle man” 
in busine.ss. He is analogous to the mean 
proportional. Complete the following analo¬ 
gies in which middle terms are used; 

(a) The —/— is to the middle man as the 

middle man is to the —? - 

(h) A pentagon is to a(n) — ? as a(n) 

- is to a triangle. 

is to father as father is to 

(d) Dictatorship is to — f as ^ is to 

anarchy. , . ^ / \ 

(e) An adverb is to a(n) •' as a(n) 

— f — is to a noiin. 

(J) Co-operation is to indifference as 
irulifference is to —f - 
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sidered bv many artists to have very 
“pleasing proportions.’^ 

BE, which we shall call g, is known as 
the golden mean of AB. 

From the right aMBC, 

= CB^ 4- MB^ 

Since MC = ME = ^ 

C/i = 1, and MB = ^ 

We substitute these in the above 

{g + hr- = + (hr 

9~ A- g + T ~ ^ + T 

Hence, g^ + g - 1 (1) 

This equation defines g. 

Definition. The golden mean {g) is a 
number that satisfies the equation 

(/ + g = 

HI. By finding the length of MC (in the 
figure above) to four significant digits, prove 
that y = .618. 

H2. Using the relationship <7^ + 
prove that □ DE ^ O CE. 

H3. Prove that if a line segment is divided 
into two parts, of which one is the golden 
mean, then the golden mean is the mean pro¬ 
portional between the whole line segment and 
the other part. 

The line segment is also said to be divided 
in extreme and mean ratio. If the length of 
the line segment is m, then the golden mean 
is mg. 

H4. Construct the golden mean of a given 
line segment AB, using as few construction 

lines as you can. 
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H5. (a) Thi'orvm. II' tlu' 
an isoscck’s lriaiigl(‘ is 311'’, 
golden mean of (dther leg. 

^\ e shall let each leg of tlu' 

unit. 


angle of 
lh(^ i>as(‘ is ih(‘ 


11 iangle Ik.‘ oik‘ 



Sfalcmrnfs Rcu.'^oth-^ 


1. 

Z A -h z B 

= 144° 

1. - 

_ ) _ 

2. 

ZA = ZB 


2. - 

♦ 

3. 

ZA = ZB 

= 72° 

3. - 

> 

• 

4. 

ZABP = 

ZPBO = 3()° 

4. - 

_ ) _ 

• 

5. 

ZABB = ' 

72° 

5. - 

_ } _ 

6. 

Then .1 B = 

= PB = PO = x 

tk - 

> 

7. 

Z\AB0 ~ 

A A BP 

7. - 

) 

• 


AO AB 

1 X 



8, 



c 


AB AP 

y Ol 

X 1 — X 

o* 

« 

9. 

X- = 1 - a 

■, or x~ + X = 1 

9. - 

> 

• « 

10. 

X = g 


10. - 

_ ) _ 

• • 


Supply the reasons in the proof. 

(6) Prove the following converse 
theorem: If the base of an isosceles triangle 
is the golden mean of either leg, then the 
vertex angle is 3()°. 



Help: Prove that AO'A'B' is similar to 
AOAB above. 

(c) Prove that the side of a regular 
decagon inscribed in a circle is tlT.e golden 
mean of the radius (§ 347). 



{fh ( ijiislnifl/im Bi'clih }fi: Insci'ibo 
n'guiar (ha-agon in a gi\a'n ciiclc, 

o ) ('(ffislrniiion BroUliin: Insriihc 

rogular piaiiagon in a givaai ciich'. 

( J) ('o/islf/icl/on l^rnhhni: In>ci'ib(“ 

regular !.)->id('d polygon in a gi\'(ai ciit 


Il( Ip: I'hu'ii 


(KP - 3tP. 


*■¥ j » O 


(‘('lit ral 





H6. 'riu' gohh'ii iiK'an is found in many 
Works of all and in nal mv. 

(a) In llu' iigin-e, lh(' ti\('-pointcd stai- is 
fornnal by prolonging the siih's of a r('gidar 
pentagon. Pi'ov(‘ that th(' sid(' of the original 



pentagon is the golden mean of the side of the 
star, flinl: Assume that the side of the 
star is 1 and pro\'e that .r = (/. 

(6) The series 1, 2, 3, 5, 8, 13, 21, 34, etc., 
is known as the summation series l^iecause eacli 
term after the first two is the sum of the two 
terms before it. Sliow that the higher up you 
go in this series, the more nearly is the ratio 
of two successi^■e terms eipial to the golden 
I'atio (/ (.018). 

Students of nature have found that growth 
often follows this series. The number of 
seeds in the concentric circles of a sunflower, 
for example, approximates the summation 
series. 

(c) Aleasure the length and width of 
your desk. How close to g is their ratio? 

(d) Look up the distances of the eartb 
and the planet Mars from the sun. How 
docs their ratio compare with g'^ 
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H7. In tlio i'l^nrc. P\P:i and P-P-i are 
pf'rpeiulicular iix('s. 

OPi - 1, OP 2 = (h OPz = OP, = g\ etc. 



(a) Prove: P 1 P 2 = a/i + <7^ 

= 9 vT+7^ 

P,P-5 P:iP4 

(,) Prove: ^ - f/; etc. 

(c) Prove that Z PiP--P:i = h(P l>y show- 
inj? that the sides ot A/hPnPit oi>ey the 

Pythag;orean relationsliip. 

Also prove that Z P.;/■*;(/^l = 00°, etc. The 
figure is called a reclangulor i^piral. 


H8. 'PliP fiiriiro l) 0 ‘lo\v is a i-(‘(ian<:iil:ii 
s])iral willi the sides pi'iilniiffed Id Idiiii 
rectangles. The diagunals nf t hese reel angles 
are along the axes of the spiral. 



then from H7 (b), = <1 

P.,F.i = in pfc- 
(ri) Prove O /’iP:i ~ □ P >P<, 

□ P■,P^ □ P J'i. etc. 

(I)) Prove that PJ\ is a squari'; :il>n 

that /•’•.Pr. a s'l'iii'*'' ‘‘tc. 

(c) 'I'he above ligiire is sometimes I'alled 
Ihi' “whirling s(|iiares,'' hind the ratio ol 
the areas of two successive whirling .squares. 


LARGE AND INFINITE GROUPS 


Regular Polygons 

Up to the present we have worked 
mainly with groups of only two things. 
\\’e shall now study groups having a 


larger nninher of members. One such 
group consists of tlie sides of a polygon. 

347. Definition. A regular polygon 
is a polygon that is equilateral and equi¬ 
angular. 


348. THEOREM. If a circle is divided into n equal arcs, the chords of these 
arcs will form a regular polygon of n sides. 

Draw a figure and write out the proof. _ 


A circle can be circumscribed about any 


349. CONVERSE THEOREM. 

regular polygon. 


c 



Ciiven: Regular polygon A BCD • 

Prove; A circle can he circumscrdied 

about polygon A BCD • • ■ 


256 




Let 0 be the center of tlie circle passii.o- il,rouoh .1, B, a.cl t,A circle ••an 
drawn through three points not in a >li'aight line.) Diaw OA, OB, ()(', and Ol). 
By proving A.OAB ^ aOCJ), slow that the cin-le passes tli’iougii I)’ 


1 


)(: 


350. Definitions. 

The center of a regular polygon is 
the center of the circle circumscribed 
about the polygon. 

A radius of a regular polygon is a 
line segment from the center to a ver¬ 
tex of the polygon. 

A central angle of a regular polygon 
is the angle formed by two radii of the 
polygon. 

An apothem of a regular polygon 
is a perpendicular from the center of 
the polygon to one of the sides. 

351. Corollary. All the radii of a 
regular polygon are equal. 

352. Corollary. All the apothems of 
a regular polygon are equal (§221). 

EXERCISES 

1. Prove that the lines connecting the ends 
of two perpendicular diameters form a 
regular cpiadrilateral. 

2 . Inscribe a scpiare in a given circle. 

3. lnscrii)e a regular octagon in a given 
circle. 

4. Provo tliat the side of a regular hexagon 
equals the radius of the hexagon. 

5. Inscribe a regular hexagon in a given 
circle. 

6. Inscribe a regular dodecagon (12-sided 
polygon) in a given circle. 

7. Inscril)e an equilateral triangle in a given 
circle. 

8. Prove; If two regular polygon.s have 
the same number of sides, they are 
similar. 

9. The perimeters of two regular polygons 
of the same number of sides are 24 and 
36 units. If the radius of the smaller 
polygon is 3 units, find the radius of the 
larger polygon. 


10. The ai)olh(‘ins of two i'('guiai‘ polygons of 
the .same numbf'i' of siih's art* b and S 
units. If the pf'i'iim'tei’ of tin* smallei- 
l><ti\'gon is 40 units, find the pei'iin(*ter 
(A the larger ])ol\'gori. 


INFINITE GROUPS 


353. Thus far the groups we liax'e 
studied bad ;i Jitiife niiiuber of tc'rins. 
Let us now consider a group like 


.3, .33, .333, .3333 



Tlie nuinb('r of terms in this grcnip is 
infinite, so we eaniiot write them all. 
liut we know exatdU' whieli nninbcM’s 
belong in this group and whieb numbers 
do not belong in it. We know this 
because the terms follow a definite 
scheme. Such a group is called a srrics. 

How can we find a measure of this 

group? Since the number of terms is 

infinite, we cannot add them all. ^'et 

the fraction describes the group better 

than any other number. Thus, is 

closer to all the terms than anv other 

number. In fact, there are meml)ers of 

this group as close to as you please. If 

vou wish to find anv number of these 
% « 

decimals that are within one-billionth 
of ]ij for example, you need only write 
down decimals that ha\'e enough 3’s. 

W e may therefore call y} a measure of 
tills group. To define this new measure, 
we think of the members of the group 
dynamically as a variable that approaches 
the measure as nearly as vou wish without 
actually reacliing it. Tliis measure is 
called the limit of the series. 
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354, Definition. A variable is said 
to approach a constant as a limit if it 
can be made to differ from the constant 
by a quantity as small as you please ex¬ 
cept zero. 

The Circumference of a Circle 

From (HU' defiiutiou of a variable 
approaching a limit, we have the follow- 
imi <‘orollar\'. 

355. Corollary. If the number of 
sides of an inscribed regular polygon 
is repeatedly doubled, the limit of the 
polygon is the circle in which it is in¬ 
scribed and the limit of the apothem is 
the radius. 

In our study of the cirrlo up to tlii.s 
point, \vo Itave defined the angular 

measure of an ai'c but not its lengt h. llie 
length of an are means the numbei’ of 
li/ierir units that the ai'C contains. Now, 
a linear unit is part of a straight line but 
an arc is part of a circle. A circle and a 
line cannot be compared directly. 

1 \) define tlie leugtli of a circle we 
must proceed indirectly. We inscribe 
a legular pohgon in the circle and 
continually double the number of side.s. 
We now define the length of the circle, 
called its circumference, as the limit of the 
perimeter of the inscribed polygon. 

356. Definition. The length of a 
circle, called its circumference, is the 


limit of the perimeter of a regular in¬ 
scribed polygon as the number of sides 
is continually doubled. 


Hy definition, 
the length of a cir- ' 
cle is the limit of the 
perimeter of a regular 
polygon i 11 scribed in the 
circle, as the number of sides 
is repeatedly doubled. The 
border around t h i s p a r a g r a p h 
is a regular polygon of 40 
sides. It differs little from 
a circle drawn around it. 
The difference can be 
, made still smaller by y 
\ doubling the number ^ 


\ 


of 


s 


ides of the 
polygon. 


The Regular Polygon and the Circle 

\\> lun'e soon that wlion taking ii]) :i 
now toi)ic‘ we must usually make certain 
assumptions. If a statement about a 
I'Cgular i)olygon remains true no matter 
liow large the number of sides lieenmes. 
then it seems reasonable to assume that 
it will remain true when the number ot 
sides becomes infinite and tlie polygon 
approaelies the cireumseribed circle. 

357. Postulate. Any proposition 
about a regular polygon that does not 
depend on the number of sides is 
equally valid for the circumscribed 

circle. 


358. THEOREM. The perimeters of two regular polygons of the same number 

of sides are proportional to the radii of the polygons. 

CJi\'cn: Regular polygons AB(D 
and A'B'C'!)' ■ ■ ■ having n sides 

p and p' the perimeters 
r aiul / the radii 


1 ) 



C' 


Prove: 


P 


r 


P 

Cons.: Draw all the radii 
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Statements 

1. aOAB ^ aOBC ^ A(K'I) ^ ■ ■ 

2. Zs=Z/=Z((=--- 

3. Zs + Z< + Zn + • • • = 300'" 

360° 

4. Zs =- 

11 

a- -1 1 / ' 3^0° 

Similarly, Zs = - 

a 

5. Zs = Zs' 

6. OA = OB 
O'A' = O'B' 

OA OB 

‘‘ O'A' ~ O'B' 

8. AOAB ~ aO'A'B' 



AB 

A'B' 


or 


n ■ AB 
n ■ A'B' 




Bensons 


1 


i • 


>. >. s 


(Radii ot a |■('l;■ulat■ polyiioii arc 


) 


N 


• > 
o 


1 ^ 

Sum of a 


ahoui pi. ^ d(>(l 


0 


4. l)iv. Ax. 


o. Sul>s. Ax. 

(). Radii of a rof^ular polyt^on are =. 


7. l)iv. Ax. 


8 . If 2 A a^Tce in one angle and have 
including sides proportional, they 
are 

9. Def. ~ polygons. 


10. Subs. Ax. 


Using the postulate that any proposi¬ 
tion about a regular polygon not depend¬ 
ent on the number of sides can be applied 
to a circle (§ 357), we have: 

359. Corollary 1. The circumfer¬ 
ences of any two circles are proportional 
to their radii. 


changes, the circumference divided by the 

C 

radius, — > is constant. The circum- 

r 


ference divided by the diameter, 


C 

d 


C 

is also constant. The constant — is of 

d 


This corollary means that 


C 

C 


r 

r 



C C 

alternation - = — 

r r 



Let us now 


of a growing circle. For any two 
■ portions of this changing circle, the 
■yfifios; of the circumferences to the radii 

In other words, as the circle 
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special importance in man 3 '^ problems 
about the circle. It is denoted by the 
Greek letter tt (pronoimced like pie). 
This symbol is the initial letter of the 
Greek word for perimeter. The value 
of TT cannot be expressed in numbers 
exactly. By higher mathematics it can 
be approximated as accurately as one 


V 



\ A\v 


Its value has been calculated 
•orrect to 707 places. Correct to five 
'i^iiiificant dibits, tt = 3.1416. 

360. Corollary 2. The circumfer¬ 
ence of a circle equals tt times the di¬ 
ameter. C = Trd. 


EXERCISES 


Illustrative Example. A hoy obsei*\'es 
t hat a merry-go-round makes a complete 
revolution in o seconds, and he estimates its 
iliameter as .">() feet. How fast in miles per 
hour flo(‘s a rider near the outer edge of the 
merry-go-round 1 ravel? 

From tlie natuie of the measurements 
given, it appears tliat we shall not need more 
than three digit places of the approximation 
of We therefore round off the approxi¬ 
mation of TT and set tt = 3.14. tt should gen¬ 
erally he carried to one more digit place than 
the least accurate of the other measure¬ 
ments t$ 277). 

Circumference of merry-go-round = wd = 

3.14 X oO ft. = lo7 ft. 

Speed of outer rim 

= 157 ft. -i- 5 sec. 


157 

157 

5 ^ 


mi. 


o 


GO X 60 


hours 


60 X 60 . .. 

X-nu/ hr 


{b) A square whose side is 15 units has a 
circle inscribed in it. Find the 
circumference of the circle in terms 

of TT. 

4. A circular depression around a fountain 
has a concrete rim 50 feet long. Adjoin¬ 
ing the outside of the rim is a border of 
flowers 3 feet wide. How long is the 
fence enclosing the flowers? 

5. The distance around the inside of a 
circular track is 440 yards and the 
distance around the outside is 500 yards. 
Find the width of the track in teims of tt. 

6. A plane flies a circle of 1400 feet radius in 
one minute. What is the speed of the 
plane in miles per hour? 

7. By taking the diameter of the earth as 
8000 miles, how fast does a point on the 
equator travel because of the earth's 
rotation about its axis? 

8. A boy whirls a stone tied to a 5-foot 
string, making three turns a second. If 
the string breaks, at how many miles per 
hour will the stone fly off? 

9. The legs of a right triangle are 5 units 
and 12 units. Find the circumference 
of the circle circumscribed about the 
triangle in terms of tt. 

10 . One_side of an equilateral triangle is 

2V3. Find the circumference of the 
circle circumscribed about the triangle 
in terms of tt. 


1 X 

^ 22 

^ 1 

22 

Expressed in decimals, 34 agrees with tt to 
three significant digits. In problems that 
require only three digit places of accuracy, 
we may set tt = 3 4 or S~. 

1. The radius of a circle is 12.3 feet. Find 

the circumference. 

2. The circumference of a circle is 18.42 ft. 

Find the radius. 

3. (a) The circumference oi a circle is Iott. 

Find the radius. 


The Length of an Arc 

To learn how to find the length of an 
arc, we again go back to a regular 
polygon. We shall first see how to 
compare the part of the perimeter 
tween two radii of a regular polygon wit 
the whole perimeter. It is the same part 
of the whole perimeter as the 
angle formed by the radii is of 36 
Bear in mind that the radius of a regu ar 
polygon has been defined as a line seg 
ment from the center to a vertex of t le 

polygon (§ 350). 



361. THEOREM. The part of the perimeter of a regular polygon between two 
radii is to the whole perimeter as the central angle between these radii is to 360\ 



Sialeincnis 

1 . aoab ^ aobc ^ aocd ~ - 

2. lAOB = ZBOC = ZCUD = • - • 

- Zq 

3. ZAOD = m ■ q 

4. 360° = n-q 

^ ZAOD _ rn 

”360° " 7t 

6. ABCD = m • .1/^ 

p = n • AB 

„ ABCD _ m 

p n 

g ABCD ZAOD 
p ~ 360° 


R('gul;n' ])()lyg()ii AIU'DE 
having n side's, and jX'rinu't('r p. ABd) 
is j)art ot the ]KMiuu‘t('r made' up uf ni 
sides. 

AB('I) ZAOD 


Prove: 


P 

Draw all tlit' radii of the 

polygon. 


PROOF 


I 


wv/.s'e//.s 


1. s.s.s. 

2. Def. ^ A 


3. A<ld. Ax. 

4. Sum of all A al,)OUt a pt. = 3()0°. 

5. Div. Ax. 

6. Ciiven. 


7. Div. Ax. 

8. Sul.)j<. Ax. 


Since the preceding theorem does not 
depend on the number of sides in the 
polygon, we apply it to a circle (§357) 
and we have the following corollary. 

o 

362. Corollary 1. The length of an 
arc of a circle is to the circumference of 
the circle as the angular measure of the 

arc is to 360°. 

Where c is the length of the arc, 0 
(theta) the angular measure of the arc, 
and C the circumference of the circle, 

C “ 


363. Corollary 2. 


In the sa 


II 


e circle, 


or in equal circles, the lengths of two 
arcs are proportional to their angular 
measures. 

Let Cl and c^ be the lengths of two arcs 
whose angular measures are di and d^, and 
let C be the circumference of the circle to 
which these arcs belong. 

From Corollary 1, , and 

c-2 d-> 

C ~ 3^‘ 

Therefore ^ ^ ^ 

C2 02 ^ 
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364. Corollary 3. In the same circle, 
or in equal circles, if two arcs have 
equal angular measures they have 
equal lengths. 

'I'lial i". if ' = h llic'ii ’ = i, and 

fj: (••_> 


EXERCISES 


1 . 

2 , 


Tilt' i‘ailiM> '>!' a cii'i'lc 

Fintl 1 lu‘ h iit a ltl° 

In a rirclt' \\li<i>t' ratlins 
art' i> r2.l) inflii"' Imiii;. 
ini'a>ni'(‘ < it i lif a re. 


is H).2 inches, 
art*. 

is in.n indu's. an 
I'ind 1 he anj^ular 


3. A 3'F aniilt' i.' inscrilied in a eirele of G-iiieh 
ratlins. Wnw lon^ is the arc that it c*uts? 

4. A circle is cii'cuinsciihed altout a right 

triangle whost' legs are ') and o "s/S units. 
I'ind th(‘ Uaigths of ilu' ihroe arcs hc- 
tween the verticcrs of the triangle. 


5. The sides of a 40® angle are tangent to 
a circle of 10-inch radius. Find the 
lengths of the arcs between the points of 
contact in terms of tt. 



The length of a 50® arc is 15 feet, 
the radius of the eirele. 


Find 


7. A chord 18 inches long is 9 inches from 
the center of a circle. Find the length 
of its major arc in terms of tt and the 
simplest radical. 

8. The length of one minute (bV of a degree) 
on the e(iuator is called a nautical mile. 
If the diameter of the ecpiator is taken as 
7930 land miles, by what percent is a 
nautical mile greater than a land mile? 


The Area of a Circle 

To arrive at the area of a circle, we 
again start with a regular polygon. 



365. THEOREM. The area of a regular polygon equals half the perimeter 


times the apothem. 



Given: = Area of regular polyg^on 

A BCD • ‘ ‘ of n sides 

h tlie apothem 
p the perimeter 
Prove; S = ^ph 

Cons.: Draw the radii of the poh'gon, 
dividing tlie figure into triangles. 


I^UOOF 


Sldfrnirnts 

1. lCAB ~ ls()B(' aocd ^ • 

aCAB ^ I ■ AB ■ ii 

3. o AOAB ^l(n-AB)-h 

4. But n aOAB = Sandn • AB - p 

5. A' = 2 /''^' 


\pplying theorem lo a circle, and 
n-calling tliat tho apothem approaeiies 
tl,e radius as a limit, we arrive at the 
folhnving eorollaiW- 


Reasons 

1. s.s.s. 

2. Area of A = 5 base X alt. 

3. Mult. Ax. 

4. Given. (The polygon has n sides.) 

5. vSubs. Ax. 


366. Corollary 1. Tne area of a 

circle equals half the circumference 

times the radius. ^ 

When the area is represented by A, tlie 


202 




circumference by C, and the radius 1 )\- r 

% ) 

this corollary may be al)l)i-eyiate(l to 
‘S' = ^ C - r. 

Since C = 27rr, we haye by su!)stitutioii 
S = ^ ■ 27rr ■ r = Trr-. 

367. Corollary 2. The area of a 
circle equals tt times the square of the 
radius. 


EXERCISES 


1. Pruye that it <i is the tlianuMer of a 
circle, the area of the circle y' = 

2. Proye that the areas of two ciiyles are 
proportional to the squares of their radii 
or to the squares of their diameters. 

3. Find the area of a circle whose radius is 
14.25 inches. 


4. The diameter of a circle is 
Find the area of the circle. 


12 yards. 


5. The side of a square is 1 . Find the area 
of the circle constructed with the (.liago- 
nal ot the square as a diameter. Giye 
your answer in terms of tt. 



The side of an ecpiilatei'al triangle is 
In terms of tt, find the area of the circle 
circumscribed about the triangle. 



7. Find the area of the circle inscribed in the 
equilateral triangle of Ex. G. Leave 
your answer in terms of tt. 

8 . A rectangle whose dimensions are G 
inches by 8 inches is inscribed in a circle. 
Find the area of the shaded section. 


11 


12 


13 


14 


15 


The area of a circle is 1G.4 stpiare feet. 
Find the radius. 

The area of a circle is JOtt. Find t he area 
ot an ecpiilateral triangle insci'ibed in the 
circle in teims ot the simplest, radical. 

An ancient rule for finding the ai’ea of a 
circle wa.s to stpiare f of the diameter. 
This rule amounts to using t he value of tt 
to how many significant digits? 

The area of a circle is 25 s(piare inches. 
Find the circumference of the cii'cle. 

The circumference of a cii-cle is 10 inches, 
Find the area of the cii’cle. 


SUPERIOR WORK 

51. Prove that the area of a regular 
hexagon inscribed in a circle is the geometric 
mean of the inscribed and the circumscribed 
e(iuiiateral triangles. 

52. In the figure, AB is the diameter of 
the whole circle: AC and CB are the diame¬ 
ters of the semicircles. Prove that the semi¬ 



circles divide tlie whole circle into two parts 
Si and ^2 sucli that: 



9. A rectangular sheet of tin is 8 feet by 5 
feet. Forty circular plates, each one 
foot in diameter, are cut from it. AVhat 
percent of the metal was wasted? 

10. If a circular 6 -inch bunch of asparagus 
costs 60 cents, what should be the cost of 
a 3-inch bunch? 


Si _ AC 
S-> CB 

Help: Let AC = m and CB = n 
Si = ^{m + n)- + ^ ni- - ^ n- 

O o 8 

53, (a) The diameters of two circles are 
3 and 4 units. Find the diameter of a circle 
that equals their sum. 

( 6 ) The diameters of two circles are 
a and h. Find the diameter of a circle that 
equals their sum. 

54. A tank is now being filled by a 2-inch 
pipe and a 3-inch pipe. It is proposed to 
replace these with a single pipe that will fill 
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tli(‘ tank in the ^ame time. What slmnld he 
tlu' diameter of the new pipe? (Disregard 
f riel ion.) 


S5. d'he radios of a ^i\ en circle is 'M) inclios. 
Find the radii of two circk's concentric with 
it that will divide the original area into three 
equal parts. 


The Area of a Sector 

368. Definition. A sector of a circle 
is a figure formed by two radii of the 
circle and the arc they intercept. 


369. Definition. A segment of a 
circle is a figure formed by a chord of 
the circle and its arc. 



to be minor or major according as its 
arc is minor or major. 



370. THEOREM. The area of the part of a regular polygon between two radii 
equals half the part of the perimeter between the radii times the apothem. 


I 


E 



CUven: Regular polygon ABCDE 

witli apothem h 

s = Area OABCD 

Prove: s = ^{AB + BC + Cl)) ■ h 
Cons.: Draw the radii OB and OC . 


Write out tlie proof. It is similar to § 3G.o. 


By applying this theorem to the circle, 
we arrive at the corollary that follows. 

371. Corollary 1. The area of a 
sector of a circle equals half the arc 
times the radius. 

372. Corollary 2. The area of a 
sector of a circle is to the whole circle 
as the angular measure of the sector is 

to 360°. 

Prom Corollary 1, s = |cr, where c is 
the arc of the sector, s is the area, and 

r is the radius. 

Since the area of the whole circle 
<• _ ipv, we have by division 

.<5 ^cr _ c 

“ C 


From § 362, - = , wliere 9 i.' the 

rionii,ou-, > 

angular measure of arc c. 

s 9 

By substitution, - = ' 


S' 


\Cr 


EXERCISES 

The radius of a circle is 2.2 teet. 1'^' 

the area of a sector whose arc K'' ’, 

The radius of a circle is 10 inches. 
the area of a sector whose ang e l^ ^ 
The legs of a right triangle are 3 uni ^ 

and 4 units. On each side ol 
as a diameter, a semicircle is con^u 
Prove that the sum of tne aiea= > 
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iW'o lln- 

1)1 1 lie !.‘iliic.'-t iclf•. 

4. A hoisc tiTMl t(j tlic coiiK-r <>i ;» >ijuai<- 
tiarn willi a l.Vto{>t lopc. Fiml liicai^a 
()\a*i’ whicfi tlio horse can 

5. 1 li(* Ijidllis (>l a eil'cle i> I iool. I'llid llie 

aiijiular niea>iire o! a >eri i,['w hu^e ai e-j is 
100 s(iiiare iiielie>. 

6. A eii-ele iiiaph is to pictmc the tael lhal a 
laiuily spends > 5 <i <>0 lor rent out ot' a total 
ineome ol 88000. It the whoh* eirele 
represiaU.s the entire iiieijrne, wliat tiie 
aiij^ular measure of lh<‘ sec^tnr that will 
sliow the amount spent f(jr I’ent? 

7. Idle area of a 80 ° sector is 12.48 stjUaie 
feet. Find the radius of the circle. 

8 . 4 lie ai'c ol a 40^ st*c 1 or is 20 leel. h ind 
1 he area ot t he sect or. 


SUPERIOR WORK 

51. 'I'he radius of a circle is 14.0 inches. 
Idrid the area (jf a 00° seji;menl. 

52, In tw(j circles o( radii /’i and r^. aial s.- 
are tlu* areas of two sectors ha\'ing the angular 

S' 6t*r 


in(‘asur(*s d\ and Sj. Prove that 


S3, ddie figure shows three semicirch^s 
whose diamet(‘rs ar(» the sid(*s of a right tri¬ 



angle. Prove that the sum of the two 
shaded crescents A' and )’ ec|Uals tlie triangle 

Z. 

Prove: X + Y = Z 

HONOR WORK 

HI. Approximating tt. The figure shows 
a tK)° sector OAH, where OA = 20 units. 
Perpendiculars to 0,4. called offsets, were 
con.structeil I unit apan. By conne<*ting the 
ends of these offsets with chords. 20 trape¬ 
zoids ft he last one a triangle; were formed. 


/; 



I he sum ol 1 he.se l |•aj)ezoids ill a[)|A()\ini:i t e 
I lie al'i-a ul the sectoi' OAli. 

t )ii page loo. S2. you hav t* derix'ed a con¬ 
venient formula foi' finding the ai'ca ol’ tlie 
tra|)ezoids. It may he >iat('d follows; 

I'roprionial Unit. 'To the a\erage of the 
lir>t and la''! ^dt>l't.'^. ad»l the inteiwening 
ottsei> ami multiply Ity the common distance 
het w e(*n t he offset s. 

Ap[di('d to our t rapezoids. 

Sector OA H = 


j I .y + ./. _|_ , _P . . . 


\\*e can calculate aiiv olf>(‘t hv drawing the 
radius To its end: 


!h 

= 20 


//I 

= \ 

20^ - 1“ 


^ \ 

20' - 2'^ 

!J- 

= \ 

20- - 8- 


= 0 



Find the area of the tiapezoid- c(>riect to 
three digit place>. Fiom thf' fact that the 
exact area of the sector eipial.s ‘20-77 or 
IOOtt. find the approximate \'alue iA tt. 

H2. Three Famous FrotAerns. Three con¬ 
struction pri>hlems have occupied .student.^ of 
geumetiy for over 20(XJ years. It ha.-i now 
l»een proved that nmie of the three prohlerns 
that follow can he .s(jl\-ed hy straightedgeand 
compass alone—the (jnly tools permitted in 
demonstrative geometrx’ !4‘0. 



-11 SipKiriuq ffn CircJt'. This 

- ilN lor ilu' roustniriion of a sciuaro 
Mif -aiur area as a ^iveii rirelc. 


prohlem 
that has 
If this 


pio'l'lriu rouKl he done, it would mean tliat tt 

rniild hr found exactly in numhers or as the 

% 

-quart' root of a nunilu'r. 

\'2\ 1 )ii pi Will ion oj (I Cnhr. In tliis 
ptohlrin we Imvo gi\‘en tlu* side ot a (*ul>e, and 
\'.f‘ are a-krtl to ron>lrurt tlu' side of anotlier 
riihr hax'iny; twire* the \'oluine ol 1 lu' first euhe. 


['.]) T/'isrehon oJ on Ainjlr, The prohlem 
of tri-ectinji; a (>;i\('n angle has intt'resteil 
x'oung -itkh'nts herause it looks easy. Fol- 
lowing are two methods for solving this 
]nohlein. Both methods are “illegal in de- 
monstrati\ e geomet i‘\‘ htaaiusi^ they use more 
than a >i raight etlge and compass. C'onstrue- 
lions likt' these >om('tink's apyx'ar in news¬ 
papers wli(*re it i> rlainu'd that liie age-old 
pi'ohh'in has finally Ikm'Ii solvt'd. 

(a) ( d\'en AAOH. Draw circle (> and 


prolong BO through d 
On a straightedge or a 

CD = OA. 


card, mark off 



Place the straightedge through A so that 
(' falls on OB and D falls on the circk'. 

Then Z.r = AAOB. 

Draw OD and prove that ZAOB = 3Z.r. 

Js it ]K*rmissihle in our geometry to use a 
straightedge with CD marked on it 149)? 
In placing the marked straiglitedge as indi¬ 
cated alnwe, was its ])osition determined 
exactly or only approximately? 

if)) fti\'en AAOB. 

(Vjnstruet AB _L OB and AN 1. AB. 

On a straightedge or a card, mark off 
r\J = MD = OA. Place the straightedge 
through 0 so that C falls on AB and D falls 

on AN. 

Then = !, ^AOB. 

Draw AM and prove that lAUC - Z Z.t. 



Exactly what has been done that it is not 
permissible to do? 


SUMMARY 

373. For a group that has a finite number 
of members, the most common measure is 
obtained l)y dividing the sum of all the mem¬ 
bers bv the number of them. This is calleil 
the arifhmetic mean or simply the average. 
It was proved that the line segment connect¬ 
ing the midpoints of the legs ot a trapezoid 
is pai’allel to the bases and is the arithmetic 
mean of the bases. 

A measure that has many applications in 
geometry is the geometric mean. It is used 
mostly when there are but two termvS in^the 
group and it is based on multiplication, ihe 
product of the two terms ecpials the square 
of their geometric mean. Since the geometiit 
mean can replace each ot the two middle 
terms of a proportion in \vhich two othei 
numbers are the extremes, it is the mean 
proportional between the two extrerne tei'nis. 

If two chords intersect within a circle, the 
product- of the segments of one chord etiuals 
the product of the segments of the other choid. 
In the special case where one chord bisect^ 
another chord, either segment of the hisectec 
chord is the geometric mean of the segmen » 
of the other chord. 

If two secants are drawn to a circle iiom a 
external point, the product of one 
secant and its external segment equa & ^ 

product of the other secant and its ex ein. 
segment. In the special case '' mre 
secant has become a tangent, the j 

the geometric mean of the whole see an 

its external segment. . f nn 

It often happens that the ^ ..^le 

infinite group are so built up that t ie\ c 

2 (>() 





RTVIEW exercises 


closer and ever closer 1o a c(M'laiii (]uaMMiy 
without actually i-(‘achin^ it. d'his (|U;ui!ii\' 
can then ser\'(‘ as a ineasuic ut tiic jirDup. 
It is called the Infill of th(‘ \aria()le nionihoi^ 
of tlie gvonp. 

It the nuinlier ol sid(‘s ol a rcirular jxiKmui 
inscrilx'd in a ciich' is douMcil aji,aiii and 
again indetinitely, tluai tlu' ])(airn(aor of the 
polygon hecornes ewer greaiter. ^'oi. no 
matter how many side's the' polygon max- 
have. the perimeter of the polygon will 
always he less than the' perinu'ter of the' 
circle—-hut by a epiantity as small as we^ 
choose. In other words, the perime'te'r of 
the polygon approaches the k'ngth of the 
circle as a limit. The circumference ed' a 
cire-le is tlierefore defined as this limit. 

By assuming that proi)osit ions about i‘(*g- 
iilai' ])olygons that do luM deiicnd on llie 
number of sides can be' ap])lied to cii-cie's. we* 
arrix'c at the following use'ful propositions; 

(1) The circumference of a earcle ('epials 
TT times the diameter, r is an irrational 
constant whose approximate x'uhie is 
3.14159 • ■ • • 

(2) The area of a circle eepials w times 
the sciuare of the radius. 

(3) An arc of a circle is the same part of 
the circumference as the angular nu'asure of 
the arc is of 3()0°. 

(4) A sector of a circle is the same part 
of the area of the whole circle as tlte angular 
measure of the sector is of 3()0®. 


RECOGNIZING NEW TERMS 



Cati you describe each word or term below? 
fiol, <jo back to the section indicated. 


measure of a group § 330 
arithmetic mean § 330 
median of a group § 330 
geometric mean § 338 
regular polygon § 347 
center § 350 
radius § 350 
central angle § 350 
apothem § 350 
limit of a variable § 354 
circumference of a circle § 350 
constant tt § 359 
sector of a circle § 3t)8 
segment of a circle § 309 
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1. (u) 


1 he di^l;lI|[■(■ b(‘1 \W'CU I hi' iiiiilpoillls 

ul the h'gs (ft a Irape/uid is 17 mills 

and niif' ba-(' i,*, [.') mnis. ibiid the 
ol her 1 )a 

l-b) 1 he bnx'-; ol a lrapi-/ui(l ai'<' '.I Uiilis 
ami \.} iinii>. A poiiii /■' is imdwax' 
between the mid[)(jint> of tlu' ba^(‘s. 
Ilow lai' is I* ti'oin the midpoini> of 
t lie legs ot 1 he t rape/oid? 

(c) A line segment is drawn bet ws'en llu' 
midpoints ol tht' bast's ot a trapezoid. 
Alter out' bast' ot the trafX'Zoid ha^ 
shrunk t o a point, w hat name is gi yen 
to this lint' st'gmt'iit? 

Prox't' that iht' triangh' whost' x'erfice^ 
are tht' mitl|)oints t)f the sides of anothei' 

I riangle is similar to it. 

Ih'ovt': If the midpoints of the sides of a 
rt'ctangh' art' joint'd in suct'e>sion then a 
rlitimbus is formed. (St-e page 247. lv\. 3,) 
In lilt' figure, AD and HD are medians 
of tht' triangh* MU', d'ht* area of 



triangle HDM fs 0. Find tht' areas of tht* 
triangles A and 1 , and of the tpiadi'i- 
lateral Z. 

5, In the figurt', AD arnl CD are mediatis 
of the triangh* AJiC. Find tht' areas t)f 



the triangles MDA, MCD, MAC. anti 
ABC in tf'rms of (J, the area of the 
rjuadrilateral B[?MD. 

6. Construct a stpiart* that has twice tht* 
area of a given triangle. 



6 ft. 

T" 



Given: 

Two circles 

tan. to PQ at Q 
Prove: 

PA_ PD 
PC PB 




Given: 

Two circles 
tan. to PQ at Q 
Prove: 

PA _ PC 
PB PD 




Prove: 

PA PD 
PB PC 




Prove: 
Tan. x = 
tan. y 



660 yds. 



from the inner lane. How many fwl 
haruiieap shouUl the second hoy Ite given 
to eciualize the distances? 

13. 'I'he bases of a trapezoid are 11 units and 
17 units. Find the area of a riirle 
constructed on the medial line of the 
trapezoid as a diameter. I'se V* for ¥. 
('I'he medial line connects the midpoints 
of t.h(‘ legs.) 

14. What is llie largf^st area that can !<• 
enclosed wit h l(K) f(»et of fencing? //in/: 
rry out figun»s like the s<|Uare, the 
e(|uilateral triangle, and the circle. 

15. Prove that the areas of two circles are 
prupoilional to the scpiares of their 
cir(‘umferences. 


16. A circular plot is 12 feet in diameter, 
flow many scpmre feet are there in a 
2-foot l>order of flowers planted alcNOg 
the inner e<lge of the plot? 

17. If a circle of l-inch diameter reprenetit# 
^12().(K)0. the annual amount that a 
community spent on its schools 20 years 
ago, what should be the diameter of the 
circle that will represent the annual coat 
of $300,000 today? 


18. .\ l>eacon light that can be seen 15 miles 
swings back and forth through an angle 
of HK)®. Over how many square miles 
can it be seen? 


19. The area of a 40-degree sector » 100 
square inches. Find the length ol the 




arc. 


The earth is 93,000,000 miles from the 
sun. Assuming that the earth revolves 
around the sun in a circle, what is the 
speed of the earth in its orbit in miles per 

hour? 

The inner lane of a mile track is laid out 
as shown in the figure. The straight 
sides are each 660 yards, and the semi¬ 
circular ends are each 220 yards. One 
hoy runs in the inner lane and another 
boy runs in the outer lane which is 6 feet 


20 . 


D the diagram has 
iches. It is made 
and the width at i 




top is o inches. Find the diameter of 
the inner circle. 

21. One side of an equilateral triangle is 10 
units. Find the area of the ring between 
the inscribed and circumscribed circles 
in terms of tt. 

22. (a) The radii of two concentric (ui’cles 

are 15 and 12 units. Find the area 
of the ring in terms of tt. 

(6) Prove that the area of this ring 
equals the area of a circle whose 
radius is the geometric mean of the 
sum and tlie difference of the iwo 
given radii; that is, the geometric 
mean of 15 + 12 and 15 — 12. 

(c) Prove that the area N in the figure, 
bounded by two cii’cles, one inside 
the other, ecpials the area of a cir(*le 



whose radius is the geometric mean 
of the sum and the difference of the 
radii of the circles forming the area 

S. 

Help: Let a and b be the radii of the 
two given circles. Then S = ird' — ttF-. 
Factor this completely. 

SUPERIOR WORK 

51, Prove that the line segment connecting 
the midpoints of the diagonals of a trapezoid 
equals one-half the difference of the bases. 

52. (a) A windshield wiper cleans an area 
as shown in the figure. The arcs are 26 
inches and 12 inches long. The wiper blade 
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is 10 inches long. Find llu' ai'ea llial is 
kept chain. 

{if) Show that voii would the saint' 
answ(‘r it \'ou ('onsidt'rtnl llu' tisrurt' analogous 
to a tlapezoid. 


S3, d'hc idea of measuring a group by u-'lng 

a represcutat i\'(' of the group i^ common in 

('\{‘rvdav thinking. Our wholt* svsttan of 
* . ^ ^ 

democratit' go\(a‘nincnt is Ita^tal on it. You 
should therefort' gi\e souk' thought tollu' 
lollowing ([lU'st ions: 


[a) Do you (‘onsidei’ a certain studi'ut in 
yt^ur school a\ei'age because he is tlit' arith¬ 
metic nuain or itetauisi' lit' is the UKaliaii of 
the group'.^ 

d>) Do >'ou think liuit the a\'erage stu¬ 
dent in \'oui' scluiol is compk'tt'ly iiunest and 
trust worth\'? 

(r) Du you want an a\'erage student oi' a 
superior stiulent to represent you t>ii the 
stiklent council? on the \-arsitv footl)all 
team'.’ in inlerclass i)asketl*all games? 

(d) I low would von find out what the 
a\erag(‘ student in >'our class tliinks about, 
stiulenl go\ eriimenl ? 

(c) liow do poi)ular opinion polls deter¬ 
mine what the a\'erage person thinks? Can 
sampling ho compared to working with 
averages? 


(/) In addressing your school assembly, 
do you dire(*t vour speech to the whole group 
or do you try to talk to one average individual? 
What is the ad\'antage of each method? 

((/) Is yours an average school? If so, 
in what things? 

(h) In what respects is your community 
average and in what respects is it not a\'er- 


age? 

{i) In 1925, and again in 1935, a certain 
midwestern town was studied by a group of 
students. Since this town was believed to 
be a cross section of American communities, 
the reports were of national importance. 
Thev are contained in two books, Middle- 

^ 7 

fawn and Middletown in Transition, bv L^md 
and Lynd, Look at one of tlrese books in 
your library and make a list of the main 
topics that were studied. 


General Space 

S4, Lateral Area. The curved surface of a 
C3dinder or a cone is called its lateral surface. 





Ill a ri^hl cii'rulai’ cylimh'r, llu' bas(‘s nw 
riirit'^ in paialU'l planes aiul ihe straight 
line >eginf'nis in th(' lateral sui'face, called the 
>!iinnils, art' ])('rpeiulieular to the bases. 

(See pri.sm, p. !*)7, Sb.) The hgure 

^ho^vs tlu' lateral surface of a right circular 
cylinder rolled out into a rectangle. 



(a) the formula f(jr th<‘ latc'ral 

area of a right circailar cylinder in terms of the 
ladiua of the base r and the altitude h. 

( h ) ddie alt itude of a right circular 
cylinder is Id units and the radius oi the 
baM' is 10 units. Find the lateral area in 
teiTUs of TT. 


S5. In a right circular cone, th<‘ base is a 
circle and all line segments from the vertex 
to the cii-cle, called the element, are e(iual. 
Thf' figure shows how the lateral surface of 
such a cone can be rolled out into a .sector of a 
circle whose radius I is an element of the cone. 



(a) Write a formula for the lateral area 

of a right cii-eular cone in terms of the radius 

of the base and an element. 

ib) Wi-ite lids formula in terms ot the 

radius of the l)ase and the altitude of the cone. 

(c) The radius of the base ot a right 
circular cone is 5 units and the altitude is 12 
units. Find the lateral area in terms ot tt. 

S6 Just as w(* arri\'(*d at the mtaisui'ement 
of th'e'circl(‘ from a regular polygon of an 
increasing numb('r of sid(‘s, so wc can learn 


how to mcasui'O a circular cylitidcr or a 
circular cone by working with a prism or a 
pyramid whose base is a la'gular polyg(tn 
inseriberl in t he base (jf the cy!ind('i‘ oi- the coiur 
Since we already learned how t(j find the vol¬ 



ume of a prism and a pyramid (pages 217- 
218, 815, SI8), we see that the volume oi' a 
cvlinder is th{‘ area of the l>asc times the 
altitiule. and the volume of a cone is one- 
third the base times the altitude. 

(a) Find the volume of a cylinder whose 
base is a circle of d-inch radius and whose 

altitude is 12 inches. 

(h) Pdnd the \'olume of a eone having the 

sa.m(‘ base and altitiule as the cylindei’ in (o). 

S7. The area of the liase of a circular cone 
is 18 s<iuare inches and the altitude is la 
iuelies. It is cut by a plane parallel to the 
bmsp n.nd 10 inches from the l)ase. 



{a) As suggested by the theoi’em about a 
pyramid on page 243, SIO, find the area ul tlu 

cross section x\ 



{b) Find the volumes of the two coin> 

and, by subtracting them, find the volunu' cj 
the part of the cone between the parallel 

planes. 

S8. We shall assume the followins/"'''^"'^ 
proposition that ran he proved m solu 

geometry: 




Situa(w)L A hollow nihhcM' hall tilssiiUiiU* 

% 

into a tin can. Two planes parallel to the 
bases of the can, cm the ti^ure. 

Conclusion: l"he area of the ruhluM- ho- 
tween the parallel planes equals the area of 
the tin between these planes. 



The surlace (tf a s])here botwaaai two 
parallel planes is called a zom . 

(a) Pr(we that the ar(‘a of a zotu' e(|Uals 
the circumferenc(‘ of a ^I'eal cireh^ of the 
sphere (page Uil), SI2) tiint'^ the disianet' 
between the parallel planes. 

(b) Prove that the area of a sphen* is 
four times the area of a great cirel(a -Itt//- 
or tt/J' (diameter = distance betwaa'n planes). 

(c) Find the area of the surface of the 
earth (diameter SOOO miles). 

((/) Show that the surface of tlu' (*arth 
l>etween tlie 30°-latitude circles is half the 
whole surface of the earth. 

S9. Volume of a Sphere. The \'olume of a 
sphere is the sum of all the sections like that 
shown in the figure. This section is the limit 



of a series of pyramids. Its volume is there¬ 
fore • s ■ r. When these sections are added 
to give the volume of the sphere, the sum of 
their volumes will be -j-Sr where S is the 
surface of the sphere. 

(a) Complete the following proposition: 
The volume of a sphere equals one-third the 
—/— of the sphere times the —?—. 

(b) Write the formula for the volume of a 
sphere in terms of the radius r and tt. 

(c) Find the volume of t he earth. 

{(i) Ih’ove that the volumes of two 


splu*r('> arc propt u t iuiial 

diamt‘ter>. 


lot he ciil <if I heir 


(e) 1 h(' diaineier ol tiu' plaiu't ,hipil(M' 

is about 10 limes the diameter of the earth. 
How many times ilu' \olume ol the earth is 
the Volume of Jupitei? 

pi) 'I'lu' dianuM(‘r of tlu* miii is 10 limes 
tlu' diameter of .lupiter, Com])ar(' the 
\’olume of the sun w\[\i that of the earth. 


TEST 


1 . Pro\'t': If tlu' mid[>omls of tlu'^idt'.s ot a 

(jUadrilateral are joined in smaa^ssiou, 
the area of the new ([uadrilaleral so 
lormed C one-half the area of tlu' 
original (piadrilateral. 

2. Pro\'e: If the liiu' st'gment that ronnec s 
the midpoints ot the h'gs of a right tri¬ 
angle equals one of the legs, tlum tlu‘ 
larger triangle has a hlF angle. 

3. Construct a sqiuire ei|Ual to half of a 
gi\'<Mi sipiare. 




It is dt‘sir('d to plant two dozen tulips IS 
inches apart measured along the circum¬ 
ference of a circle. Find the radius of 


the ('ircle. 

A penduhim 30 inches long swings 
through an arc of 20°. How lung is the 
aic? 


6 . Beginning at the center of a circular 
grass plot, a boy mows 18 rings each 12 
inches wide. How many square feet of 
grass ilid lie cut? 



On the outside of a grass plot 15 feet in 
diameter, a concrete walk 2 feet 0 inclas 
wide is to be constructed. At 81.20 a 
scpiare foot, what will be the cost of the 


walk? 


8 . From a circular plate 10 inches in 
iliameter, two equal circles are cut. If 
the circles are the largest possible, what 
percent of the material is wasted? 

9. One side of a square is 10 units. Find 
the area of the ring between the in¬ 
scribed and the circumscribed circles in 
terms of tt. 

10. A searchlight that can turn through an 
angl(‘ of 50° covers an area of 40 stpiare 
miles. Find the range of the light. 






Inequalities 


374. Definition. A statement that a is o;reater tlian h (written a > />), or a is less 
than b {a < 6), is called an incqualitij. 

Following are some basic propositions about inequalities. 

375. Axiom. The whole of any magnitude is greater than any of its parts. 
Thus, if u = b + c, then a > b. 

376. Corollary, An exterior angle of a triangle is greater tlian either remote 
interior angle. (§ 64) 

377. Postulate. A straight line is the shortest distance between two points. 

378. Axiom. If uiie(|uals are added to equals, or to unequals, the sums are 
unequal in the same order. Thus, 


if 0=5 
and 8 > 6 

then 13 > 11 


if 10 = 10 
and 4 < 7 

then 14 < 17 


if 4 > 3 
and 7 > 5 

then 11 > S 


if 2 < 3 
and 4 < 5 

then 6 < 8 


379. Axiom. If equals are .subtracted from unequals, the remainders are unequal 
in the same order. 

380. Axiom. If unequals are subtracted from equals, the remainders are unequal 
in the opposite order. 

381. Theorem If two sides of one triangle are equal to two sides of another 
triangle, but the included angle of the first is greater than the included angle of the 
second, then the third side of the first is greater than the third side of the second. 

Given: In AABC and A'B'C', 

a = a' 

b = h' 

AC > AC 
Prove: c > c' 

Suggested -proof: 

= a- + - 2 ab cos C (§321) 

c'2 = {a'Y + (by - 2a'b' cos C 

Since C > C, cos C < cos C' (§ 314). Hence the right-hand member of the first 
equation is greater than the right-hand member of the second equation (§ 380). 
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382. Converse Theorem. If two sides of one trian^'le are equal to two sides of 
;uatilirr irian^le. luit the third side of the first is greater than the third side of the 
-e-'i'iid. tin'll the angle ojiposite the third side of the first is greater than the angle 
''Ppn-iTr tlie third >ide of the s(‘eond. 

I'-e the >ani(' method of proof as in § 381. 

383. Theorem. If two ehords of a eirele are unequal, their minor arcs are unequal 
in ilu* .^ame order. 



Given: Gliord u > chords 
Prove: a' > h' 

Hint: Draw the radii and use § 382. 


384. Converse Theorem. If two minor ares of a circle are unequal their chords 
are unerjual in the same ordi'r. 

Write out the proof. 

385. Theorem. If two angles of a triangle are unequal, the sides opposite are 
UTif'fiual in the same order. 

Given: In aT5C 

ZA > Z5 
Prove: a > b 

Hint: Circumscribe a circle about the 

triangle and use § 384. 
se 

386. Converse Theorem. If two sides of a triangle are unequal the angles 
opposite are unequal in th(* same order. 

Use the same method of proof as in § 385. 

387. Theorem. The perpendieular is the shortest distance from a given point 
to a given line. 

U.se § 385 to prove this. 



EXERCISES 


1 . Prove that a line segment from the 
vertex ()f an isosi'eles triangle to any 
point in the base is less than either leg of 
tiie triangle. 

2. Prove: The difference between two sides 
of a triangle is less than the third side. 

3. Prove: The sum of the distances from a 
point within a triangle to the ends of one 
side is less than the sum of the other two 
sides. 


4. Prove: The angle formed by two me 
segments joining a point within a j** 
angle to two vertices is greater than 
angle at the third vertex. 

5. Prove: If two sides of a triangle are 

imeciual, the median through t 

section makes the greater angle nm ^ 
smaller side. (See § 200, Table » 
No. 5.) 
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Summary of Fmidameufal Theorems 


ANGLES AND LINES 


Supploinonts of the same oi' ('(pial a(l^l(*s are (*< 111 ; 

Comphaiients of the same or (MUial aii.uli's arc' (‘(|uah .")(). 1‘) 

Vertical aii,i;'les are (aiual. 4(i 

The pei-pendiciilar bisector of a line se|i;ment is the' locus of a i^oint caiuidistant 
from the ends of the line se^inent. § ld4 

The bisector of an luvfc is thc^ locus of a point ecpiidistant from the sides of the 

angle. $ 1G4 

PARALLEL LINES 

If two lines ai'e cut by a transversal and the' cori'('s])onding angit'> ai-c' ('(luah the 
lines are paralh'l. § d4 

If two lines are cut by a transversal and the alternate interior angles are eciual, 
the lines are parallel. § o7 

If two lines are cut l)y a transversal and the interior angles on the same side of the 
transversal are supplementary, the lines are parallel. § 59 

If two parallels are cut by a transversal, then the 


(1) corresponding angles are ecpial. 54 

(2) alternate interior angles aie eciiiah ^ oS 

(3) interior angles on the same side are supplementary 


^t)0 


§ 55 


If two lines are pei'pendicailar to the same line, they are parallel to each other. 

If two lines are parallel to the same line, they are parallel to each other. § 61 
If a line is perpendicular to one of two parallels, it is perpendicular to the o(hei-. 


5 56 


Three or more parallels cut proportional segments on two trans\'ersa!s. 305 
If three or more parallels cut equal parts on one transx ersal, the\' cut ecpial ])arts 
on any other transversal. § 306 

If a line is parallel to one side of a triangle, it divides the other two sides propor¬ 
tionally. § 302 

If a line divides two sides of a triangle proportionally, it is parallel to the third 
side. § 326 

TRIANGLES 

The sum of the angles of a triangle is 180°. § 62 

An exterior angle of a triangle equals the sum of the two remote iiOei ior angles, 

§64 


275 


Il Iwo nnn;l('s of oih' Iriaii^h' urv (‘(|ua! r(‘siK‘(‘ii\'(‘ly to two niii^les of aiiotltci tii- 
Niojji'. the renuiiiiiii^ angles are ecjiial. § (io 

I'wo triangles ai'e eongruenf if they agree in 

(1) one si(l(^ and t wo corresponding angles, (a.s.a., s.a.a.) §§114,11(1 

(2) (wo sid(‘s and the included angle, (s.a.s.) § lid 

(d) t wo sid('s and (he right angle opposite one of t hem. (h.l.) § 122 
(4) thi'ce sides, (s.s.s.) §120 

If two silk's of a triangle ar(‘ e(pial, the angles opposite are etiual. §11S 
If two angk's of a triangle are e<iual, the sides opposite are etpial. § 119 
The area of a triangle is one-half tlie l>ase times the altitude. § 268 
If an altitude of one triangle equals an altitude of another triangle, the triangle^ 
are proportional to the bases. § 291 

If an angle of one triangle equals an angle of another triangka tlie triangles :tie 
proportional to th(‘ products of tl»e sides forming the e([ual angles. § 292 


Two triangles are similar if they 

(1) agrc'e in two angles. § 298 

(2) agree in one angk* and hav(‘ the including sides proportional. 

(3) have all their sides proportional. § 324 


§ 3 - 2 : 


The areas of two similar triangles are proportional to the squares of the corre¬ 
sponding sides. § 301 


SECONDARY PARTS OF A TRIANGLE 

The altitudes of a triangle meet in a point. Page 206, HI 
The medians of a triangle meet in a point that is two-tliirds from each vertex' to 
the middle of the opposite side. Page 247, Ex. 7, Ex. 8 

The angle bisectors of a triangle meet in a point that is equidistant from the 
of the triangle. Page 114, Ex. 1, Ex. 2 

The perpendicular liisectors of the side.s of a triangle meet in a point that is e(iui- 
distant from the vertices of the triangle. Page 109, Ex. S 

The line segment l)etween the ini<lpoints of two sides of a triangle is parallel to 
the third side and equal to half of it. § 332 


RIGHT TRIANGLES 


Tlie median to the liypotenuse of a right triangle equals one-lialf the hypotenu>c. 

§ 191 

The square of the hypotenuse of a right triangle equals the sum of tlie squares ot 
the legs. § 318 

If the altitude is drawn to the hypotenuse of a riglit triangle, it is the mean prm 
portional l^etween the segments of the hypotenuse; and either leg is the mean propof' 
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tional lietweeii the wlinK- li\[Kitcini'r .-inil 

page 252, E\. IS 

In a right triangle, if one angle is tKE, 
leg. § 192 

In a right triangle, if the hvpoleiiu.se 
is 00°. § 193 


he ;i(li.lining -e^menl. PageiMl, Oa. li; 
then the hypotenuse is twiee the adjacent 

ft ^ 

twicr oiu' K'o-. then the ineliided angle 


POLYGONS 


The Sinn of the interior angli^ of a polv^on of // sidi's i> (// - 2) <irai'dit aiedes 

§109 

The sum of the exti'rior angles of a polxgon of // sidn.< !.< ■_> >traight angit's. ^ ItiS 
The area of a polygon eireumserihed about a eirele is half the perimeter of the 
polygon times the radius of the circle. Page ISO, Ex. 10 

The perimeters of two similar polygons are proportional to the corresponding 
sides. Page 208, Ex. 13 

The areas of two similar polygons are proportit>nal to the sipiai'es t)f the corre¬ 
sponding sid(‘s. Page 23S, S2 


QUADRILATERALS 


A quadrilateral is a parallelogram if (1) 

( 2 ) 

(3) 

(4) 


the opposite sides are equal. § 17o 
two sides are equal and parallel. § 178 
the opposite angles are equal. § 176 
tl»e diagonals bisect each otlier. § 177 


In a parallelogram (1) the opposite sides are equal. § 171 

(2) the opposite angles are equal. § 172 

(3) the diagonals bisect each other. § 173 


The area of a trapezoid equals the average of its bases times the altitude. § 265 
The line segment connecting the midpoints of the legs of a trapezoid is parallel 
to the bases and equals half their sum. § 333 

If the base angles of a trapezoid are equal, the trapezoid is isosceles. § 195 
If the diagonals of a trapezoid are equal, the trapezoid is isosceles. Page 124, 

Ex. 2 

In an isosceles trapezoid the base angles are equal. § 194 

In an isosceles trapezoid the diagonals are equal. Page 124, Ex. 2 

The diagonals of a rectangle are equal. § 189 

If the diagonals of a parallelogram are equal, the figure is a rectangle. § 190 
The area of a parallelogram equals the base times the height (altitude). § 267 


CIRCLES 

In the same circle, or in equal circles, equal chords have equal arcs. § 217 
In the same circle, or in equal circles, equal chords are equally distant from the 

center. § 221 
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\vi ^aiuo cirrlo. or in equal (‘irelos, two cliords that have equal arcs are equal. 






- 1 '' 

In tlio <aino ('ircle, or in equal circles, two chords that are equally distant from 
ii.r .'.•nter are equal. § 222 

\ diameter perpendietilar to a chord bisects the chord and its arcs. § 219 
raralli'l lin<'> inter<'ept etpial ares on a circle. § 230 

line ]ierpendicular to a diameter at one end is tangent to the circle. § 224 
A diameter i' perpetidicttlar to a tangetit at the point of contact. § 225 
If the 'ide- of ati atigle citt or tottch a circle, the angle equals half the algebraic 
-mn I'f the are decrees between the sides atid betweeti the extensions of the sides of the 
atmle otie are beitig negative if tlie vertex is out.side the circle. §237 

.\ti iti'cribed atigle, or :tti atigle between a tangent and a chord to the point of 
cMiitaet. eqttals half the ititercepted arc in degrees. § 238 
.Vtttilc' iti-;cril>ed in the .same arc are equal. § 239 
.\ti aturle itiscribed in a .semicircle is a right angle. § 240 

I’aturetit> to a circle frotn ati external point are equal and make equal angles with 
the line joitiitiii that poittt to the center. § 247 

d'lic <-ommon external tangents to two circles are equal. 

'I he common internal tangents to two circles are equal. 

circle can l)e circumscribed about or imscribed in any triangle. Page 109, Ex. 8 

d. I; 5 24 S 

.\ circle cai\ be circumscribed about or inscribed in any regular polygon. §§ 349,352 
In an inscribed cpiadrilateral the opposite angles are supplementary. § 241 
In a circnmscrilied (luadrilateral tlie sum of two opposite sides equals the sum of 

the otlier two >ide.s. Page 159, Ex. 0 

If in a (|uadrilateral the oppo.site angles are supplementary, then a circle can be 
circimi'criticd about it. Page 150, S4 

If in a quadrilateral the .sum of two opposite sides ecjuals the sum of the other 

two .sides, tlien a circle can be inscribed in it. Page 159, SI 

If two chords inter.sect within a circle, the product of the segments of one chord 

eciuals the product of the segments of the other chord. § 340 

If a chord is perpendicular to a diameter, either segment of the chord is the mean 

proportional between the segments of the diameter. § 341 

If two .secants are flrawn to a circle from an external point, the product of one 

se.-ant .and its external segment eciuals the product of the other secant and its external 

t '543 

a tangent and a .secant are drawn to a circle from an external point, the tangent 
the mc-an proportional between the whole secant and its external segment. § 344 
The circumference of a circle equals the diameter times r. § 360 
The area of a circle equals times the .square of the radius. § 367 
In tlie same circle, or in equal circles, the length of^an arc is to the circumference 

.f the circle as the angular mea.sure of the arc is to 360°. §362 

Tn the same circle, or in equal circles, the area of a sector is to the area of the circ 


as 


H theVrlgular measure of the sector is to 360°. § 372 
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TABLE OF SINES, COSINES, AND TANGENTS 


Angle 

Sine 

Cosine 

Tangent 

Angle 

Sine 

Cosine 

Tangent 

1° 

.0175 

. 9998 

0175 

46° 

.7L93 

.0947 

1.0355 

2° 

.0349 

. 9994 

.0349 

47° 

.7314 

. 0820 

1.0724 

3° 

. 0523 

.998(; 

0521 

48° 

.7431 

.0091 

1.IlOO 

4° 

.0f)9.S 

.9970 

0099 

49° 

. 75 17 

. 0.)f 1! 

1.1501 

6° 

.0872 

.9902 

.0875 

1 50° 

.7000 

.0428 

1.1918 

6° 

. 1045 

.9945 

. 1051 

i 51° 

.7771 

.0293 

1 1,2349 

rjo 

.1219 

1 

.9925 

. 1228 

: 52° 

.7880 

.0157 

1 2799 

8" 

.1392 1 

.9903 

. 1405 

53° 

.7980 

.0018 

1 .3270 

9^ 

.1504 

.9877 

. 15X4 

54° 

.8090 

.5878 

1 .370-1 

10° 

.1730 

.9848 

. 1703 

55° 

.8192 

. 5730 

1.4281 

11° 

. 1908 

.9810 

. 1944 

56° 

. 8290 

. 5592 

1.4820 

12° 

.2079 

.9781 

.2120 

57° 

. 8387 

.5440 

1.5399 

13° 

.2250 

. 9744 

. 2309 

58° 

. 8480 

. 5299 

1.0003 

14° 

.2419 

. 9703 

.2493 

59° 

.8572 

. 5150 

1.0043 ' 

16° 

. 2588 

. 9059 

.2079 

60° 

.8()0() ' 

1 

.5000 

1.7321 

16° 

. 275(3 

.0(313 

.2807 

61° 

.8740 

.4848 

1.8040 ; 

17° 

.2924 

. 95(53 

. 3057 

62° 

. 8829 

.4095 

1 

1,8807 

18° 

. 3090 

. 9511 

.3249 

63° 

.8910 

. 4540 

1,9620 i 

19° 

. 325(3 

. 9455 

.3443 

64° 

. 8988 
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8 1)50 

1 8 050 

1 

8 093 

8.099 

j 8.100 

8. 1 12 

8.1 18 

8. 1 

8. 101 

8. 107 

8. 173 

8. 170 

8,210 

8.222 

8.228 

8.234 

8,240 

8.270 

1 

8 283 

8.289 

8.295 

8.301 

8 337 

8 343 

8.349 

8,355 

8.301 

8.390 

8-102 

8.408 

8.414 

8.420 

8.450 

8.402 

8.408 

8, 173 

8,479 

8 , .*> 15 

8,521 

8,520 

8,532 

8.538 

8 573 

8,579 

8,585 

8 591 

8,507 

8 (13 1 

8,037 

8.043 

8,049 

8.054 

! 8.089 

8.095 

8.701 


8.712 

8.740 

8.752 

8.758 

HHiil 

8.709 

8.8( 13 

8,809 

8,815 

8,820 

8.820 

8.800 

8.800 

8,871 ; 

8.877 

8.883 

8.910 

8.922 

8.927 

8.933 

8.939 

8.972 

8.978 

8.983 

8.989 

' 8.994 

9.028 

9 033 

9.039 

' 9.044 

9.050 

9.083 

' 9.088 

9.094 

9.099 

9. 105 

9.138 

9.143 

9.149 

9.154 

9.100 

9.192 

9.198 

9.203 

9.209 

9.214 


mm 

9.257 

9.203 

9.208 

9.301 


9.311 

9.317 

9.322 

9.354 

9.359 

9.305 

9.370 

9.375 , 

9.407 

9.413 

9.418 

9.423 

9.429 

9.400 

9.400 

9.471 

9.47() 

9.482 

9.513 

9.518 

9.524 

9.529 

9.534 

9.500 

9.571 

9.570 

9.581 

9.580 

9.018 

9.023 

9.028 

9 ()33 

9.038 

9.070 

9.075 

9.080 

9. (>85 

9.()90 

9.721 

9.720 

9.731 

9.737 

9.742 

9.772 

9.778 

9.783 

9.788 

9.793 

9.823 

9.829 

9.834 

9.839 

9.844 

9.874 

9.879 

9.884 

9.889 

9.894 

9.925 

9.930 

9.935 

9.940 

9.945 

9.97 5 

9.980 

1 

9.985 

9.990 

9.995 
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SQUARE ROOTS 



If. 


1/ 

18 

W) 


20 

21 

22 

28 

24 


30. 

81. 

32. 

33. 

34. 


8o. 
3(3. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

44. 


45. 

4(1. 

47. 

48. 

49. 


60 

51 

52 
58 
54 



4.472 
4.588 
4.(190 
4.79(1 
4,899 



(1.708 
(1.782 
(1.85(1 
(1.928 
7.000 


4 .()19 
8 1 55 

8 . 88(1 
4.012 
I . 185 
4.254 
4.870 

4.483 
4.593 
4.701 
4.80(1 
4.909 

3.010 
3.109 
3.20(1 
3.301 
3,894 

3.48(1 
.3 577 
5. (1(1(1 

5.753 
5.840 


5.925 
(1.008 
(1.091 
(1.173 
(1.253 


(1.332 
(1.411 
(1,488 
(1.505 
(1.(141 


(1.710 

0,790 

0.808 

(1.935 

7.007 


7.078 
7.148 
7.218 
2 
8 


(18 


8.899 

4.025 

4. 147 
4,20(1 
4.382 

4.494 
4.004 
4.712 
4.817 
4.919 

5.020 

5. 1 19 
5.215 
5,810 
5.404 

5.495 
5,580 

. 075 
,702 
.848 


■).\w 

0.017 

0.099 

0.181 

0.201 


0.340 
0.419 
0.490 
0 .573 
0.048 


0.723 
0.797 
0.870 
0.943 
7.014 


08 
15 
22 
7.291 
7.302 


8 2 
8 3 
3.5' 

I 3.047 
; 3.782 

3.912 

4.037 

: ^ ! 

i 4.278 

1 4.393 

4.500 

4 (115 
4.722 
4.827 

4. <)30 

5.080 

5. 128 
5.225 
5.320 
5.413 

').•)()»,) 

5 595 



5.941 
0.025 
0.107 
0.189 
0.209 


0.348 
0.427 
0.504 
0.580 
0.050 


3.001 
3.795 

3.924 
4.050 
4.171 
4.290 
4.405 

4 517 
4 (120 
4.733 
4.837 

4 940 

5 040 
5 138 
5.235 
5 329 
5.422 

5.514 
5.004 
5.092 


• ). / /9 
5.805 


5 950 
0.033 
0 . 110 
0. 197 
0.277 


0 350 
0.434 
0.512 
0.588 
0.003 



3.240 
3.391 
3,530 
3.074 
3.808 

3.937 

4.002 

4. 183 
4.301 
4.410 

4.528 
4.037 
4.743 
4.848 
4 950 

5.050 

5. 148 
5.244 
5.339 
5,431 


5.523 
5.012 
5.701 
5.788 
5.874 


7>. 958 
0.042 
0.124 I 
0.205 
0.285 


0.304 
0.442 
0.519 
0.595 
0.071 


1 .745 
.819 
-892 
.964 
. 030 


7.100 
7.170 
7.240 
7.311 
7.382 


3.250 
3.400 
3.550 
3.088 
3.821 


3.950 
4.074 
4.195 
4.313 
4.427 

4.539 
4.048 
4.754 
4.858 
4.900 

5.000 
5.158 
5.254 
5.348 
5.441 


5.532 
5.021 
5,710 
5,797 
5,882 


5.907 
0.050 
0.132 
0.213 
0.293 


0.372 
6.450 
G. 527 
0.003 
0.078 



3.271 
3.421 
3.504 
3.701 
3.834 

3.902 
4.087 
4.207 
4.324 
4.438 

4.550 
4.058 
4.704 
4 . 8(.)8 
4.970 

5.070 
5.107 
5.203 
5,357 
5,450 


I 


12 

19 

25 

32 

39 


3.280 
3.435 
3.578 
3.715 
3.847 

3.975 
4.099 
4.219 
4.330 
4.450 

4.501 
4.009 
4.775 
4.879 
4.980 

5.079 
5.177 
5.273 
5.307 
5.459 


5.550 
5.039 
5.727 
5.814 
5.899 


3.302 
3.450 
3.592 
3.728 
3.8(i0 

3.987 

4.111 

4.231 

4.347 

4.401 

4.572 
4.080 
4.785 
4.889 
4.990 

5.089 
5.187 
5.282 
5,370 
5.408 



. 975 

5.983 

5.992 

.058 

6.066 

6.075 

.140 

6.148 

6.156 

.221 

6.229 

6.237 


6.309 

6.317 

.380 

6.387 

6 .395 

. 458 

6.465 

6.473 

. 535 

6.542 

6.550 

.011 

6.618 

6.626 

,080 

6.693 

6.701 


134 

204 

273 

342 

409 






















Lesson Plan 


The section numbers imlicale the beginning of each suggested lesson. 


Lesson 

Introduction 

1 

2 

3 

4 

Chapter 1 

5 

6 

7 

8 
h 

10 

11 

12 

Chapter 2 

13 

14 

15 
10 

17 

18 

19 

Chapter 3 

20 
21 
22 

23 

24 

25 

C'hapter 4 
2i\ 

27 

28 

29 

30 

31 

32 

33 

34 

Chapter 5 

35 
3<) 

37 

38 

39 

40 

41 



Section 


Page 

Lesson 


Section 






42 



170 



1 

4 


1 

43 



189 




2 

44 



196 



7 


4 

45 


Ex. 

about Quads. 


9 


0 

46 


Cons. Ex. 






Chapter 

6 





10 


9 

47 



202 


Par. 

preceding 

13 

10 

48 



218 


Par. 

preceding 

14 

13 

, 49 



223 


Par. 

preceding 

15 

15 

! 50 



228 


Par. 

preceding 

17 

17 

51 



231 



18 


20 

52 



233 


Par. 

preceding 

20 

22 

53 



245 



X ^ 

38 


25 

54 



250 






55 



250 



39 


30 

Chapter 

7 




Par. 

preceding 

47 

. o 

56 



259 


Par. 

preceding 

51 

36 

57 



269 



59 


42 

58 



277 


Par. 

preceding 

01 

44 

59 



278 


Par. 

A 

preceding 

02 

4<i 

00 
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00 


48 

01 


Par. 

preceding 

291 





02 


Par. 

preceding 

292 

Par. 

preceding 

08 

50 

63 



293 


Par. 

preceding 

88 

00 

('hapter 

8 





95 


t>3 

04 



294 



97 


(>o 

05 



301 



98 



06 


Par. 

preceding 

302 


103 


/3 

67 



305 






68 



309 



104 

108 

no 

1 1 ^ 


77 

80 

83 

85 

Chapter 

09 

70 

9 

Par. 

311 

preceding 

318 


J J o 

1 1 7 


87 

71 


Par. 

preceding 

319 

Par. 

1 1 / 

pieceding 

118 

90 

72 


Par. 

preceding 

321 

Par. 

preceding 

121 

120 

92 

94 I 

74 



0^0 

328 



123 


142 
149 

Par. preceding 150 

157 

Par. preceding 159 
102 
107 


97 

Chapter 10 





75 


330 


104 

70 

Par. 

preceding 

338 

105 

77 

Par. 

preceding 

347 

109 

78 


353 


no 

79 

Par. 

preceding 

361 

111 

80 


365 


114 

81 


368 


115 

82 


373 



Page 

118 

122 

125 

132 

134 


140 
143 
140 
148 
150 
153 
157 
101 
100 


174 

178 

180 

181 

183 

189 

101 

194 


2 (M) 

200 

208 

212 

215 


220 

225 

228 

230 

233 

239 


245 

249 

250 
257 
200 
262 
264 
266 
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Absiirditv, reduction to, bO 
« ■ 

Accuracy. IsO-lsi 
Addition axiom, 10 11 
Aeronautio, sn A\'iatittn 
Aljrelira. o. (1. 0-11, Id, Id 17. 
70. 152. 100. 1S2-IS0, 2 
247. 24S 


In. 10. 52. 01. 00. 
210 . 220. 


Ap|>n'\imatc nuiiil>cr<, 1 si 
Arc (all's). lOI 

Mlimilar liicaviii r , ,i\ | 
fiplal. I ll 

ihtci crplcil. I 11 


Alternation of pro])ortion. I.sd. 1 s-l 
Altitude 

of parallelogram, 01 
of trapezoid, 01 
of triangle, 5.s, 50 
Analogy, 20Uff. 
fal.^e, 205-200. 212 
valid. 214-215 

Analytic metliod, 110, H2. 120. IdO. Idl 
100 

Angle (angles). 2. d. 28 
acute, 23 
adjacent, 23 
alternate interior. 37 
at the how, 92 
l)ase, of isosceles triangle, 57 
base, of trapezoid. 01 
bisecting, 1 lO-l 11 
central, (jf circle, 141 
central, of regular polygon, 257 
complementary, 24 
construction of special. 118, 115 
copying, 112-113 
corresponding, 37 
danger, 101 
dihedral, 27, 53 
drift, 171 
formation of, 2, 3 
inscribed, 153 
measuring, 3 
oljtuse, 23 
of depression, 224 
of elevation, 224 
right, 23 
sides of, 2, 23 
size of, 3 
straight, 23 
supplementary, 24 
trisecting, 260 
vertex of, 2, 23 
vertical, 23 
Antiparallel lines, 161 
Apothem, 257 

Approximate construction, 78 


-20. 288. linear iiica-'iirc i)f. 1-11,200 2«i2 

i majne. 142 
minor, 1-12 
Area. 174 

lateral. 197. 200 270 

of circle, 202 208 
4*f <'ircumsci'ihiMl pnlygmi, 1 sO 
nl parallelogram. 170 
of rectanghx 1 71 
ol regular polygon. 202 
182, 185, ot rhomhus, I7 n 

of spliere. 271 
of trapezoid. 175 
i of triangle. 170 

A rguint fiinffi (ni hoini/n-i/i, 205 
Aristotle. 72 

Arithmetic progression, 247 
Art, 254. 255, 250 
Assumption. OtT. 

Assumptions, nonmathematical. 27 
j Attnnic energy. ISS. ISO 
! .\viation. 41 42, 185, 170-172, 
i 22s 
I Axioms, 0 

of epuality. 10-11, 13. 15. 10, IS 
of iiKHpiality. 273 
Azimuth, A 1 

Ihise 

of iso.sceles triangle, 57 
of parallelogram, 01 
of trapezoiii, 00, 01 
of triangle, 58 
Bisector (bisect), 50 
angle, of triangle, 59 
perpendicular, 107 

Center 
of circle, 104 
of gravity, 247 
of regular polygon, 257 
Centroid, 247 
Ceva’s Theorem, 193 
Chord, 140, 141 
common, 103 
double, 173 
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( r r\o : 104 

l ircuiiivri 1 

ci'iii-t'iiTrii-. 104 
e'liuil. 

O'criV'e'l. 159 


-j:rpMt. 100 


iiii‘:i'Urc!ii(‘iit <4. 25/ If. 

'if >pliei'f‘. 100. 170 

pal allol. 1 / 0 
-iiiall. 100 
-([uariiiii, 200 
tlirnu^h three jinints. 109 
to lepresent pi’opoi^itinn. 20, 71 
(’inailai’ ai 'iUinent, 92 
('ii'eunifer(Mi<-e. 25s 
('lassiticatinii, 57-5S, 115-110 
.■hart>. 71. 120-129. KIO 

(’i illiia-ai'. 2 


('i •iiipa>>. I /. / S 

(■( iiiipa'>. I 07 

w atrh a', 1 0»0 

( 'i i!i 

ill cnM^ti'uctiitn, lOS 
ill pi'oot. 5 
hy leasoiiiiiu:, 5 
C.iuditioiial statement, 5 
C.'one, 270 

(’niijii'uenee, .^3 

C’f.nsecutive i)arts of triangle, 83 
Cnnstaiit <4’ variation. 1S7. 188, 198 
('(iiistitutinii. 22. 25 
(’r.nsti'uctioii, 105-100 
f'(iiitratiii-tion. proof hy. 07 
(■(inverse. 21, 03ff. 

('(lonlinates, 2! 0 
('(irollary. 32 
(■(tnesiMHidin^ parts. 83 
('(isine rati", 220 

Cusiries. l.aw "1, 231 
Cilhe. (luplieatinli "h 200 

(’vlindei', 2i 0 
% 


I)f*('a^on. IflO, 2')') 

Declaration "f Iiulependeiiee, 28 
Dedvu'tion, 80, Si, S3, 101 
Definition. 2011. 
making of, 20-22 
repuireinents tor, 21 
reversihility oh ‘21 
Deforinalization, 129 

Detrree, angular, 3, 30 
De^^ree, arc-, HI 
Denioeracy, 22, 2.) 

Dei)endenee, 220 ^ 

Dejjendenee charts, 51, .0, 
])escartes, 210 


Dotorminin^. 9 
I)ia«»;onah 57 
Diameter-. HO. 14! 

Dictatorship, 22 
Dilemma argument. 162 
Dimension. 174 
I )iniension line. 1 1 
Direction, 37 

Diseu.ssion of prohk'in. 134 
Distance from point to line. 114 
I livision axiom. 1 0 
Division hy zero, 10. 2S 
Drawing; and constructing, 105-100 
Dynamic geometry. 2 
Dynamic models. HI. 174-175. 170.247 
Dynamic proposition, 47. 105, 208. 210, 211 
Dynamic thinking, 47, 1409’., 20S, 210, 211, 220, 
221 

Elimination, proof liy. 09 
EcjU.-d figures. 174 

!7(|nations, simultaiu'cnis. 11. 17, 210, 247 
!-:uc4id, 72. 92 

Extreme and mean ratii». 254 
Extremes of i)roportion. 181 

Fascism, 28 

Fourth proportional, 209 
Function. 220. 243 


(Jalileo. 72 
(Jarfield, 198 

(Jcneralizaticm. 50. 57. flO. 02 
(l(M>metrv. 1 

dennuistiative. 4-5 
noii-l’diclidean. 72 
plane, I 

solid. 27, 53. 54, 74. 75. 101, 131. 132, 100, 170. 
197. 217, 218. 242, 243. 209-271 
(ieometric jn-ogression, 254 
(Irade of road. 225. 24 1 

< Iraph. 210 

(irouiid speed. 171. 1(2 


/ ' 




. ... O \ 




Half-plane, 27 
Heptagon, 100 

Heron's formula, 232-233, 237 
Hexagon, 100 
Hidden conditions, 00 
Horizcm, length of, 253 


Hypotenuse, 58 
Hypothesis, 5 


‘‘If-then’’ relaticmship, 5 
Illustration, 22, 50 
Indeterminate prcthlems, 9-10, 10. 28 
Indirect reasoning. 079. 




Induction, 77tT., S0--S1. 100-102 
Inequality. 273 
order of. 273 
Infinite groups, 257 
Interest, compound, 254 
Invariants. 1 OS-190 
Inxaasc function, 233 
In\-erse variation, 1S7, ISS 
Inversion of propoi-tion, 1S3, ]S4 

Kinetic enei-gy, ISS-ISO 
Kite. 180 


I 5[ulliplicafi on axiom. 1 5 

Nnvigalioii. 101. 170 

Xecosary conchHimi, 5 

Xecessary (‘ondition. US, 121, 124, 1 
A-e;on, 100 

<)<'tagon. 100 
< linn's Law. i,ss 
Ol)l)osite-convorse. 05. 71. 75 
(^prHJsit(‘ i)roposition. 04. 71, 75 


Latitude, 148, 170 

Legs 

of isosceles triangle, 57 
of right triangle, 5s 
of trapezoid, 01 
Lettering a figure, 1, 11, 81 

Limit, 257-258 
Line (lines) 
auxiliary, 45 
hisecting, 107-1 OS 
broken, 23 
(■(jricurrent, 193 
determination of, 45 
dividing into equal parts, 214 
dividing into proportional pai ts, 213 
of centers, 163 
segment, 1, 22 
straight. 1, 22 
Locus (loci) 
definition of, 104 
dynamic, 105 

fundamental, theorems. 104, 107, 114, 125, 126 
intersection of, 134 
in tliree dimensions, 132 
static, 105 
Longitude. 170 

Mathematics, 5 
Mean (means) 
arithmetic, 245 
general definition of, 248 
geometric, 248, 249 
golden, 254-256 
harmonic, 248 
of proportion, ISl 
proportional, 182 
Medial line, 268 
Median of a group, 245 
Aledian of a triangle, 58 
Meridian, 170 
Aletaphor, 214, 215 
Minute, angular, 30 
Motion, 2, 140ff. 

Multiple converse, 65 


Paiitogi-aph, 230 
Parallel lines. 36 
constructing. 1 13, 115, 121 
iLtrallel j)lanes. 53. 74. 75, 217 
Parallelogram, 61 
Parallel postulate. 37. 71. 72 
Path of point. 105 
Pentagon, 100 
Perigon. 23 
P(*rimeter. 20S 
Perpendiculai' linos. 24 
constructing. 109, 115. 156 
Perpendicular planes, 53 
Pi (tt). 259. 260. 265 
Plane, 1. 27 
Point. 1. 22 
IMint of contact, 140 
Point of tangeucy. 140 
Polaris, 148 
Polygon (polygons), 57 
circumscribed. 157 
concave, 100 
convex. 57 
diagonal of, 57 
exterior angle of, 57 
inscril^ed. 153 

interior angles of, 117 
regular, 256 
similar, 200. 23S 

sum of angles of. 117 
sum of extei'ior angles of, 116 
transforming, 178, 179 
vertex of, 57 
Polyhedron, 197 
Pons asinorn/N, 92 
postulate, 9 

Postulate of knowledge, 81 
Postulational thinking, 140 
Prism, 197 
Problem, 104 
Proof 

(liscovering, 129, 132 
experimental, 5, 77 
indirect, 67ff. 
informal, 99 
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Pf ‘ M'Ml::!!!'1:1. 10.^ 

1 ’l I 'I >1 t ]' 'll. 1^1 

}'i ' '1 'Cl t IC" I > 1 . l '^2 

tc^In^ I'f. isl 
thciTcins altciit, 

['r. i|M ''•it ion, o 

:i!rt‘ni;iti\'\ 70 71 

!■' Ill' lit i' •’) 
udicial. o(» .)j 
rc'v'fM'il'Ic. 21 
p!.'ti;trtoi'. >taialal'il, o 
1 * 1 ' 'll :ii-tor. tlii'cc-arrii. 1 111 
r\’raiiii'l. r,l7 

l’\-tha!j;nrcaii Tlieorctn. U)S, 225 
c()nver>c of. 231 

t^hiaili'ilatcral, HO 

(•l:d'itir,ation (if. (10 01. 133 


IlaOir.iN. 220. 22s 230 
of cirrlf*. 104 

l{a'liu> of rc'i'ulai' polygon, 257 

llatio. is] 

Hav. 1- 2. 23 
l-leasoning. 4 
PvC'-tangle. 01 
l-lectangiilai- .*:piral. 250 
Heduiiilant. 21 
Resultant. 171 
Rliointius. 01 
Rinii. 200 
Rotation. 2, 14s 


Scientifif livpotliosis. 81 
SciontiOc metliod. 81 
Secant, 141 

Secoiul, angular measure, 30 

Seroiidary parts of triangle, 58-59 

Sector of circle, 204 

S('gment of circle. 204 

Semicircle. 141 

Sequence ol definitions, 22 

Significant digits, 180-181 

Similarity, 200-201 

Simile. 214 

Sine ratio. 223 

Skew lines, 53, 75 

Solid figures, 107 

Solifl geometi’v, see Geometry 

Spliere, 100-170, 271 
Square, 01 

inscriOed in circle, 257 
Square loots, 180 

static proposition, 2, 105, 208, 210, 211 
.Substitution axiom, 17-18 

Sul)traction iixinm, 13 

Sufficient conditions, 119, 121, 12C 125, 


.Siimmarv of tliooroms. 275 

4 

Summation series, 255 
SymOols, list of, \ii 

Syntlietic method, 111, 112, 129-130 



ll>i(‘(s) 


of al>l)ie\'iations, 



of propositions, 120-129 
of sines, cosines, tangents. 279 


of scpiaro I'oots, 280-283 
Tangent circles, H)3 
Tangent ratio, 224 
Tangent to circle, 140 
common external, 161 
common internal, 161 
construction of, 157, 105, 100 
length of, 228 
Television, 227, 253, 254 


'retraliedron. 107 
Theorem, 9 

\ O'liree-point ju'ohlom. 101 
Track of }>lane, 171 
4'ransforming figure, 178 
Transforming pi'oportion, 183, 184 
Translation, 140 
Transversal, 30-37 
Tiapezoi<l, 60-01 
isosceles, 61 

Trapezoidal rule, 196, 265 
Triangle (triangles), 23, 57-58 
acute, 58 

classification of, 57-58 
construction of, 112, 113 
copying, S1-S2, 111-112 
e<iiuangular, 58 
e(iuilateral, 57 
exterior angle of, 46 
isos(‘eles, 57 
ol)li(|uo, 58, 230 

obtuse, 58 
<»verlapping, 87fT. 
j)edal, 150 
riglit. 58, 220ff. 
scalene, 58 
sides of. 23 
similar, 200 

special right, 123, 22Sff. 
sum of angles of, 46 
Tri-coordinates, 196-197 
True course, 171 
Two-point postulate, 9 
Two-point Theorem, 107 


Undefined terms, 20 
Unequal quantities, 63, 273, 274 
Unit of measurement, 30 
United Nations, 205 


United States governmeut, 22, 


Valid conclusion, 5 
Valid proposition, 5 
Variation, 187 
Vector, 170-172 
Vertex 

angle of isosceles triangle, .j 7 
of isosceles triangle, 57 
Volume 
of cone, 270 
of prism, 217-218 


\ oliiiiie n’oiit.) 
of ijyiainid. 218. 213 
of sphere, 271 

W'ltirliiig squaies, 250 

Wind 
drift, 42 
head, 42 
tail, 42 

triangle, 170, 171 
Zone, 271 
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